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QO many questions which necessarily excite our interest and 
curiosity are discussed in the dynamics of a particle that 
this subject has always been a favourite one with students. How, 
for example, is it that by observing the motion of a pendulum we 
can tell the time of the rotation of the earth, or knowing this, 
how is it that we can deduce the latitude of the place ? Why does 
our earth travel round the sun in an ellipse and what would be 
the path if the law of gravitation were different ? Would any 
other law give a closed orbit so that our planet might (if 
undisturbed) repeat the same path continually? Is there a 
resisting medium which is slowly but continually bringing our 
orbit nearer to the sun ? What would be the path of a particle 
in a system of two centres of force ? When a comet passes close 
to a planet does it carry with it in its new orbit some tokens 
to prove its identity ? 

Such problems as these (which are merely examples) excite 
our curiosity at the very beginning of the subject. When we 
study the replies we find new objects of interest. Beginning at 
the elementary resolutions of the forces we are led on from one 
generalization to another. We presently arrive at Lagrange's 
general method, by which when a single function (worthily called 
after his great name) has been found we can write down, in 
any kind of coordinates, all the equations of motion cleared of 
unknown reactions. A little further on we find Jacobi's method 
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by which the whole solution of a dynamical problem can be made 
to depend on a single integral. 

The last word has not yet been said on these problems. The 
student finds as he proceeds much left to discover and many new 
questions to ask, 

When we extend our studies so as to include the plarurary 
perturbations and to take account of the finite size of the 
bodies the mathematical difficulties are much increased. In the 
dynamics of a particle we confine ourselves to simpler problems 
and easier mathematics. 

As the subject of dynamics is usually read early in the 
mathematical course, the student cannot be expected to master 
all its difficulties at once. In this treatise the parts intended for 
a first reading are printed in large type and the student is advised 
to pass over the other parts until they are referred to later on. 

The same problem may be attacked on many sides and we 
therefore have several different ways of finding a solution. In 
what follows the most elementary method has in general been 
put first, other solutions being given later on. For the sake of 
simplicity they have also generally been treated first in two 
dimensions. In these ways the difficulties of dynamics are 
separated from those of pure geometry and it is hoped that 
both difficulties may thus be more easily overcome. 

Some of the examples have been fully worked out, on others 
hints have been given. Many of these have been selected from 
the Tripos and College papers in order that they may the better 
indicate the recent directions of dynamical thought. 

I cannot conclude without thanking Mr Dickson of Peterlvm.se. 
He has kindly assisted me in correcting most of the proofs and 
has given material aid by his verifications and suggestions. 



EDWARD J. ROUTH. 



Peterhousj;, 
July, 1898. 
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CHAPTEK I. 

Velocity <~n>d Acceleration. 

1. The science of dynamics is divided into two parts. In one 
the geometrical circumstances of the motion are considered apart 
from the physical causes of that motion. In the other the mode 
in which the motion is produced by the action of forces is investi- 
gated. The first is usually called kinematics, the second is called 
sometimes kmeti.es and sometimes dynamics. 

2. Let us consider the geometrical motion of a point on a 
given curve. The motion is said to be uniform -when equal spaces 
are described in. any two equal times. The space described in any 
unit of time measures the velocity. 

The word "any" in this definition is important. If all the 
Spaces described in successive units of lime were equal, the motion 
need not be uniform. For example, the hands of a clock move 
over equal spaces in successive seconds, but in some clocks each 
space is described by a j ump at the end of each second. 

In discussing 1 the geometry of the motion, the time is regarded 
as the independent variable. It is merely some continually in- 
creasing quantity. So far as our present purpose is concerned, 
we may suppose that the time is men.sured by the space described 
by some standard point moving in a straight line always in the 
same direction. 

Let s be the distance at the time ( of a point P moving 
uniformly on a curve measured along the arc from some fixed 
point on the curve. Let s be the arc-distance at the time 4. 
Since v is the space described in a unit of time, the arc s — s„ 
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2 VELOCITY AND ACCELERATION. [CHAP. I. 

described in t — t„ units of time is given by s — s„ — v(t — 1 ). This 
leads to the converse equation, in uniform, motion the velocity is 

equal to the space described in any time divided by that time. 

3. When all the arcs described in equal times are not equal, 
the velocity is variable. By the principles of the differential 
calculus we consider the arcs described in infinitely short times. 
The point being in any position P at the time t, let Ss be the arc 
described in a following interval of time St. If this arc were 
described uniformly the velocity would be Bs/Bt The limiting 

ds 
value when St is indefinitely small is * = jf- This may be de- 
fined to be the velocity in the position P. This equation is 
usually expressed in the following words. 

The velocity of a -/mint when variable is measured by the space 
or arc which 'would be described in a unit of time if the point were 
to move uniformly with the velocity it had.- at the moment under 
consideration. 

It is worth while to give a more forme.'! proof ■::■!' ;.uu impoi taut equation v — dsitit. 
Let, as before, Ss be the :i vc: deeeribed in (.lie next interval St. Let 1> S , « 3 be the 
greatest und least velocities of the point in thai interval. Tiie spues Ss must lie 
between vfit and rJA, and therei'ore Sxiot mnst lie be L ween iq and v,. In the limit 
iq and v., beeonie equal io cad:. c.Oici and therefore eeeh ie equal to dsjdt. This 
therefore must be the value of v. 

4. Parallelogram of velocities. Velocities may be com- 
pounded by the 'parallelogram law. Let a point P move with a 

uniform velocity u along a finite 
straight line OA and arrive at A 
at the end of a given time, then 
QF — ut. Let the straight line 
OA move, always remaining 
parallel to itself, with a uniform 
velocity v and come into the position BO in the same time. It 
is evident, from the properties of similar figures, that the point P 
has described the diagonal OC of the parallelogram, two adjacent 
sides of which are OA and OB. The two velocities u, v are 
proportional to the lengths of the straight lines OA and OB, and 
are evidently represented by those lines in direction and magni- 
tude. When therefore a particle moves with two simultaneous 
velocities represented in direction and magnitude by the straight 
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ART. 7.] THE PARALLELOGRAM LAW. S 

lines OA, OB, its motion is the same as if it were moved with a 
single velocity represented in directum and magnitude by the 
diagonal OC of the parallelogram constracted on OA, OB as sides. 

5. This rule is the same as that given in Statics for com- 
pounding forces which act at the same point. Hence all the rules 
of Statics, which are derived from the parallelogram of forces, will 
also apply to velocities. 

We may therefore infer the triangle of velocities, and all the 
various rules for resolving and compounding velocities, both by 
rectangular and oblique resolutions. 

6. Moment of a. velocity- The moment of a velocity about a 
point may be defined in the same way as the moment of a force. 
Let a point P be moving with a velocity v in a direction repre- 
sented by the straight line APB. Let GN=p be the perpendicular 
drawn from any point on the straight line APB. The moment 
of the velocity'v about V is then defined to be equal to vp. 

Using the same proof as thai, adopted in Statics, we infer that 
the moment of the velocity of a -point about any straight line is 
equal to the sain of the moments of its components. 

7. This theorem enables us to express the moment of the 
velocity about the origin in several different forms, all of which 
are in common use. 

Let a point P move along a curve. It is proved in Art. 12 
that the polar components of the velocity are drjdt and rdOjdt ; 
the moments of these about the origin are respectively zero and 

r*dd/dt The moment of the velocity is therefore r 2 -^- . 

In the same way, the Cartesian components being dccjdt and 

dyjdt, the moment of the resultant velocity is x -^ — y -^ . 

Lastly let A be the polar area bounded by the path, the 
moving radius vector r and any fixed radius vector. It is clear 
that pds is twice the area dA traced out by the radius vector. 

The moment of the velocity about, the origin is jay = 2 -=- . 

D. The definition given above i3 strictly the moment of the velocity about a 
straight line drawn through C perpendicular to Lhc plane containing C and the 
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4 VELOCITY AND ACCELERATION. [CHAP. I. 

straight line ABB. When we require the moment of the velocity of a point moving 

along AB about m;y straight lino CD which in iniOhied to l-1 1 1 ■ plane CJB, we use 
the same extended definition as in Statics. 

Let ;1/.V lii; '.iic- hjidvti/iii :ii-l;:i:(o lji-i , .vi;i:j) ,i;'i and C/J ; revive rim vo'.ocity ;; 
along AB into two components, one along A's parallel to (.'!> and the other along Wy 
perpendicular to CD. The former is v cos <?, the 
latter v sin 0, where 8 is the angle contained hy 
■4B and CD. The moment of the former is 
defined, to he zero, the moment of the hitter is 
it sin .p where p = MN. 

If a point more along All Kith u velocity v, 
the moment of that velocity about. IJD is Jipsin 9, 
inhere p is tin: shorten, distirnce lictipe.e.n AB and 
CD and S is the angle, contained Ly those line*. 

The symmetry of this rcsnlt shows that the 
moment ahout AB of a velocity along CD is 
iS that about CT) of ai equal velocity along yiD. 



9. fe Given the two straight lines =^-f = ^—2 = — -- ; -rf-=Ao., where 
\, ^, c; V, (fce. are the direction cosines of the two lines. A particle ia moving 
along one of them; prove that the moment of the \f-f< 9-9', '*—'*' I 
velocity ahout the other is vi, where i is the deter- ^ ** " 

rnmant in the margin. I V p.' »' I 

10. Relative velocity. Two points P, Q are moving ;doiig 
two straight lines AB, GD with velocities u, v. It is required to 
find their relative velocity. 

Let any number of bodies be situated within a space, and 
let that space be moved carrying the bodies with it (as in a 
railway carriage) ; it is evident that the relative positions of 
the bodies are unchanged. If then we impress on both the 
points P, Q a velocity equal and opposite to that of one of them, 
say P, the relative positions and motions are unaltered. The 
point P is now at rest and the velocity of Q is the resultant of 
its own velocity, viz. v, and the reversed velocity, viz. — u, of P. 

To find the ralatvv. rdoc.il} / of Q with regard to P, we compound 
the actual velocity of Q vjith the reversed velocity of P according to 
the jii/raUdof/rom law. 

Ex. A circle is rotated in its own plane about a point in its circumference with 
an angular velocity u and a point F moves on the cire.lt; in the opposite direction 
with angular velocity 2u relative to the circle. Prove that P moves in a straight 
line and find its velocity. [Coll. Exam. 1S96.] 
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ART. 13.] COORDINATE VELOCITIES. 5 

11. Coordinate velocities. Let P, P' be the positions of a 
point moving on a curve APP' at the times t and t + dt re- 
spectively. Let 

OM=m, MP = y 
be the coordinates of P ; OM', 
M'F those of F. Let PL, 
drawn parallel to Ox, cut 
P'M' in L, then 

PL = &x, LP' = dy. 

By the triangle of veloci- 
ties the sides PL, LP' of the 

triangle PLP' represent the oblique components of velocity on 
the same scale that PP' represents the resultant velocity. The 
components of velocity are therefore PLjdt and P'Ljdt. If then 
a point move on a curve, and its coordinates are a:, y, the Cartesian 




coir <,po Herds of its velocity are e 



I to - 



12. Let PH be a perpendicular drawn from P on OP'. The 
aides of the triangle PHP' will ultimately represent on the same 
scale the component velocities perpendicular and parallel to the 
radius vector OP. These components are therefore PHjdt and 
HP'jdt. If OP = r and the angle POx = 6 we know by the 
elementary principles of the differential calculus that PH = rd@ 
and HP' — dr" ultimately, The con (ponents of velocity along and 



jierpeiulicular lo lh,e radius vector are ti 



dr , 36 

e -rr and r-,- 
at a 



13. Let Q be another point whose coordinates are a, y'. The 
components of its velocity are dx'ldt and dy jdt. To find the 
component velocities of Q relative to P we follow the rule of 
Art. 10. Reversing the component velocities of P and adding 
the results to those of Q, it is clear that the component relative 
, <ty__dy 



velocities of Q are 



dt dt dt dt 



We may put the argument in another form. Let £, ij, be the coordinates of Q 
referred to axe* lisLving their oripin at ihu moving point !■', thi-.ir directions remain- 
ing parallel to the original axes. Tin: oomponont n;ln.livi; veloeitifis are then (if/dt 
and (h)lttt. But since f=s'-a, ij^'-y, we arrive by differentiation at the same 
results as before. 
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6 VELOCITY AND ACCELERATION. [CHAP. I. 

14. Ex, 1. The component velocities of a poir:! in the ii !■'■::■:': on s of two axes 
are 'hit and 2U-V§. Prove that the path is a, parabola whose wis is parallel to 
uy=bx. 

We have dxjdt-Zat, .: x=*a&+A. Similarly y may be found. Eliminating 
first P and then t, the path follows at once. 

Ex. 3. The oomponiait velocities parallel to the axes of x and y rcspee lively 
are ax and fa/ + £, Prove that the path is (f;y +p)*=Ax>>. 

Ex. 3. The polar components of velocity parallel ana penieiiilieular to the 
radius vector are 2aQ and In: Prove thai ihc path Ik bi , = aiP + A. 

Ex. 4. If a particle he moving in a hypocyoloid with velooilff u, and v, V 
represent the vclocidcs of ilk; ceniie ;;■(' ci;ivaUnc and il'.o centre of the generating 
cucle cones poi-diii;- lo ;iie position of [he particle, prove that 

( C -6? + (. + 6)^(c-^' 

C being the distance uiiineeii tiie ec.'ihi.-.s of the rfcnciaLin;- eivc'es, and d the radius 
of the moving circle. [Math. Tripos.] 

15. Acceleration.. This word is used to express tile rate at 
which the velocity is increasing. It may be either uniform or 
variable. 

I f a point move in such, a iiiamun- that ike increments of vdocil?/ 
gained in any e</v.a(- time-;, are th.-e same in direction and equal in 
magnitude, the ac celeration is saidto be. uniform. The increment 
of velocity in each unit of time measure* the Magnitude of the 
acceleration. 

16. First, let the point move in a- straight line. Let v^ be the 
velocity at any time t ; after a unit of time has elapsed, let Vo +f 
be the velocity. After a second unit of time the velocity must 
be Vf, + 2f, because equal increments are gained in equal times. 
Hence after t — t a units of time the velocity has increased by 
f(t ~ U). If v be the velocity at the time t, we have 

v=v,+f(t-t ). 
The quantity/ is the acceleration. 

17. If the point does not move in a straight line the explanation 
is only slightly altered. Let Oy represent the direction in which 
the constant increments of velocity are given to the point, and 
let Ox be the direction of motion at the time t = £„. Let u„, v„ 
be the components of the velocity in the directions of the axes 
Ox and Oy respectively at the time t a . After a unit of time has 
elapsed the component of velocity parallel to Oy is v„+f but 
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ART. 21.] ACCELERATION. 1 

that parallel to Ox is unchanged because no velocity has been 
added in that direction. After t — t a units of lime, the component 
of velocity parallel to ()y Is v, +f(t — t,.), while that parallel to Ox 
is still m . If u, v are the components of velocity at the time t, 
we have 

«-«,, v=v„+/(t-U). 
The magnitude of the acceleration is/, and its direction is Oy. 

18. When the increments of velocity in equal times are 
unequal in magnitude, or not the same in direction, the accelera- 
tion is said to be variable. To obtain a measure we follow the 

method adopted to measure variable velocity. 

Acceleration when uniforiu- is meo.Hii.red by th.e velocity fieocroted. 
in any unit of time. When variable, the acceleration at any instant 
is measured by the velocity which would, be generated in the next 
unit of time if the o.-ccelenttion had remained, constant in magnitude 
during that interval and, feed in direction. 

19. To find- the equations of motion of a point inwnwj in a 
struiyH line with a vo.rio.ble acceleration f. 

Let v and v + dv be the velocities at the times t and ( + dt. 
Assuming the principle* of the differential calculus, dv being 
the increment in the time dt, it follows by a simple proportion 
that dvjdt is the velocity which would be added in a unit of time, 
if the acceleration had remained constant. Hence, by Art. 16, 
/= dvjdt. 

The iivgiiinoiit is usually put into a more elementally form. Let Sv be the 
velocity generated in the time it. Let /, , /., lie iii« ^iTntust mid least accelerations' 
of the particle during tiiu interval Jr. Thru since Lke actual rate at which the 
velocity is mcieasins: is ahvuya leas than the one imd greater than the other, the 
velocity added is less than /,W and greater than f a 3t. In the limit /, and /, coin- 
cide and we have f— dvjdt. 

20. Let the geometrical position of the point at the time t 
be determined by its distance s from a fixed point in the path. 
Let v be the velocity,/ the acceleration, then 

_ds , __ dv _ &*s __ dv 
dt' dt dtf ds ' 

All these expressions for the acceleration are of great importance. 

21. We notice that velocity and acceleration are dynamical 
names for the first ami second differential coefficients of 5 with 
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8 VELOCITY AND ACCELERATION. [CHAP. I. 

regard to the independent variable t. If the third differential 
coefficient were required, we should use some such name as 
the hyper-acceleration, but this extension is not necessary to 
dynamics. 

22. It appears thai, acceleration bears the same general 
relation to velocity that velocity bears to space. When a point 
moves in a straight line the velocity is the rate of increase of the 
space, the acceleration is the rate of increase of the velocity. 

23. Just as velocity is positive or negative- according as the 
space measured in the positive direction is increasing or decreasing, 
so acceleration is positive or negative according as the velocity is 
increasing or decreasing. A negative acceleration is sometimes 
called a retardation. 

24. To find the 'motion of a point !' moving in a xlmvjht line 
with u, unifonm acceleration/, 

Let the position of the point at the time t—t be given by 
s = s„, and let % be the velocity. Since f=d?sjdt\ we have 

v = ds/dt=ft + A. 
Hence v B =ft a + A, 

and »=/(*-*o) + »o- 

Integrating again, since v = dsjdt. 

Hence s„ = v t + B, and therefore 

» = */(*-W+*(*-*> + v 

25. The three fundamental formulas of elementary kine- 
matics follow from this result. If the point start from the position 
s = at the time t — 0, 

v-ft + v„, 



36. Ex. 1. A particle dc.^cjriijOM n space ■>■ ii; time t w : .iji a ujijlijj.ni a c tolera- 
tion, the velocities at (he ix-j;mnji'i;r ami cud ul this poii-utl U:iv.g t^ and y. Prove 

that s = 4 ("ij-l"'') '■■ Notice tliat the. nociiiciciit of I is the mean of the two 
velocities. 
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ART. 28.] PARALLELOGRAM OF ACCELERATIONS. 

Ex. 2. A particle move* from rest with a uniform acceleration. Prove Hull the 
average Telocity is half or t«o-thinis ol' the filial velocity, according as the time of 
the spa.ce is divided ii.ru an infinite number of equal portion* and the average 
taken with regard to these. [St John's Coll., 1895.] 

Ex. 3. Two points P, Q move, on a straight lir.c .-US. Tin; point P starts from 
,4 in the direction .!L' with velocity u and acceleration /, and at the same time Q 
starts from J5 in tlio direction BA with velocity ■«' and acceleration /'; if they pass 
one another at the middle point of All and arrive at the other ends of AB with 
equal yelocities, prove that (« + »') (/-/') = 8(>' -/'«)■ [Co 11 - Eiam. 18%.] 

E.t. 4. A heavy particle, projected horizontally on a smooth tabic with 
veloeity ?;, is reduced to rest liy the resistance of tlio :lis- alter describing a space s. 
Supposing the resistance of the air to ijo a uniform force, prove that, when the 
particle is pro'ectcd \ ci tic; illy upwards- wiih any vei:icity. the squares of the times 
of ascent and descent to the point of projection are in the ratio 'itri - V s to 2ijs + )j' j , 

Ex. 6. A particle is projected vertically upwards from a paint A. If the 
resistance of the air wore constant- and equal to nil, where n is less than unity, 
prove chat the times of ascent and descent are as ,/(l-n) : ^(1 + n). 

Ex. 6. A particle is projected vertical';,' upwards in vacuo from a given 
point F. Prove that the product a: the times of passing through another given 
point Q is independent of the velocity of projection from .P. 

Ex. 7. Two particles P, I>' star tint; sinuttianeuiisly from the points A, A' with 
initial velocities c, it', move in the straight, line, .-I. -I' with accelerations/,/'. If 
u, v' are their velocities when the distance. /'/'' exceeds the initial distance A A 1 by 

See Arts. 10 and 39. 

27. Ex. A point P, at any given moment, is in the position moving in the 
direction Ox with a Telocity v. A uniform acceleration / is given to it in the 
direction Or/. It Is required to oahiiel p'ouicuically liic pusitior a.nd direction of 

To find the direction of motion we measure lengths OA, OB along Ox, Oy to 
represent on any scale the velocities .'<■ find ft. respectively. Th..! direction of motion 
after ( seconds is parallel to the dia.goual 01) of the parallelogram AOB. 

To (in ..I 'die position of tin: point we measm.c- lengths equal to the spaces, vix. 
OE-ut, 0F=bft?. If OG is the diagonal of EOF, the point is at G moving in a 
diieetion parallel to 01). 

To find tiw. diri:i:l.i.i.i!i of ,iuiliua ite cni.-iiiomid ,'/..- .-,v,'ij.-,\'.('«<. In find Uic }uni!ion 
:>:,: coiiifiOiiiiil. the sptiecs. 

28. The parallelogram of accelerations. This theorem 

follows at oii(ii) from the parallelogram of velocities. Let a point 
be moving in any direction at the time t with any velocity. 
Referring to the figure of Art. i, let OA, OB represent in 
direction and magnitude two uniform accelerations given to the 
point. Then by definition OA, 08 represent the two velocities 
given to the point per tinit of time. By the parallelogram of 
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10 VELOCITY AND ACCELERATION. [CHAP. I. 

velocities the diagonal 00 of the parallelogram constructed on 
OA, OB represents the resultant increment of velocity per unit 
of time. The point is therefore uniformly accelerated, and the 
acceleration is represented in direction, and magnitude by 00. 

The actual velocity at the time t + t' (if required) could be 
found by compounding the velocity at the time (, either with 
both the components OA, OB, each multiplied by t\ or with 
their resultant alter multiplication by (', 

39. Hodograph. Let a point niovo in a cui vc and III 1' be its position ll L any 

time (. From the origin O draw a straight linn Oil lo rcprescu t in direction ami 

magnitude the velocity v at P. Tlien OH 

is parallel to the tangent at P and its 

length is equal to kv, where k is an arbitrary 
constant introduced to show the scale on 

which Oil represents the velocity.' 

As the point travels from P along its 
path, the point H describes a second cwve 
which it, called the hodograrih of the. first. 
Let P, i" be two positions of the point at the times t, t+dt; H, H' the corre- 
sponding points on the bodograph. Since OH, OH' represent the velocities at 
P, P' in direction and magnitude, the third side UTI' ol the tri angle HOH' must 
represent in direction and magnitude the- velocity given to the particle in the time 
dt. It follows by a simple proportion that illl'jiii represents trie velocity which 
would have been added to the velocity at P if the acceleration had remained 
constant for a unit of time. 

Tin: tangent at II Uierefore repmenti: the. acceleration in direction and the ratio 
of an element!!: ii arc HIT' to tin: lime ill of dfserihiroj it mraneres the. nia-jiiitn.iie. of 
the acceleration on the name aeale that the md'ni* vector Oil represents the. velocity. 

In this way the hodoijraph represent.*: to the eye the. motion of a point on a carve. 
Iu general language, the radius vector represents the velocity, the arc gives the 
acceleration. If r is the radius vector and a the arc BH, then r = nv and daldt — Kf, 
whore/is the acceleration. 

30. To find the hodoamph when both tbe curve described by /' and the velocity 
of i' are given. If ei be the- ancle the tangent at /' makes v.ir.h some fixed straight 
line taken as tbe axis of r, we notice that i:v and 1, are the polar coordinat es of ii . 
1'voni the conditions of the quesi ion we first bnd r and -.p in terms of some one 
Quantity. Then eliminating that quantity we obtain the polar equation of the 
hodograph. Several examples will be given in tlie chapter on central forces, 

31. To find the equations of motion of a- point moving in a 
curve with variable acceleration. 

Wo may deduce the components of acceleration parallel to 
the axes of coordinates from the acceleration of a point moving 
in a straight line. Referring to the figure of Art. 11, let OM — x, 
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ON = y. The components of the velocity of P have been shown 
to be the actual velocities of M and N as they move along the 
axes of w and y respectively. This being true for all positions of 
P, the acceleration of P is the resultant of the accelerations of M 
and N, If then X, Y are the component accelerations of P, we 
have „ dto _, d s y 



32. Ex. I. When a point Q describes a circle with n. uniform velocity, ils 
projection P on any diamcier j:'0.c oscillates on each side of the centre O through a 
length equal to the radius. Prove thai ihe accrloralion oi 1' tends towards and 
varies as the distance, from 0. 

Lot the are clcsciibed by < L ) per unit of time subtend an nncje n at the centre, 
let the angle QOx be a when ( = 0. Then at the time t, the angle QOr, = nt-\-o.. 
If n be the radius, the length <il' = u cos (>iH a), hence tlio acceleration 

(fe/(7< 5 = - an a cos (nt + b) = - n ! :r. 
The minus sijjn shows that thti ncoeleialion tends towards 0. 

An oscillatory niotion represented Ly x — <i cos (c( i- n) is usually called <i <i>rq>!: : 
Iwrmoiiic oscillation. 

Ex. 2. ' A point P moves tomnrih a fised point so that its velocity varies as 
,r K , where x—OP. Prove that tlio acceleration i aries as a-' 1-1 . Is the- acceleration 
to or from 0? 

33. The Cartesian components of ii.cci loialioa arc no: the only one? which are 
requited in dynamics.. The. components in poiar coordinates and those along the 
tangent and normal are continually used, l.iesidcs those tbcre ate the components 
for moying axes and the extension of all these formulas to three dimensions. In 
order to avoid raising unnocessai v d/ilieulties ai the beginning of the subject wo 
shall eoniino our attention in the present chapter to the simpler discs. The others 
will be taken up in the seel ions on resolved velocities and accelerarions. 

34. The general principle on which the component of veloeity 
or acceleration in any fixed direction has been defined may be 
summed up in the following manner. 

Since the component ol" acceleration is the. rate at which the 
component of velocity in that direction is increasing, we have by 
the definition of a differential coefficient 

resolved ) T ■ ■. (res, vol. at time ( + dt) — (cos. vel. at time t) 
acceleration) dt 

In the same way if the fixed direction is called the axis of m, 

resolved] _ T - . (abscissa at time t-h dt) — (ab.sie. at timet) 

velocity j dt 

35. To find the resolved accelerations of a point in polar co- 
ordinates. 

Let OP = r, POx = be the polar coordinates of P. By 
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Art. 12 the components of velocity at P along and perpendicular 
to OP are u = drldt and o = rdBjdt. At 
the time t + dt let the particle be at P', 
the components of velocity along and per- 
pendicular to the radius vector of P', viz. 
OP', are ti^ = n + du and u, = v + dv. Since 
the angle POP' = dd, the component of 
velocity at the time t + dt in the direction 
u, cos d8 — v, sin d$. 

This direction being fixed in space for the time dt, the acceleration 

along the radius vector OP is 

T . . (u + du) cos dd -(v + dv) sin dd-u du dB 

Limit-- '- -5— = ^7- y -r;> 

dt dt dt 

Similarly the acceleration perpendicular tothe radius vector OP is 



OP\ 



Limit 



(it + du) sin d,8 + (c + dv) cos d0 — 

dt ~ dt dt' 

Substituting for u, v their values given above, the accelerations R 
and 5 along and perpendicular to the radius vector at the time t 
are respectively 



dt' \dt) 
dr dd d I 



Id I 
*rdt\ 



dt dt dt\ dt) r dt\ dt)' 
36. To find tie rv.^jtved i.nxdcratidn.s ulorty the tangent and 
normal. 

Let the arc AP = s. By Art. 3, the velocity v at P is along 
the tangent and v = dsjdt. At the time 
( + dt the point is at P', its velocity v, is 
in the direction ol' the tangent at P 1 and 
Vi^v + dv. The components of v z in the 
directions of the tangent and normal at P 
are therefore v- eos d-ty- and i\ sin d\jr, where 
dnjr is the angle the tangents at P and P" 
make with each other. The acceleration along the tangent at P 




is therefore 



T = Limit 



(v + dv) cos cZ-f - 



dt 



_dv 
= di' 



Similarly that along the normal in the direction in which the 
radius of curvature p is measured positively, is 

(v + dv) sin dty _ dty _ v* 
dt p ' 



N = Limit i- 
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37, We have now obtained trivet; diffevcnl sols of components for the accelera- 
tions of a moving point. These are the components X, Y along the axes, the 
components E, .S' along and transverse to the radius vector, and the components 
2', A 1 " along the tn-ii^.int and normal. Any one set ran be. deduced from any other set 
by a simple rttohiiion. 

The components 11, S arc owiiuilly connected with A", 1." by the equations 

Writing X-d?.?jdt z , Y^dhjiilf- and substituting ,c = !'COS0, j/=rsinfl we arrive by 
a simple but rather long differentiation at the valines of R and 3 given in Art. 35. 
In the same way we have 



Tbi'. jiiYJi-f '..,>■ hj dedf.einij til if i>otar and Che tniiyentiui-iiormiil coiiqi,w.ent;< of 
■:cei iriitina. from tilt! <lrirti!.;iini component* may lie slicrU'inid by tin: jhHmvhtii 
rtifice. If .r-rcosC we have by differentiation 



(iit s r \dt ) J °" 



Since the axis of a: isarbitrary 
r as it turns round the origin i 

9 — 0, and X becomes R ; henee II — 



i position, let it bo 
passing through it 



To find the acceleration S pev- 



pendicular to the radius veetor, we take the positive side of the 

to the direction in whieh S is to be measured ; that ia, the axis of x must 

right angle in advance of the radius veetor. Putting therefore 9 = -Jir, \ 



8 = l±(^ d l\ 

r At V dt) ■ 

The three elementary 



a the fourth column i 



ids of components may bo sum 
sirred positively iu the directio; 
measured positively. 



id up in the follow- 
u which the length 





,.,* 


— , 


„«* 


axis of 


Hi 


tft 5 " 


. 


axis of y 


dy 

di 


lit 2 


y 


along I 
rad. veet.J 


dr 
(if 


a- T \dt) 


' 


perpendic.l 


_d8 


1 (J /~(ifl\ 
r dt \ dt) 


« 




As 


d?t 




tangent 


dt 


dP 


* 


normal 





P 


' 
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14 VELOCITY AND ACCELERATION. [CHAP. I. 

39. Relative accelerations. Two points P, Q are moving 

along two curves, it is required to find the acceleration of Q relative 
to P. By the same reasoning as in Art. 10, it follows that if we 
impress on both points an acceleration equal and opposite to that 
of one of them, say P, their relative motions and accelerations 
are unaltered. This leads at once to the following rule ; the ac- 
celeration of Q -in space is the resv.lta.vt of its acceleration relative 
to P and of the acceleration of P. As we generally require the 
components of acceleration, we say that the component of the 
acceleration of Q in any direction is eqwd to its component r 
to P plus the component of the acceleration of P. 

of a point P is given by its polar c 
id the axis of x. The position of Q is given by its 
polar coordinates r., L . reforreil to 1'ns origin with 
the axis of k, parallel to x. It is required to find 
the component accelerations of Q in space. 
The polar accelerations of P are 

If R„ S,, repicscnt simil.ii (:uani:7:i:s when 
»j, 8 lt are written for r, 6, these an; iho accelerations of (,; relatively to P. If 
if, — $,-8, we nco l.iy a siirnile resolution, thai the resolved paid of the space accele- 
ration of Q in the direction PQ is 

The resolved part perpendicular to PQ is 

= S 1 -Rsin* + Seos£, 
In the same way the resolved paris along and peril cndi.cular to OP are 
fl + R,cos^-S,sm^, 
S+fijsm + SiOos*. 

Ex. 2. The point P describes a eirele of radium a v.-ith a uniform ve'oeify a. 
The point Q describes a circle of radius h ieli; lively to /-' with a uniform velocity v. 
Prove that the components of tin: space acceleration of Q .ilong a.nd perpendicular 
to 'PQ are respect iv,..|y v; ; /'i -l-oos ,;;.-;'« and sin p . »-!a, where <p = (vjl>- uia) t. 

Ex. 3. A point P (Ion or il. his a circle of 1 loot radius in I hour, and a point Q 
describes a concentric circle of 4 feet radium in 14 hours, both points move in the 
counter-eloeliwiso direei.ion : show Ilia! Lhe line .joiiiinjr tbom rotates in the counter- 
clockwise direction for a period of i'i ■' . mi nines followed by ;\ pui "oil of iH L " ;i minutes 
in the clockwise direction. [Coll. K.iarn. kS%.] 

Ex. 4. A circular wire of radius n moves in it- own plane without rotation. so 
that its centre haw a simple Ininnoeie motion of amplitude a (Art. 32): a bead 
moves on the wire uniformly, coinpletin^ a circuit in the period of the simple 
harmonic motion, and being in the line of the motion of the centre when the centre 
is in its mean position and is mo via;: in the direction towards the oeutt ; prove that 
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the acceleration of the bead is towards the centre of the simple harmonic motion 
■and that its path is an ellipse of eaaentridrj ({ JB-4J*. [Coll. Exam. 1897.] 

Ex. 6. A railway passenger M-at ml in one corner of the carriage looks out of the 
windows at the further end and observes that it star near the horizon is traversing 
these windows in the diredion of tile train's motion n.r.d that it. in obscured hy the 
partition between the comer windows on his own side of Ihc carriajjc and the middle 
window while tin; train is moving through lie soventb pari of a mile. Prove that 
the train is on a curve the concavity of which is directed towards the star and 
which, if it be circular, lias a radius el neai ly three niiir-s, the hi-osulih of the carriage 
being seven feet and the breadth of toe partition four inches. 

[Math. Tripos, 1B60.] 

41. Angular velocity and acceleration. A ri;.'id body is said to be turning 
round an axis OA when enth point is tloscribing n circle whoso pane is perpen- 
dicular to OA and whose centre lies in OA. Let <j> he the angle which the plane 

containing itny point 1' id' the body and the a :>:!•■ (>.! makes with some plane fixed in 
space and passing through OA. The rale at which the iinjdo <■> is increasing is 
called the angular velocity of the body, Following the sumo, line of argument as in 
the case of linear velocities, the aii;iui;i.r velocity is measured by dipidi and the 
angular acceleration by iPifijdf'. 

We notice that if 1\ be any other point in the body and <<>-, the aiiM.lt the plant 
I\OA makes with the plane of reference, the angle ip <p t is independent of the lime, 
so that &/>idt=d# 7 jdt. 

If Q be any point of the body, ■;■ its distance from the mis OA and u-iiipldt be 
the angular velocity, the point Q is moving, p an :cin"(!c .daily to the plane QOA with 
a velocity equal to tat. 

If the rotation continue only for a time at the axis OA {by rotation about which 
the motion in that Una: can lie constructed) is called the i;ts;tiii;ai:rottii axis and oj is 
the iiif: fti-ii i./i.rirr,ii.i aujulnr rdocitit. 

42. An angular velocity a about an axis is geometrically represented by a 
length OA proportional to u measured nlong the axis. The direction of the rotation 
is determined by the convention nse.,1 in fttatits to indicate the direction of rotation 
of a couple. If OA. be the direction in wilier, the length is measured the rotation 
when positive, should appear to he in some standard direction to a spectator placed 
with his feet at A and head at ij. This start 'J aril Jboction is often taken to be the 
direction of rotation of the hands of a clock. 

43. Parallelogram of angular velocities If two ■iiixhtnlaa.emis aiujuktr 
nr.hidtiee, of a li-Hty in''.- yrpi esaitrd in nm-iuilnde and direetiim l»j licit lengths OA. 
OB, the diagonal 00 of the ■pnr<t.ll.<>!<;p-twt corn tr acted on OA, OB as sides is the 
resultant i-nxhtiihniei-ii.-. uxi> id r<d.idh'n. and H: : irn::i- ;■.■■;:. ■■■-.>: ;..'.-■ ,■/.■,- i.-.niinitiidc of tin: 
re.iV.ii.i.i.a! uniinlnr vr.lMf.ilij. 

Let Q be any point which at the time t lies in the plane AOB; r,, r 3 , the 
distances of Q from OA, OB, p its distance from 00. Let Uj — OA, u 2 = OB, 
ii-OC. The velocity of (,) due to the two rotations &ij, w 2 is vj-j + to.^ , while that 
due to the single rotation Si is Op. To prove that ibtse are equal it is sulhcient to 
notice that if OA. OB represented fortes and OC the resultant, the equality merely 
asserts that the sum of the moments of OA, 0.1'. about Q is equal to that of the 
resultant OC. 
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e iiii:- velocity of Q, then 

ery point of OC is at rest. Hence OC is 
le Q = vjp the angular velocity about the 

axis is a 

44. The theorem of the pi.tralld^jram af angular aece.l.era.tmns follows from 
that of angular velocities, just as the paral'elogram of linear accelerations follows 
from thaL of lineur velocities. 

46. The rule for compounding ae;.-.ila- velocities bein; : : oho same as that used 

in Statics to compound force?, we may iiiifa|jn:t tlio limit^u;: case when the inter- 
section is at infinity us we do the corresponding case in Statics. It is however 
simpler to deduce the result independently. 

I.i'l. tin: i.Htitt !>.«/■>.■ ;«.-■(.'.■ .'.'.'!.■ .'<■ »(.■.-■ .-.' .'.■ .',' .■' .'■■','■ ;■ ii-ritii;.-- '■•', !■:'. v.houi tun parulii'.l if.iv.- 
OA, O'B distant a from each other. The resultant velocity of any point Q in the 
plane of OA, O'il and distant a and ;/ | ■■■ Irom them respectively is ay — w (y + a). 

Firstly, let- u + u' not he zero. Equating the velocity of (^ to zero, we see that 
every point on a straight line ()"<'■ determined by ;/ — — , is at rest. The 
jv.-iiltnni axis k<( rotaflon is therefore parallel to HA, O'l; i.nd ji.t a distance y from 
the former. To find the resultant angular velocity <> we notice that- the velocity of 
a point Q situated on OA is represented both hy il(-y) and v/a. Hence subsli- 
t.Mt iv.j.; for y, il — oi + a'. 

Secondly, let w-l- w' = 0. The resultant velocity of Q is independent of y and is 
equal to m'a. Hence every point in the plane of the a.'.cs (and therefore every point 
of the rigid body) is moving with the same veloeit) in the same direction. We 
infer, that two equal and npposiP: >:<stiiiitaiit!<;n* anmdar rdncilin: about parallel axes 
are loyel.ti.er eqaicuifut V> <i !roit>!atio>!- in u Oi: ,■-,■:'...'■■ ;.■ ,■,.■■: ■ ■<,■■"■■ ,-Anr tn the plane 
anitainhu! the axes. 

46. Units of space and time. The ordinary unit of time 
is the second of mean solar time. Space is measured either in 
feet or centimetres. The metre is 39-37 inches nearly, while the 
centimetre is the hundredth part of the metre. The unit velocity is 
then either one foot or one centime (.re per second, and the unit of 
acceleration is a gain of.' one unit of velocity per second. 

47. We are not however restricted to use these units. Let 
the unit of space be o- feet and the unit of time t seconds. The 
unit of velocity is then <r feet per t seconds, i.e. <t/t of the feet- 
seconds units of velocity. The unit of acceleration is a gain of 
<t/t feet per second, to be added on every t seconds, i.e. (rji 3 feet 
per second added on every second. The unit of acceleration is 
therefore a- It- feet-seconds units of acceleration. 

Let F be the measure of an acceleration when the units are 
<r, t ; and / the measure of the same acceleration when feet and 
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seconds are used. Then since the measure of the same thing 
varies inversely as the length of the units employed, we have 

Fmf — . 

48. Ex. 1, If the acceleration of a falling body due to gravity is = 32-19 
when a foot and a second arc the units, show that the acceleration is 081-17_ when 
a cai'Jmorre n : i ■ i a soco.'v.l ki'O the units. 

Ex. 2. A point moving with uniform acceleration describes 20 feet in the half 
second which elapses after the l'::st second of '. : r- motion. Prove that the accelera- 
tion is to that of gravity as 32 to 32-18. Prove also that if a minute be the unit 
ui Lhr.o iu:d a mile tlia;. of :;i:ac:: the a etvle ration will be measured by 210/1.1. 

[Math. Tripos, I860.] 

Ex. 3. If the area of a field of ten acres is represented by 100 and the accelera- 
tion of a heavy fallim; burly hv ;~j!i':, (iud tin. unit of time. [Coll. Ex.] 

Since au acre is 4840 square yards, 100 new square units is equal to 
4840 x 9 « 10 square feet. The new measure of length is therefore 66 feet. Let 
t be the required unit of time, then 58;='. . 32. This gives r=ll seconds. 



Laws of Motion. 
49. If one portion of matter, say A, act on another, B, the 
mutual action is in dynamics called force. If we are examining 
the motion of A only., disregarding B, this force is said to be 
external to A, but if we are taking both portions into consideration, 
the action is an internal force. An external force is usually called 
! force . The mutual actions and reactions between 



the molecules or parts of a bod}' are internal forces. These forces 
have different names according to the circumstances of the case. 
When the bodies are apparently in contact, their mutual action is 
called pressure, when at a distance, the action is called attraction. 

Nothing has been said of the size of the body, but it is 
convenient to divide bodies into small portions. A body so small 
that its position in space when free is determined by the co- 
ordinates of one point may be called a particle. This division 
into indefinitely small particles is not necessary for our present 
purpose. All that we require is that there shall be no rotation. 
A particle may be said to have no rotation : the rotation of finite 
bodies is usually regarded as a part of Rigid Dynamics. 

50. Our object in dynamics is to investigate the motion of a 
body. We have then to consider (1) how a body A moves when 
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left to itself; (2) how the motion is affected by the action of 
an external force, say, due to the presence of another body B ; 
(3) how the action of B on A is related to the reaction of A on B. 
The answers to these questions are given in Newton's Laws of 
Motion. 

The strict definition of the meaning of the word force as used 
in dynamics is determined by these laws. We do not consider 
all the actions which one body can exert on another but those 
only which tend to alter the instantaneous motion of the body. 
The following definition or explanation is commonly given. The 
word force is used to express any cause winch, -produces or tends 
to produce a change in the existing stale of rest or motion of the 
body. 

The velocity of a body has both direction and magnitude, we 
must therefore suppose that the cause of this motion also has 
both direction and magnitude. To determine a force we require 
to know (1) its point of application, (2) its direction, and (3) its 
magnitude. The unit of magnitude will be considered presently. 

51. Newton's Laws of Motion are as follows* : 

Law 1. Every body continues in- its state of rest or of ■uniform. 
motion in a straight line, except in so far as it ■may be compelled to 
change that stole by impressed forces. 

Law 2. Change of motion is proportional to the iirqiressed 
force, and takes 'place in the direction of the straight line in which 
the f>rce acts. 

Law 3. To ever;/ action there is always an ei/ual and contrary 
reaction; or, the -mutual actions of any two bodies are always equal 
and oppositely directed. 

62. The first law of motion asserts that the internal forces of 
a body do not alter the uniform motion. This law is not a 
repetition of the explanation of the word force given in Art. 50. 

The law asserts that the causes of motion must be external. 

"■ The raider who utHij/fis scintthir.;! nioit than the v"!; : .M skoiuU lioro (,'iven of 
the laws of motion may rcfor to Nuwior.'? I'rii-i-.qn-:, to :i treatise on Matter and 
Motion by the lato J. Clerli Maxwell and to the KkmttnU uf Xtttuiv.!. Philmnphii by 
Thomson and Talt. There are also Maxwell's two reviews of the latter book in 
Nature, vol. vn. and vol. xs. Several points of controversy urn discussed in an 
essay by B. F. Muirhead to which a Smith's Prize was awarded in 1886, see the 
Phil. Mag. 1887. 
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The law is sometimes expressed by saying that the body has 
inertia. The body has no power of itself to change its state of 
rest or motion, but goes on moving in the same direction with the 
same velocity when not acted on by an impressed force. 

63. To (Wine- ;l uniform p.t'ite of motion we require the measurements of space 
aud time. If me assume the truth of '.he .linsi law for some particular body, we can 
measure time by tbo space passed over by that body. The first law then asserts 
that the spaces described by any other body (not acted on by any external force) 
are equal when the spaces simultaneously described by the clock-body are equal. 
There remains the practical difficulty of obtaining a body free from external 
forces, which could be used as a clock. For this purpose we have recourse to some 
other dynamical result. 

Applying the principles of dynamics, as developed from the laws of motion, to 
a rotating body, it can be proved tbat the motion of rotation about a certain axis 
is uniform if the c.\l;;jn;il lorces hew no -nomem abort that axis. The rotation of 
such a body nray ho vised very conveniently as a clock. 

Toe retain. i T oody iictnclly ch"-cn is tlie earth, The fovoos which tend to al'.ov 
(he period of rotation ate so small as to be only -eioni.i Leahy perceptible. This 
period, scientifically amended where- noce-Miiy, Is used as a unit of time. The 
practical methods o.f adapiij)!; our clock:; to the rotation of the earth are described 
in treatises on astronomy. 

Wo Imve specially mentioned the rotation of the ear'.lr iic-uiiuse thivS supplies the 
measure of time in common use. Other phenomena may also bo used, for 
example, the velocities of the different kinds of light and their wave lengths in 
vacuo arc Constanta. Their ninura led valuca liv. e been calculated, and from these 
we could deduce unalterable units of space and time. The numerical values 
connected with any perpetual phenomenon would enajjle future observers to dis- 
cover our present units from their determinations of the same periods and lengths. 

54. The words " change of motion " in the second law mean 
" change of momentum." 

The quantity of matter in a body is called its mass. This 
may be measured by taking any given lump of matter as the 
unit of mass. Confining our attention, for the moment, to any 
the same kind of matter, the mass of any other lump may be 
deduced by taking the ratio of the volumes. 

The momentum of a body, all the points of -which are moving 
in parallel straight iiv.es with equal velocities, is the product of the 
mass by the velocity. 

We notice that the momentum of a body has direction and 
magnitude. It may be compounded and resolved by the parallelo- 
gram law. Let m be the mass, v the velocity, and let 6 be the 
angle the direction of motion makes with some fixed straight 

2—2 
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line; then wcosf? is the component of velocity, and mvcosB the 
component of momentum in the direction of that straight line. 

55. The force spoken of in the second law is an external 
force. It includes the ideas of the magnitude of the force and 
the time during which its action is considered. During this 
time the direction and magnitude of the force continue un- 
changed. We may also regard it as an impulse by which the 
whole momentum is iriHfcfmtaueously communicated to the body. 

Consider the case in which a uniform force F acts on a moving 
particle in the direction of its motion, and in the time t' — t let 
the velocity be increased from v to v'. The second law asserts 
that the change of momentum produced in a unit of time, viz. 
to (V — v), divided by the time t' — t, is proportional to the 
magnitude of F. 

If the force F is not uniform, the time if — t must be replaced 
by dt and the velocity «' — v by dv, Art. 19. The law then asserts 
that the product of the mass and the acceleration is proportional 
to the instantaneous magnitude of the force F. We then have, 
F varies as raf. 

56. The arguments for the truth of Newton's laws may be 
classed under three heads. 

First, we can make an appeal to common experience; this 
is considered to suggest the laws in a general way. We then 
try some simple experiments so arranged that they can be con- 
ducted with considerable accuracy. These test the laws only 
within the limits of error of the experiments, but, by taking care, 
these can he reduced to a small amount. 

Secondly, we can show that having granted some portions of 
the laws as being truly founded on an experimental basis other 
portions follow by pure reasoning. 

Lastly, we can assume the laws as a working hypothesis and 
deduce from them the proper motions of a variety of bodies. 
If these are found to agree with the observed motions, the laws 
are tested within the limits of error of the observations. Let us 
consider these latter tests a little more fully. 

57. The position of a planet, the times of the beginning and 
end of an eclipse and some other phenomena can be observed 
with great accuracy and are therefore severe tests of the truth 
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of the results of dynamics. The calculations by which these 
predictions are obtained are very complicated, depending on the 
combination of many forces acting diversely. There are therefore 
many causes of error. The predictions in the Nautical Almanac 
are made sour 1 years beforehand, so that any small error, say 
in a velocity, might be expected by accumulation to produce a 
sensible effect. Yet m.H.wit.h>;-.and:iig both these opportunities of 
detecting errors, the predicted places agree with the observations. 
In many of the astronomical calculations the truth of the law 
of gravitation is assumed. The comparison of the predictions 
with observations is a test of the truth of that law, as well as 
of the principles of dynamics. 

The solutions of the equations of motion have also in some 
cases led to unexpected results, which had never been discovered 
until they were suggested by theory. For example, no one had 
noticed the slow rotation of the plane of vibration of a pendulum 
due to the rotation of the earth until Foucault deduced it from 
dynamical principles. 

Our belief in the truth of the laws of motion may be made 
to rest on these latter considerations. We may regard these laws 
as the axioms on which the science of dynamics is founded. All its 
predictions have as yet been verified. It is only when we arrive 
at a result contradicted by experience, after due allowance has 
been made for the necessary errors of observation, that we can 
be called on to amend so much of the laws as has led to the 

Still such a course would be felt to leave something wanting, 
We require to know how the laws were discovered, or at least 
what considerations would make them probable. For this reason 
a very brief summary of the arguments lias been given in the 



lam. Let a body be set in motion by any cause, say it is projected 
ontal plane. We notice thii.;; wlien the cause ceases to act, the body 
motion. It li:is ;]:<:Loi<:ri; sovr.fc power of retaining ilii; moLim; ;';ivoi>. 
is only a qnestion of degree; does it retain the whole or only some 
: velocity "iviiii to it? Ths; !i;iLiy firnilnnlly comes lo rest, but we also 
r.here are forces tending to stop the body, such as friction and the 
the air. We obserre that when these resistances are small the body 
motion for a long time. This suggests that the diminution of the 
>e entirely due to the reaistuncts, thou:;h it. does not prove that fact, 
the argument by having ll;c<; m.se to some experiments sufficiently 
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accurate to allow measurements to be made. Any of the ordinary problems given 
in treatises on element;! ry dynamics may 1>h utilized for this purpose, but the one 
most commonly used is Atwood's machine. 

89. Before proceeding to that cxiiceiment let i;j consider some points connected 
with the second law. How is the action of a force affected by the previously 
existing motion of the tody? We must show that both in direction and in magni- 
tude the'ttction is inacpendont ::■! the vtjloeiiy. Let us take gravity as the force to 
be experimented on. We find that a stone dropped from a moving support, say, 
the ceiling of si railway carriage in rapid uniform motion, hits the name point of 
the floor that it would have hit had the carriage been at rest. Since, by the first 
law, the stone retains the horizontal velocity of Uie carnage, gravity must have 
acted vertically on the movi:!;'; particle, 'mat is in ,'/<;■ ■■■!,* tlir«eti<m as if the 
particle were at rest. 

If a number of balls are simultaneously projected horizontally from a platform 
with different, velocities teey 1 each the ground at the fame time ; only one knock 
is heard. Gravity has therefore pulled all the balls- through canal vertical spaces 
in the same time. This experiment suggests that tin- nmuuitmU of gravity is not 
altered by the esisting motion of the particle attracted. 

These experiments cannot be made with great accuracy. They are hist attempts 
to answer the question placed at the beginning of this article. 

60. In Atwood's machine lv,o boavy paitickes are c.feclied together by a suing 
which passes over a pulley. If w, w' are the weights of the partiqles, the moving 
force is mi-wj' while the weight of the mass moved is w-'-w'. By choosing nearly 
equal values of ic and if' the motions province.:! by gravity can lie made as slow as 
we please. The spaces described and the velocities generated can therefore be 
measured with seme degree o; ucieaiacy, and Ike results co: e paroti with the laws of 
falling bodies. The machine being carefully construe ted, some allowance may be 
inside for the inertia of tin- }iv. Il.=y. the friction, ,ve. fiver, the resistance of the air, 
owing to simplicity of the motion, could be allowed for; but it is almost imper- 
ceptible in such slow motions, f-iy an arrangement of platforms small weights can 
be added or subtracted so that the moving force can be suddenly increased or 
decreased at pleasure. Jiy making this foyer hahLnei, the. resistances we can test 
the first law. By other changes we can determine whether the effect of a foree is 
modified by a previously existing velocity. 

61. The equation F=mf. Let F be the toiee which will just support a body 
when attracted by the earth. Then rover sin;'; this force m can imagine the body 
to be acted on in the name ditcctioi: by two forces each equal to gravity. Each of 
these forces can act only by producing motion in the body and we have just seen 
that this action is not modified by any existing motion. Assuming this, each 
foree will generate the same velocity in the body in the same time. Thus twice the 
velocity is produced by twice the force, and generally the velocity produced Varies as 
the foree when the mass is constant. 

Again, if we suppose that two equal volumes of the smiw. Material are placed side 
by side, and each a,cted on by equal forces, equal voice i lies are generated in the 
same time. If the initial velocities are equal, the todies will continue to move 
side hy side, without, pressing on eaeh other, and we may suppose thorn to be united 
into one mass. Thus twice the foree will produce in twice the mass the same 
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velocity, and generally the force varies :lm the mass when the velocity produced is 
constant. Varying bo'.i! (in.' velocity ami the ma*-, \v<> ncnelude tbat the magnitude 
of the fovce varies as the mass multiplied by the velocity generated. This product 
if e;i '.:.(■■: I momentum, Art. 64. 

62. Lastly let (is consider how fav the equality of action and reaction is 
suggested by elementary considerations. If we press a stone with the finger, the 
finger is }iii sscd tad; by the stone. If a liorso- p'.ill a body by a rope, the tension 
of the rope unnciit-s the progress of the horse. To delcimhie if these actions are 
equal, we shall examine Bi-|jura.lol.v Ihe coudii-Iovis wi;on !be lioii'les are in contact 
Miid when they act at a distance. 

We have to prove that when two boaios in ctuilast press o.i each other, the 
momentum lost by one is equal to that acquired by tlie other. In our test experi- 
ment, we arrange the circumstances so that these changes of momenta can be 
readily observed. Let us suspend two spherical bails iiy ?triegs and allow them to 
impinge on each other. The initial position* Lidi);.; i.'iv..n wi: can ibid the velocities 
just before impact. 13y observing their subsequent motion we can deduce the 
velocities ji;si afiei' the inipube if concluded, in !l.,".~ v,';i.y Nekton showed that 
the changes of velocity were such that the momentum lest by one was equal to 
that gained by the other. 

Let us nest compare the forces exerted by two mutually attracting bodies. It 
was a well-known fact that a magnet attracts iron, but Newton showed experi- 
mentally that the iron attracts the magnet with an equal force. This he effected 
by floating both in separate vess&ls in standing water. The vessels being placed 
in contaet, neither was able, to propel the other. The resultant force on each 
body was therefore rem. Admitting iniit the mutual fiction and reaction of the 
vessels in contact are- etpial and opposite, it follows that the attraction of each of 
the distant bodies on the other was equal to the pressor* between the vessels and 
therefore equal to each other. 

63. Units of mass. The second law of motion enable* us 

to extend our measurement of mass to bodies of different materials. 
We first select some quantity of a standard substance and define 
that to be the unit of mass. Such a quantity of the same or 
another substance is then said to be of the same mass when two 
forces, known to be equal, acting on the two mas: 
equal velocities in equal times. The second law then i 
that, with this definition of mass, the momentum generated by 
every force is proportional to that force. Art. 55. 

The British unit of mass is defined by Act of Parliament. 
It is a quantity of platinum preserved in the office of the Ex- 
chequer and called the Imperial standard p ound Avoirdupo is, 
One seven-thousandth part of it is declared to be a grain, and 5760 
grains to be a p ound Troy . The French standard of mass is called 
the gramme. This is the one- thousandth part of a certain mass 
of platinum preserved in the Archives and called a kilogramme. 
The English pound is very nearly equal to 453'59 grammes, and a 
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kilogramme to 2 - 2 pounds. The system of units derived from the 
centimetre, gramme and second is usually called the c.G.s. system. 
That founded on the foot, pound and second may be called the 
f.p.s. system. It should be noticed that the pound and the gramme 
are measures of mass, not weight. 

A very full account of the history of the English standards of weight and of 
thou: comparison with th« French star.ihmiv was ;.;iviMi hy t.ii e hii;; t'rof. W. H. Miller 
in the Phil, Trails, for 1866. 

64. Units of Force. The unit of force w that f/rce which , 
acting on the unit of mass for a unit of time, generates a unit of 
velocity. This is usually called Gauss' absolute unit of force. 

When the unit of mass is the Imperial pound and the units 
of space and time are a foot and a mean solar second, the unit 
of force is called a poundai. When the unit of mass is the 
gramme, and the units of space and time are a centimetre and a 
second, the unit of force is called a dyne. 

Since the pound is 45;K>0 grammes and a metre is 39'37 inches, 
it is clear that the poundai generates a velocity of 1200/3!>37 
centimetres in 453'59 grammes. By the second law the magni- 
tude of a force is proportional to the product of the mass by the 
velocity generated : the poundai is therefore equal to 
1200x453-59 , 

39^37 d ^ eS " 

This makes the poundai equal to 1382") dynes nearly. 

When a force F, constant in magnitude; and fixed in direction, 
generates in a mass m a velocity nin a unit of time, we know 
by the second law that F=Xmv where \ is some constant de- 
pending on the units of m, v and F. Since F is a unit when m 
and v are units, \ = 1. Hence F =mv. 

When the force F is not constant, in magnitude for any finite 
time, we have recourse to the principles of the differential 
calculus. Let /be the acceleration, then /is equal to the velocity 
which would be generated in a unit of time if the force F 
continued constant in magnitude for that time. Hence F — mf, 
see Art. 55. 

65. The determination of the magnitude of a force by ex- 
periments on the velocity generated is an inconvenient method 
of proceeding. We have recourse to the attraction of the earth 
on them. The law of gravitation asserts that the forces of 
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attraction of" the earth on different bodies at the same place are 
proportional to the masses of those hodies. This is true whatever 
be the materials of which the body is made, provided only they 
may be regarded as particles when compared with the size of the 
earth. 

This is an experimental fact which is independent of the 
laws of motion, and is referred to here as a practical method 
of comparing forces. Forces therefore may be compared by 
measuring the weights which they would support at any the same 
place on the surface of the earth. 

Let W be the force of attraction of the earth on a mass m 
at any given place, let g be the acceleration, then the equation 
F = mf becomes W = mg. 

The law of gravitation asserts that y is a constant at the same 
place on the surface of the earth. It is sometimes called the 
constant of gravitation. 

The average value of g for the area of Great Britain is about 
32'18 when the units of space and time are a foot and a second. 
When the unit of space is changed to centimetres, the numerical 
value of g becomes 981. 

The equation W — my shows that the weight of a unit of* mass 
is g. The poundal, or unit of force, is therefore l.;<;th part of the 
weight of the unit piece of platinum. Art. 63. Since 16 oz. make 
the pound, the poundal is roughly equal to the weight of half an 
ounce. The dyne is consequently equal to l/13800th part of half 
an ounce, Art. 64, roughly a 64th part of a grain. 

66. There are two elementary experimsmts by which it may be shown that g 
is a constant at the same place and from which, the numerical value may be 
deduced. 

In Atwood's machine, let m lt ib 3 he flu: masses suspender! by a string over the 
pulley, Art. 60. If the law of gravitation i s U'ue, the weights are m t g and m^g. 
The mass moved being jKj-j-ro., and the moving force {vij-m,,) g, the equation 
'!■" —»n' shows that 

where / is the acceleration. Ey measuring l!io ini'/al simi teraiiniii velocities we 
cam find the value of / end ^leiei'ovo of n For any assumed musses i» lt m... Repeat- 
irifr the experiment u iih. o;he!. masses, ive i'.ici iVuu the e::nst.m<;y o: ij is verified as 
fin as Liu: iin|jerfeetions of r.Iie machine allow. 

67. The method adopted by Newton is more accurate. He measured the times 
of oscillation of hollow wooden balls svbicb lie filler! with subsLanccs of different 
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kinds. Whatever the muTt.fr ji!ati;i.i inside voi;;ln. be, rlie time of oscillation (under 
similar circiimstanci^) w;ln found to be the same. The forces of attraction, 
TOi'-'r.Mreci dynamically by the motion cojiiuiu nice Led, must therefore have been 
proportional to the masses moved. 

The theory of iiie wdl'iuion of a niiriielo s;iHi:eiided by ;■. string is given in the 
chapter on constrained motion. Miiny experiments have been niaiie since Newton's 
time for the mnpu^e- or detivr'nininj; i'lf ".lpr.eiica" value of g. In tliese the 
oscillations of bodies of finite si?,e have been observed. An account of some of 
these experiment* is ;;iwii in iiie iunho; 's l{i<;'ul Dynamics, vol. I. 

68. Accelerating Force. The quantity / in the equation 

F=mf is the acceleration metis tired, as already explained, by the 
velocity generated per unit of time. The quotient Fjm is called 
the accelerating force. It is equal to the acceleration and the 
word "force" appears to have been added merely to show from 
which side of the equation the quantity is derived. It is a 
convenient phrase to use when we wish to call attention to the 
iact that the impressed forces under discussion are proportional to 
the masses acted on. 

The -product of the mass and the acceleration is called the 
effective force. Thus mdhjklt 1 and ■md-yidt? are the Cartesian 
components of the effective force on the particle m. The utility 
of this name will be better understood when we come to the dis- 
cussion of the motion of several connected particles. 

69. The vis viva of a particle whose mass is m and velocity v 
is mv s . The half of this quantity has also been called the vis viva, 
but in England it is more usual to call this latter quantity, viz. 

hnv\ the kinetic energy. 

70. The work of a force. The theory of work is so much 

used in statics that only a very brief' account is necessary here. 

Let the point of application A of a force F be moved to a point 
B, where AB = ds. Let 8 bo the angle made by the direction of 
motion of A with the direction of the force. Then FcosOds is 
the work of F for the indefirulely small displacement ds. It is 
also called the virtv.at i.iomevt of F. The work may also be denned 
to be the product of the force by the resolved displacement of the 
point of application in the direction of the force. 

If the point continue to move and describe any curve, the 
integral \F cos tM.s is defined to be the work. 

If a weight W descend a space dz, the work done is Wdz. 
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If the space is finite and equai to h, the work is I Wdz. The 
work is therefore Wk. y-P 1 - ^ ' 

71. The theoretical unit of work is the work done by a 
dynamical unit of force acting through a unit of space. As ex- 
plained in Art. 64, this unit of force ini^liT. bo the poundal and the 
unit of space the foot. 

The work required to raise a given weight a given height 
is taken as a practical unit of work. The unit, adopted by English 
engineers is that, required lo overcome a force equal to the gravity 
of a pound through a space of a foot. This unit is called a foot- 
pound. 

In the C.G.s. system the theoretical unit is the work done by a 
dyne in acting through one centimetre. This unit is called 
the erg. 

The work done when a kilogramme (Art. (S'i) is raised one 
metre is the practical unit and is written kilogramme-metre. A 
kilogramme-metre is 7*2o foot-pounds very nearly. 

72. The rate of doing work is measured by the work done 
per unit of time. Thus, if the particle describe a space ds in the 
time dt, the rate of doing work is F cos Odsfdt. The rate is 
therefore Fv cos $. 

The term horse-power is used to express the work done per 
unit of time in practical measure. The unit of horse-power is 
usually taken to be 550 foot-pounds per second. 

The term force de chevu.-l corresponds to horse-power, but with 
different units. The unit of force de cheval is 75 kilogramme- 
metres per second. A force de cheval is therefore 541 foot-pounds 
per second ; i.e. "98 of one horse-power. 

Ex. 1. If the unit of space is a feet, the unit of time t seconds, and the unit of 
mass it pounds, prove Ihilt ihc ujiit of fort* :■. ,m ; V : , I hi: usiit of energy is /i<r 2 /r' ! , the 
r,!ih of horHj-ijuY-'Ci- ita-jr ; fioe Art. 47. 

If F, J'.', H represent the force, energy and h 
their measures where feet, seconds and pounds ar 

Ex. 2. Prove that a foot-pound is -138, and 
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The Equations of Motion. 

73. Equations of Motion. When the resolved part F of 
the impressed force in any direction and the mass in are given, 

the corresponding equation of motion is found by equating Fjm to 
the resolved acceleration in that direction. For example ill 
Cartesian coordinates, if X l7 F„ be the components of the im- 
pressed force, we'&te X,/m, YJm for X, F in Art. 81. We 
thus have 

dP m ' dt* m 
The polar and other resolutions may bo treated in the same way. 

74. To make the meaning of these equations clear, let us 
consider the case of a particle moving in a straight line under 
the action of several forces, F,, F^, &c. The corresponding 
theorems when there are no restrictions on the motion of the 
particle will be considered later on. 

If m be the mass in motion, the equation of motion takes the 
form 

dv 



-(i), 



where s is the space described, and v the velocity at the time (. 

This equation may be integrated in two ways. Taking the 
time t as the independent variable, we have 

mv—mv = jF 1 dt + JF. i dt+ (2), 

where v„ is the velocity at the time t„ , and the limits of integration 
are t„ to t. The forces F x , F, 2 , &c. may not act during the whole 
time, thus F, might act from *, to d + <*, -F a might act from fj to 
ik+ft and so on. In such cases the limits of each integral should 
be from the time of beginning to the time of ending of the force. 
For the sake of conveniently using the equation we notice (what 
really follows at once from the second law) that each fores F adds 
to the 'moving mass a moment (im, equal to ff'rft, where the integration 
extends over the time of action of the force. This is called the 
time-integral of the force. The equation (2) w called the equation 
of momentum. 

75. Taking the space s as the independent variable, we 
have 

%mv 2 - %mv<?=fF 1 ds + JF 1 ds+ (3). 
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It follows that the increase of the kinetic energy of the mass 
moved is equal to the sum of the works of the several forces. 
Each force F communicates to the moving mass an amount of 
kinetic energy equal to JFds where tJie integration extends over tli£ 
space described while F acts on the mass. This is called t he space- 
integral o f the force. The equation (3) is called sometimes the 
equation of vis viva and sometimes the equation of energy. 

If the velocity of the mass is the same at any two times, Hie 
momentum added on hy some of the forces must be equal to that 
removed by other forces. 

If again the velocity is the same in any two positions, the 
work added on by some of the forces must be equal to that sub- 
tracted by other forces. 

In this way we obtain two equations to find the one quantity v. 
If the forces F Jt F 2 , &c. are constant both the space and time- 
integrals can be at once found. We therefore use either or both 
the equations (2) and (3). If the forces are functions of either £ 
or s, only one of the integrations can be immediately effected. We 
use the equations (2) or (3) according as the forces depend on the 
time or on the position of the particle. 

76. When the system 
contains more than one par- 
ticie, their mutual actions 
may have to be taken into 
consideration. Suppose, for 
example, that two particles 
P, P', whose masses are in, m', 
are constrained to slide on the straight lines Ox, Ox, and are 
acted on by the forces F, F' in these directions. Let these be 
connected by a string of given length which passes over a smooth 
pulley ft The two equations of energy are 

%m (tf -v*) = JFds -JT cos ftfe, 

Jm' (** - iV 2 ) = fF'ds' - JT cos B'ds' 
where 0, ff are the angles the two portions of the string make 
with Ox, Ox. To use these equations we must eliminate the 
unknown tension T. 

We notice that the string is in equilibrium under the action 
of the tensions at its extremities P, P ; hence, by the principles of 
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30 THE EQUATIONS OP MOTION. [CHAP. I. 

statics, their total virtual moment or work is zero. We have 
therefore 

T cob 8da + T cos , ds'=O. 

Adding therefore the two equations of energy together 
£m (w 3 - vf) + Jm' (v" - vfl =-JFds + fF'ds'. 
The tension therefore may be vaulted in fori tun 'j the ei] nation of 
en-eiyy, -when balk the jvvrtivJ en are brought into She equation. 

77. Consider next the two equations of momenta 
m (v ~v„) = fFdt- fT cos Odt. 
mi (V - v/) =fF'dt -fT cob 0'dt. 
The tension T measures the whole momentum transferred per 
unit of time from one particle to the other along the string. 
The components transferred are respectively T am 0, Tens 8', said 
these are not equal. The transverse components Tsin<9, rsinf?' 
are destroyed by the reactions of the rods Ox, Ox'. If however 
the pulley C is situated at the intersection of the rods, 8 and ff 
are always zero, and the component momentum added to one 
particle is equal to that taken from the other. 

Since the particles must now move with equal velocities, we 
have v' = — v. Eliminating T from the equations of momenta, we 
have 

(m + m') (v - f0 = fFdt - fFdt. 

We can thus eliminate the reaction T by combining the two 
equations of momentum when the reaction makes equal angles 
with the directions of resolution. 

78. Examples*. Ex. I. Two heavy lings F, P', of unequal mass, slide on two 
smooth rods Ox, O-i:' at tight angles and equally inclined to the horizon at an angle 
a — ^ir. The rings :li-i-: eonntctou o.v a smii«ht swing of given length I and start from 
rest at distances a, a' from O. Find the motion. 

Let «, s' be the distances of P, P' from at the time t. Since the particles 
start from rest the equation of vis viva becomes 

J(m^ + ra'O = fmj7sin(ui s + |7rtVsinad3'=0sina{m(8-o) + ra'(«'-a'|} (It, 

the limits of integration being « = a to a and a'=a' to s'. The length of the string 
iiC'ing givsn wc have li;o ;;coi:uHr:psl equation 

fi+^=P=^+a^ , (2). 

Differentiating (2) we have w + »V=0 (3). 

"' Ml'bI Of &•■'■<■ PXLLlll)iji;a ;ll(; tiljiOU ■Von'. '.'■::.' 0-XS.T'O illation p!l])(-il->i fill tht; rlltnUlllC- 

and minor scholarships in the several colleges. 
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The equation? (!) and ('.!) i;ivc *: and ;■■'. vVkeii Hie- pariides ig/ain come to rest, 
v = 0, v'=0. Substituting in (1) and using (2) we find, besides the initial solution 

_ 2mm'a' + (m s - m' 2 ] a '"' ,_ 2«twi'a ■- (to 2 ■■ :»'-} «' 




Let i/., be the initial depth of the centre of gravity of the particles below [he 
horizontal line throngh (J, ■/ the depth at the time (. The equation (1| then gives 

t(M*+»Wf«ft+*Ofr-n) (4). 

The centre of gravity (■} cannot therefore vise above the horizontal line AB drawn 
through the initial position H, for if it could, the right-hand side of (4| would be 

negative while the left-hand , j i d u 1-; essentially positive. Sinee the distances of the 
centre of gravity from Ox, Ox' are respectively vi-s'm'/A? and %=smjM, where 
HI = m-, to', we see from (2) that the path of the centre or gravity is the ellipse 

m* m" JK S " 

This conic Cuts the straight line All in two points //, K. If both these points lie 
between the ro;us I lie centre of gravky eonlinua-'ii us<:iila';:s in tin: elliptic arc having 
H, K for the extreme points. If either II or K lies outside the rods, one particle 
will pans through the intersection 0. 

I!' the string instead of being straight svero bent by passing through a small 
pulley at the Intersection of the rods, we could eliminate 2' from the two equations 
•of momentum. We then have 

(iw + TO')»=Jmff siiiadt- \m'<j sincn(t = i) sina(m-m')t. 
The equation of vis viva is the same as before, but since v'= -v and a'-«'=a-», 
it takes the simpler form 

These equations give s and v in terms of the time (. We notice that if m>m', the 
pr.rticle !.' ikseends- along the rod 0<: and finally draws P' up to O. 

Ex. 2. Two small rings of masses m. m' are moving on a smooth [areolar wire 
which is fixed with its plane veriieai. They ate eujiiieeied by a straight weightless 
incxtensib'.e string. Prove that, a^ long as the string remains tight, its tension is 

" — — - , ■'--, where 2a is the angle which the string when tight subtends at the 

centre and 8 is the inclination of the string to the horizon. [Pemb. Coll. 1897.] 

Kqnste the tangential accelerations of the two particles. 
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32 THE EQUATIONS OF MOTION. [CHAP. I. 

Ex. 3. A bucket of mass M lbs. is raised from the bottom of a shaft of depth 
it feet by means of a light cord which is wound on a wheel of mass m lbs. The 

wheel is driven by a constant force which is applied tangentially at its rim for a 
certain time and Ll.cn ceases. Prim ti:.;il if the bucko'- just comes to rest at the top 
of the shaft, t seconds altet I he beginning of the morion, tin; greatest rate of working 
in foot-poundals per second is - - --.,; , . The mass of the wheel may be 

considered to be condensed in its rim. [Coll. Ex. 1896.] 

Let the force F act on the rim for a time ('. This force communicates a 
momentum Ft to the system, which (since the system comes to rest after a time () is 
equal to that ren'.cveii i;.\ gravity in the whine ascent, therefore I'l'z^Mgt. If s' is 
the space ascended in the time (', the force F communicates a work Fs\ which is 
equal to that removed by gravity i:i the whole- ascent it. thevetoie IV — Mgli. Since 
tie mass moved is li + tn and F-Mg is the noting force we have also the two 
equations {M-Vm)v' = (F-Mg)f, [M+m)f=i (F-Mg) t™ where v' is the velocity at 
the time t' (Art. 25). These four equations determine F, (', v', s'. The rate of 
adding work to the system is Fv (Art. Tl), and this is greatest when v is greatest, 
i.e. when v — v'. The result follows without difficulty. 

Ex. i. A train of mas* m runs from rest at one station to stop at the next at a 
distance I. The lull speed is V ami the average spied is r-. The resistance at the 
rails when the brake is not applied is v Vjhj o" tlie weight of the train and when the 
brake is applied it i= u'Vjbi of 0:':. weight of the train. .The pull of the engine has 
one constant value when the train is sinning and another when ii inns at full speed. 
Prove that the average rate at which the engine works in starling the train is 
Jm7*(«+ V)\l, where L = -~y--. [Coll. Ezi 1895.] 

There are three stages of the journey. Dining the first the engine pulls with 
force F, the acceleration is Fjitt - iiVjl, ami the velocity hiei eases from zero to V. 
During the secoml stag;e the velociiy Is nnlfo-m and equal to V, the pull F' of the 
engine just balancing tin; resistance. During the third the engine stops working, 
the brake is applied and the acceleration is -w'F/i. Using the formulas of Art. 25, 
and- remembering that the sum of the spaces in the three stages is I, while the 
average velocity is I divided by the sum of the times, we deduce F. The average 
rate of working is the quotient "work by lime,'' Art. 72; during the first stage 
(his is F« 1 /t,=t^7. 

Ex. 5. The cace of a coal-pit is Ii.nveiea foi the t:rsl third v,i the sJiai'L with a 
constant acceleration, for the next third it descends will:- unilorm velocity, and then 
a constant retarding rbvee ;ust brings it ;o re-t a.- it teaches the iiottom of the shaft. 
If the time of descent, is eqnal to thai ■■!■. Iiei: hy a piiticle in falling four times the 
whole depth, prove that the pressure of the man inside on the bottom of the cage 
was-at the beginning 2B/48tbj of his weight. [Coll. Ex. 1397.] 

The initial acceleration /' is found to be 'Jfig-iH. If Ii be the pressure rcquirei] 
the equation of motion of the man is iiif-iiig - Ji. This leads to the value of It. 

Ex. 6. One engine A starting from rent generates in two minutes in a train a 
velocity of 46 miles per hour while it passes over a distance of 1 mile on the level. 
Another engine I: of equal weight can gull tin: sain:- train up an incline of sin -1 1/80 
at a full speed of 20 miles per hour. Assuming that Ike resistance due to friction, &c. 
is constant and equal to toe weight of !•> las. per ton, prove that the time average of 
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EXAMPJ.EK. 



1-52.. . times the hovsc- 
[Math. Tripos, 1S!)3.] 



ART. 78.] 

the hoiSepoWOl lit which -I Works fur tllC t 

power of B. 

iSi. 7. A window is supported by two cords passing over pulleys in the frame- 
work of the window (which V. loosely fits) ana .".:■- c-O'inocied with counterpoises each 
equal to half the weight of the window. One cora hrcaks, arid the window descends 
with ucceloriition /. Prove that the ooelllciei!'. of tn'ciion be:wcc:i the window and 

lia'. friimcwoik is " -■■' - . whore n is i.'m houdu :i:ul !■■ tl.e in cadi 1 1 of :'lie window. 
[<J+f) h 

[Coll. Ex. 1896.] 

Let the pressures of the window against the t'raiiicworli on one side at the bottom, 
on the other at the top, he E, ii'. Since the window does not move sideways or 
turn round, we have the statical conditions R = E', Tb — 2Ea. Considering the 
vertical motion for tin; wciguL alone and tor jioih bodies respectively, we have 

$Mf=T-iMg, $Mf=±Mg-p2B. 
The-o determine p. 

Ex. 8. A two-wheeled vehicle is being drawn along a level road with velocity -i> : 
the wheels (radius '.■) are eonneeted hy an axle (radius r) fixed to them and the weight 
of the vehiele Exclusive of the wheels and axle is 11", and its centre of gravity is 
vertically above the middle point of the axle. Prove that if the shafts are in a 
izontal plane with the tops of the wheels, the horse is working at the rate 
where \ is the angk ol fricti:;;: between the ax:e and its bearings. 
[ColL Ex. 1895.] 
ijurm motion, is in equilibrium under the notion of lb.:: 
ction E of the axle acting at some single to the vertical 
of Statics give F, E, and 9, and the 



[['.;■■ s[ 



•Ji* 



*\) 



The vehicle, being ic 
pull F of the horse, the 
and the friction iftanJi. The eqnatio: 

required rate of working is Fv. 

Ex. 9. A particle of mass in is suspended from :i fixed point by a string of 
length a, and from hi is ^ -.i « j- i -n-. c I o fl anol her particle of mass m' hy a string of length 
6. If a horizontal velocity la; suddomy communicated to in, show that the tensions 
of tin; strings are immediately increase;! hy amounts which are in the ratio 

J + m ,r i ' j. : 1. [Coll. Ex. 1895.] 

Let T, T' be the tensions of the strings above and below in. Since m describes n. 

circle whose centre is 0, its vortical acceleration is v-ja, hence ' — — T-T'-mg. 

The vertical acceleration of m' is equal to that of m plus that due to the relative 
motion. Relatively to m it begins to describe a circle of radius I with a velocity v, 

the relative vi rtieal neto'. oration is tb.ercfoi e .■-.i,-, see Art. 39. Hence 



Solving llio^o conations the result follows at on 
Ex. 10. In the system of pulleys in which ■ 
has one end alticiied to a thed bemo ami the 
is no "power" and no "weight." The n mov< 
they are smooth, and can all be treated as pa 
The string is without mass. Prove that the 
3ff,(2" + 1). 



ie string, passing round each pulley, 
ither to the pulley next above, there 

:.ble pulleys Are , ill of equal weigh'. 

■tick's in ea leu I mil-.:- their motions 

iccolovation of the lowest pulley is 

[Coll. Ex. lSiiii.] 
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34 THE EQUATIONS OF MOTION. [CHAP. I. 

The equation of momentum for the )-th pulley counting downwards is 
md?y T ldt 2 =mg - 2T r + T T+l , 
where T, and T„ n , being the power and weight, are zero. Also the Telocity of each 
pulley is half that of the one just above. Haiti plying thpse equations by 1, 2, 
2 2 ... 2" _1 beginning at the lowest s™ adding Lho results the tensions disappear. 

Ex. II. In ihi: system of pulleys in which each suing i- an ached to rl-.o v."oi;;hl, 
there are two pulleys, the weight ei the moveable pr.doy being w, the power P and 
the weight IF. Prove that the acceleration of Was g +w ~ . [Coll. Ex. 1897.] 

Ex. 12. A prism with axis liori/.ontal and wh;;sc .section by a plane perpen- 
dicular to it is a regular polygon AliCD... of Jw siiios is hxeii with the uppermost 
face A I) horizontal, ana n c.pual pa> tides are pieced at the mid'I'e points of jIB, 
SC, itc. These lire crinncetcd ly a couth: r.oas suing which passes over smooth 
pulleys at the corners I), C, &a. Assuror,;: that the liieos are smooth, prove that 
the initial acceleration is j y ( cot *" - I 1 . [Coll. Ex. 1897.] 

Ex. 13. Two equal particles are connected ti.v it string one point of which is risc-rl 
and the particle*, are dcsciibii:;; circles of radii <; anil e about this point with the 
same angular velocity so that the string is al w a\ s straight. The string is suddenly 
released, prove th.at thee tensions of the two portions are altered in the ratios 
(a + b) : 2« and (a + 6) : 2b. [Coll. Ex. 1895.] 

Before the release the tensions are mv^ia and mv.-rjh, where i; 1 ja=t:jb=.oj. 
After the release the relative spaee velocity is u^Vj + v.,. The acceleration of each 
particle being Tjin, the relative acceleration is 2'1'hii. Since the relative path of 
either is a circle of radius r=a + b, the relative acceleration is v-jr. Equating 
these, the tension is nu>''j2r. The result follows. 

Ex. 14. A cubical box slides down a rough inclined plane, whose coedicient of 
friction is p,, two sides of llie base beina horizontal. If the hex contain sufficient 
water just to cover the- base of the vessel, prove that the volume of the water is 
la times the internal volume of the vessel. [Coll. Ex. 1897.] 

The relative acceleration of a particle of water end the box must he perpendicular 
to the surface. 

79. Iiinear and Angular Momentum. Let the momentum mu of any 
particle P of a system be represented in direction ami magnitude (Art 54) by a 
straight line PP'. Since velocities obey the parallelogram law, we may proceed as 
in Statics and replace the momentum PP' by three linear momenta at any assumed 
origin in the directions of the axes, ami throe couple momenta. 

Let the comainates of tec- particle oc .-;■, ij. :. and tec direct::^ cosines he \, n, v. 
The three linear momenta being the resolved parts of mv are mv\, mu/t, nn 
respectively. These are often called linear momenta. The three Couple ■ 
are the moments of the momentum imp aaor.i the axes. We know by the c 
ipondi')!! theorem in statics tnat these JTi 



These are called the angular momenta about the axes. 

The linear -mhiiieiiUtiH of a partiele in any liireetion is the resolved part of the. 
'i that direction. Tlie ansninr n-.on-i'.niii-ii o.lvn.1 a. ■>?.■■« ijjM line is the 
■■< of the moinentuni about that .<traiah< tine. 
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ART. 81.] IMPULSIVE FORCES. 



Impulsive Forces. 



80. Impulsive forces. In some cases the forces act only 
for a very short time, yet, feeing of great rnagoitude, produce 
perceptible effects. Let a force F act on a particle of mass m 
for a time T. Let v be the velocity at any time £ less than T, 
and let V, V be the velocities at the beginning and end of the 
interval T. We have 



n(V'-V)=J T Fdt ;(1). 



dt 

Let the force F increase without limit while the duration T 
decreases without limit. The integral may have a finite limit, 
say P. The equation then becomes 

m(V-V) = P -...(2). 

If v lt JJ S arc the greatest and least velocities during the' impact, 
the space described lies between z\T and v$, and both' these are 
zero in the limit. The particle- therefori: has not had time to move, 
but its velocity has been- changed from V to V. This sudden 
change of velocity is the distinguishing characteristic of an 
impulse. 

We may consider that a proper measure has been found for a 
force when from that measure we can deduce all the effects of 
the force. Since in the ease of the limiting ('orcc the change of 
velocity is the only element to be determined we may measure 
such a force by the quantity P. "When P is known, the change 
of velocity is given by (2). 

81. An impulse or blow is the limit of a force whose magnitude 
is infinitely great and time of action infinitely small. A finite 
force F is measured by the momentum generated per unit of time. 
An impulse P is measured by the whole momentum generated 
during the whole time of action, that is, P =fFdt. 

When the direction of the force F remains fixed in space 
during its time of action, the resolved part of P in any direction 
is also the limit of the resolved part of F. When the direction 
of F is not fixed in space, we resolve F into its components X, Y. 
The integrals of these, viz. X[=/Xrf(, Y, = jYdt, are defined to be 
the components of the limiting impulse. 

3—2 
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Strictly speaking, there are no impulsive forces in nature, but 
there are some forces which are very great and which act only for 
a short time. The blow of a hammer is a force of this kind. Such 
forces should be treated as finite forces if the small displacements 
during the time of action cannot be neglected, and as impulses 
when these are imperceptible. 

82. The general equations of impulsive motion follow from 
those of finite forces. If (wj, v,) are the Cartesian components of 
velocity we have, by Art. 7:3, 

m -,, - = A, m .-■ = Y, 
at at 

where X, Y are the components of a finite force F. Let (u, v), 
(u', v) be the components of the velocity just before and just 
after the action of any impulse. Let X i =fXdt, Yi=jYdt be 
the components of the impulse, Art. 81. We then have by inte- 
gration, 

m(«'-») = X„ «(•-.)- r,. 
These equations may be summed up in the following working 
rule, 

/ Res. Mom. \ _ / Res. Mom. "\ __ ,'ResoIvedN 
Rafter impulse^ \before impulse ^ \ impulse / ' 

83. Elastic smooth bodies. When two spheres of any 

hard material impinge on each other they appear to separate 
almost immediately and a finite change of velocity is generated 
in each by the mutual action. Let the centres of gravity of the 
spheres be moving before impact in the same straight line with 
velocities u, v. After impact they will continue to move in the 
same straight line ; let u', v be their velocities. Let m, m' be the 
masses, R the action between them. The equations of motion are 

«(«'-„)— ii, ,n'(,;-v),R (1). 

These equations are not sufliciont to determine the three quanti- 
ties u', v' and R. To obtain a third equation we must consider 
what takes place during the impact. 

Each of the balls is slightly compressed by the other, so that 
they are no longer perfect spheres. Each also in general tends 
to return to its original shape, so that there is a rebound. The 
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period of impact may therefore be divided into two parts. Firstly, 
the period of compression, during which the distance between the 
centres of gravity of the two bodies is diminishing and secondly, 
the period of restitution in which the distance is increasing. The 
first period terminates when the two centres of gravity have the 
same instantaneous velocity, the second when the bodies separate. 

The ratio of the magnitude of the action between the bodies 
during the period of restitution to that during compression is 
found to be different for bodies of different materials. If the 
bodies regain their original shapes very slowly the separation 
may take place before this occurs and then the action during 
restitution is loss than that during compression. 

In some cases the force of restitution may be neglected, and 
the bodies are then said to be inelastic. In this case we have just 
after the impact u' = v. This gives 

r, mm' . , , mu + m'v ,,, 

R= m i (*-v), ■■- « = m + m ' w 

If the force of restitution cannot be neglected, let R be the 
whole action between the balls, R the action up to the moment 
of greatest compression. The magnitude of R can be found by 
experiment. This may be done by observing the values of «' 
and v' and thus determining ti by means of the equations (1). 
Such experiments were made in the first instance by Newton 
and led to the result that RIR,-, is a constant ratio which depends 
on the materials of which the balls are made. Let this constant 
ratio be called 1 +e. The quantity e is never greater than unity; 
in the limiting case when e = 1 the bodies arc said to be perfectly 
elastic. 

The Newtonian law R/R^ = 1 + e gives only a first approxi- 
mation to the motion, and is not to be regarded as strictly true 
under all circumstances. 

The value of e being supposed to be known the velocities after 
impact may be easily found. The action R,, must be first calcu- 
lated as if the bodies were inelastic, the value of R may then be 
deduced by multiplying by 1+e. This gives 

B-£zL(>>— )<}+•) O 
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The three equations comprised in (1) and (3) give the whole 
motion. Substituting from (3) in (1), we have 
, _ mu + m'v m'e . \ 

"" m+m ' ~^™' {u ~"\ ( 4 

, _ mu + m'v me . 

84. We notice as a useful corollary that 

*■-»'"•(•-») (4). 

The relative vdodty after impact- bears to the rekdi.ce velocity before 
impact the ratio of —e to 1. 

By the third law of motion the momentum gained by one ball 
is equal to that lost by the other : the whole momentum being un- 
altered by the impact. Hence 

mu' + m'v' = mu + m'v (5). 

This result follows also by eliminating R between the equations (1). 

The equations (4) and (5) may be used to determine u', v'., 
when the impulse R is not required. 

85. When two perfrefljj elastio spheres of equal mass irnpUiae 
on each other the bodies exchange velocities. In this case, by (3), 

R = m(u-v) 
and the equations (1) then show that u' = v, v' = u. 
we may show in the same way that if the spheres i 
velocities their masses are equal and the elasticity is perfect. 

86. When a sphere impinges on a fixed plane, we regard the 
plane as an infinitely large mass. Putting m infinite, we find 

R = mu (1 + e), nf = - eu, v' '= 0, 
the velocity of ilie sphere if- therefore reverted in direction and its 
magnitude is multiplied by e. 

Ex. If the plana he in motion with ',: voiijeily J', prove thru she velocity of the. 
sphere after the rebound ia -eu + V (1 + e). 

87. If one sphere of mass in impinge directly on another of 
mass m' which is at rest and if m = -m'e, the equation (3),gives 
R — mu. The impinging sphere therefore loses its whole mo- 
mentum and is reduced to rest. <5V* &J%w- : -u = 0j ir / -= e_u.. 

In the same way, let n spheres be placed in a row at rest 
and let their masses form a geometrical progression of ratio 1/e. 
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ELASTIC SMOOTH BODIES. 



If any velocity is given to the first, it will strike the next in order 
and be reduced to rest. The second will strike the third and 
remain at rest and so on. Finally the last sphere will proceed 
onwards with the whole momentum communicated to the first. 

If the spheres are perfectly clastic, i: = i. and the same tilings 
happen when the masses are equal. 

If the spheres are placed close together, they are only in 
apparent contact; and each impact will still he concluded before 
the next begins. Each ball transfers the momentum to the next 
in order and remains in apparent rest, the last ball moving 
onwards with the whole momentum communicate:! to the first. 

This may partly explain why, in sonic cases when blows have 
been given by the wind or sea to masses of masonry, the stones 
to leeward have been more disturbed than those exposed to the 
blows. 

88. Ex. A series of perfectly elastic bails are arian^d in the name straight 
line, one of then; ;;T>.|iin[!c-s (i'Tecrly on the :n.'\t ami so on; prove that if their 
masses form a yeornctriL'al ijroijtcisaion or' v.hicli the common ratio is 2, their 
velocities after impact will form a geometrical progression of winch the common 
ratio is 2/3. [Math. Tripos, I860.] 

89. Two smooth homogeneous spheres A and B impinge 
obliiji'dii on, each other. To find the subse- 
quent motion. 

Let the common tangent plane at the 
point of contact be ■ the plane of asy, and 
let the common normal be the axis of z. 
The spheres being smooth the mutual im- 
pulse acts .along the axis of z. 

Let V„ Y-i be the velocities of the two 
spheres, before impact, F,', V 2 ' the velocities after. 

(Ui, Vu IVj), (u, i: v 2 , w s ) 
be the components of the velocities 7",, V a , and let the same 
letters, when, accented, represent the components of F"/, K/. Let 
m, in' be the masses. 

■Since the impulse has no components parallel to the axes of 
. x and y, we have 
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40 IMPULSIVE FORCES. [CHAP. I. 

Considering next the normal impulse, we find as before 

R , R 



These equations determine the components of the velocities after 
the impact. 

When the bodies are rough, the mutual impulse does not 
necessarily act along the common normal, The problem then 
becomes more complicated. The reader will find this case discussed 
in the author's liiyid Dynamics. 

90. When two imperfect!;/ ela-itic .spheres impinge on each 
other, vis viva i 



Firs!, Jet the spheres impinge directly on each other. We 
ive, as in Art. 83, 

_ mm' , , ,, , , R , R 

B = m ~+m' ( - u ~ v)(L + e) ' U U ~m' % V+ m'- 

.-. mu" + mV = mu 3 + mV +U(v- w) + R 5Lt^l R 



m + m 

The last term being essentially negative, the vis viva is decreased 
by the impact. 

Newt, let the spheres impinge obliquely. Let 2T be the 
vis viva before, 22" that after the impulse. Then, as in Art. (>9 

IT = m («,* + », a + w,') + m' (Mj a + vf + w a a ), 
while 22" is expressed by the same formula after the letters u, v, W 
have been accented. Hence 



2T'-2T = - 



)»»( 



It follows that vis viva is always lost. 

If V is the relative normal velocity before impact, the vis viva 

. . mm' Jr , , 
lost is ■■- - ■, V(l — e 1 ). 

The vis viva after impact is et/ual to the vis viva before only 
when 8 = 1, that is, when the bodies are perfectly elastic. It is 
evident that w- L cannot be equal to w 2 or e = — 1. 
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91. Ex. 1. Particles are projected from a given point A in all direotdonfl and 

obliquely impinge on a iixcd plane of o'a-iiciry ,-. Prove that e.ftcr reflexion the 
directions of inoiioo diverse eVoi:j a point /;, who re ■'.}'. intellect?, the fixed plane at 
right angles in some point M, and B«==e . AM. 

Let AP be the path of a partiele before impact, I'Q liiat after. Let QP 
produced inter sent the perpendicular .-1.1/ produced in some, point /.'. The eom- 




.-. taaQPx=evjv=etaaAPM, 

It immediately follows that Ml! = s . AM. no thai every re I loci ed path intellects the 
perpendioular from A in the same point. 

reflexions from any nambet of Used plane*. To tsko a simple- case, let it be 
required' to find how a particle should be horizontally projected from a given point 
A on the floor, that after reflexion at two vertical walls O.r, Oy, it may pass 
through another given point A'. Wo draw a perpendicular All to the first wall 
and take MB = «AM. A perpendicular J- drawn from It to ike second wall, and 
O is taken .so that CN=e . BN. Then, since all the paths after the first and second 
reflexions pass through It and C i ■« spe e lively . (he required path .i'jli't' is foimd by. 
joining A' to 0, Q to B and P to A. 

Ex. 2. A paiticle of elastic it;-- c is projected alouf; a hui-h'.or.-.al plane from the 
middle point of one of the sides of ar. isosceles right nngicd Lriun^le so as after- 
reflexion at the hypotenuse and remaining side to return to the same point ; 
prove tii at the cotangents of the ane.le- of reilexion are ? i 1 and c ■ -:> respectively. 
[Math. Tripos, 1851.] 

92. A free system of mutually attra.ctin.ff particle* is in motion. 
Prove (1) that the centre of gravity moves in a straight line with 
uniform velocity, and (2) that the motion of the centre of gravity 
is not affected by any impacts between the particles. 

The mutual. nUm <:-tkm between any two particles h measured 
by the momentum transferred from one to the other per unit 
of time; the mutual impulse is measured by the whole mo- 
mentum transferred. In either case it follows by the third law 
of motion that the whole momentum of the two particles and the 
components in any directions, are unaltered by their mutual 
action. 
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42 IMPULSIVE FORCES. [CHAF. I. 

Let (a'j , y,), (x,,, y,,), &c. be the Cartesian coordinates mid (u u v,), 
{«,, y s ), &c. the components of velocity at any time t. Sines 

SSm = %mx, yXm = Smy, 
we have by differentiation ii'Sm = 1mu, r1m = %mv. It has just 
been shown that the components Swim, tmv are unaltered by 
the mutual attraction or impact of any two particles. Hence 
the components of the velocity of the centre of gravity, viz. u, v, 
are constant throughout the motion. The path of the centre of 
gravity is therefore the straight line x — ut + A, y = vt + B, and 
the velocity is the resultant of w, v. 

If all the particles were suddenly collected together at the 
centre of gravity, each particle having its momentum unaltered 
in direction and magnitude, the momentum of the collected 
mass would be the resultant of the transferred momenta. The 
equations u%m = 2.mu, w2m=£mti assert that the centre of 
gravity of the particles before collection .moves exactly as the 
collected mass does. 

93. The effect of the mutual action of two particle* (whether 
attracting or impinging on each other) is to transfer a momentum 
from one to the other whose direction is the straight line joining 
the particles. Hence the moment of the momentum about any 
straight line is unaltered by the transference. The moment of 
the momentum of the whole system (that is, its angular mo- 
mentum, Art. 79), about any straight line is unaltered by the 
mutual actions of the particles. 

In a system of -mut'ialli/ attracting or impinging particles, the 
components of its linear momentum along, and the angular momenta 
about, any fixed straight lines are constant, except so far as they may 
be altered by the action of eMernal forces. This is only the third 
law of motion more fully explained. 

94. Examples*, Ex. 1. If a system oi 

suddenly to tiL'turni 1 r!;r:i.Uy lii'iuieul'id together. 
rigid body should be at rest. 

Tbil rifrid body will [hisspks the ;-.irrin nioinr-ntn. ;ls tin; hvhI(;iii tii.Lt. dil':"o:(.'n;lv 
distributed. II tlic mtuieiia of nil tlu:- p; : .r:id.' •= are in riqnilibi'ivim, thr- rigid body 
has no component of momentum in any direction and no moment of momentum 
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;ht lin. 



about rir.y 
necessary and suffit 

about each axis is z 



KXA.Mi'LES. 

; is therefore at res 
aditions for the equi 
3 of coordinates is s 



By the rules of Statics the 
■ium are (1) the whole linear 
■, (2) the angular momentum 



Ex. 2. Particles of equal muss 1; .i.vo: round the sides of n, closer! skew polygon 
in the same direction, one startiu;; from each comer linr) the velocity of each is 
m'oportionai to ihe side along which it moves, Trove that their centre of gravity 
ia at rest and that it coincides with the centre of gravity of the sides of the polygon 
sunpcung the masses ;:■! the -ides to be- eir.ial. J.'rove also that if one particle he 
removed, the centre of jriEv'iy of The rem ah i in;" par -If les describes a polygon whose 
side- ii.ii; | j = 1 1-: tl I c :-I ;uid or"|>or:ioi!;i; ;:;,■ those of tin; original polygon. 

i^itieo tin; sides exert no riics-m/os en ih-j piiryc'.e.-. "ihe centre ,;t -ua'-ifv move- 
in a straight iim; with uuifoini velocity whatever tue momenta of the particles 
may be. When, as in the problem, the momenta are parallel and proportional to 
the sides of a ek :seii figure, the condom i lis iiuj;: ami 1'nr of Ait. 92 are aero, and 
the centre of gravity is therefore at rest. The other prats of the Question then 
follow at once, 

Ex. 3. An explosion occurs in a :igid body jls rest, and the eartielcs i'.y off in 
different directions. If in any -ubse;|ue;:t positions they v.- ere suddenly connected 
together, prove that the rigid kody tkr.s formed would be at rest. 

Ex. 4. A number of particles oii.melly in a straight lino fall from rest, and 
rebound from a partially elastic horizontal plane. Prove that, at any time, the 
m which have rebounded once lie in a parabola. [Coll. Ex. 1897.] 



i that they r 



Bar. 5. Two small spheres of equf 
horizontal tube of length I. One spin 
rest. If the friction of the tube prodr 
after impact the spheres just meet aga 

Ex. 6. Four equal balls of the s 
with equal velocities from the corners ■ 
the neighbourhood of the centre. Sh 
velocities reduced in the ratio of the co. 

Ex. 7. Two equal spheres each of 
zontal table, a third equal sphere of 
Prove that this sphere is reduced to re. 
loss of kinetic energy by the impact. 

Ex. 8. Two equal bails lie in contact o 
on them, its centre moving along a line near" 
tangent. Assuming that the periods of the two imp; 
the ratio of the velocities which either ball will rec 
Erst or second is 4 : 3 - e, where e is the coefficient oi 



can move inside a rough endless 
nges wiiu velocity e on the other at 
tardation / in either sphere and if 
: that 2/I=u»«. [Coll. Ex. 1896.] 
ierial are projected simultaneously 
are towards its centre, and meet in 
o the corners with 
ficient of restitution to unity. 

[Coll. Ex. 1892.] 

nass m are in contact on a smooth hori- 

lass m' impinges symmetrically on them. 

; by the impact if 2m,' — i«ic, and find the 

[Coll. Ex. 1897.] 

jt on a table. A third equal ball impinges 
early coinciding with a horizontal common 



Ex. 9. A heavy particle tied to a string of length 
with a velocity V from the point to which it is attac 
lost by the impulse is a minimum when V'^lgj^S: s- 
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Ex. 10. A particle ill' niiiss «: lies at the mio To point (,' of a straight tube AH 
of mass ;li mid length £«, both of whose ends uc closed, li is shot along the tube 
with velocity I'. Prove that it will uass the middle point of the lube in the same 

direction after a time - I 1 -I ' \ . e being the coefficient of restitution between the 

particle and either end of the tube ; and that in this time the tube will have 

moved forward a distance —■ (l + -j • [Coll. Ex. 1895.] 

The particle traverses the length CA = <t in a time a IV and after impact has a 
relative velocity el'. It therefore traverses tin; length AB = %a in a time lajeV, 
and after impact at ./; lias a relative velocity e-i'. It traverses the remaining 
length BC = a in the time a/e 5 P. The whole time T is the sum of these three 
times. The particle is now at the siiuie point C of the tube as before, the distance 
traversed by the tube is therefore euual to thai unversed by the centre of gravity 
of the system. Since the initial velocities of the particle and tube are V and zero, 
the velocity of the centre of jii.viiv is v — mVi[M i in). The distance traversed is 

therefore vT. 

Ex. 11. A p:;rtieie is projected inside a straight tube of length '2/:, closed at 
each end, which lies on a smooth horizontal table and whose mass is equal to that 
of the particle. Prove that, at the moment just before tin; fourth impact the tube has 
described a distance Mia. if the cceilic.iciH of ies-.i;ution is i, and rind tlie proportion 
of kinetic energy which has disappeared. [Coll. fix. 1893.1 

Ex. 12. A smooth particle of mass in is at rest in a rectangular box of mass 
M which' is free to move down a smooth plane inclined at an angle a to the 
horizon, the lowest edge of the box being horizontal, ami the pa; tide at its middle 
point. Suddenly the box is stalled down the plane with velocity V. Prove that 
if the coefficient of restitution he unity, the particle will strike the top and 
bottom of the box after equal successive intervals of time; and that the space3 
traielb el by the box in the iirsL ami second of these intervals are as 

where 11 is the length of the box. [Coll. Ex. 18%. ] 

Ex. 13. A perfectly elas;ie bull is projected vertically with velocity v t , from a 
point in a rigid horizontal plane, and when its velocity is i.\ an equal ball is 
projected vertically from the same point also with velocity c,; show. (1) that the 
time that elapses between sticce'Ssive impacLs of the two balls is [',/;/, (2) that the 
heights at which they take p;ace are alternately 

f^-^K+^/Sfl and (avt-oj^-wj/flff, 
(3) that the velocities of the balls at the impacts are equal and opposite and 
alternately lK-«s) and i{v, + v s ). [Math. Tripos, 1896.] 

Since the balls exchange velocities at each impact, w« may suppose that they 
pass thtouj-li each other, one bali following the other at an interval r - (tij - V s )lg. 

Ex. 14. A weight of mass mi and a bucket of mass in' are connected by a light 
inelastic string which passes over a smooth pulley. These bodies ere released from 
rest when a particle whose mass is p and coefficient of elasticity e falls with 
vertical velocity I' upon the bucket. Trove that a second collision v.t 1 L occur between 
the particle m:d bucket alter a time e [in ; ;.■■;') Vjniit and find the condition that the 
bodies should then be in their initial positions. [Coll. Ex. 1895. | 
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JSz. 15. A particle is projected from a point on the inner circumference of a 
circular hoop, free to move on a horizontal plane. Prove that if the particle 
return to the position of projection a^cr two ieipac:s. irs original direction must 
make with the radium Lt.:'ui..;r!i the point an ii.nj.dii t:t:i _l ;i! :{ /(l + e + « s )}*. 

[Goii. Ex. iey?.] 

Ex. 16. Two balls of masses ,1/, m (centres A and B), are tied together by a 
string, and lie on a smooth table with the string straight. A ball of mass m' 
(centre C) moving on tho table with velocity ;' |;a:ai.'.e'. to the strini; strikes the 
ball of mass m, so that the angle ABC is acute and cipial to a. Prove Unit Jlf skns 
rnwu'eoa'gtl+e) 
m (M + 

between m and m'. [Coll. Ex. 1895.] 

Let U' lie the velocity of m after impact in the direction OB, t'j' the common 
velocity of ilf, m in the direction All, e.,' the velocity of jj. pctuendicular to AB ; 
then m'((7'- Fcosn)= - fi. Since Ji cosa has to move both M and in, while 
/.' mi: c. affects m only, 

(M+mJV^-Rcoso, »w a '=it8itto. 
At the moment oi' greatest compression, the velocities or' in', hi. along C'B are equal 

These equation* giv,; 11, illul tidying the result by 1 ■! ■■ the second equation then 

Ex. 17. Three particles A, B, (." whose masses itre in, ie,' , Ml", connected hy 
straight strings, arc placed at rest on a smooth ;a.b.o, and iho ootr.se angle ABC is 
it- a. If J receive a blow !<' parallel to (■]{ prove that (.' will bey in to move with a 



' UJ m'Z m 4W sin's ■ 

Let T, T be the impulsive tensions of AB, BC. Since J, B must have equal 

v.lueilics along BA 

(J l cos -T)/m = (r-rco Sa )K. 

Hi nee ./>', 6' have eqiui I velocities along BC 

(rooaa-2 ,, )/m'=r/m". 

These cqnstions determine V and V", and the riwr.lt required is T'jm", 

Ex. 18. Two smooth spheres v.diosc coeilioieni. 
by ino.uensibie strings to iixod points. One of them, whose 
a circle with velocity <;, impinges n:io;i Lhe nlbev v, hose mass is in' and which is n; 
rest. If the line of centres makes an nugle with the string attached to m and 
the strings at that instant cross each other at right angles, then re' begins to 
describe a circle with velocity "'' s ' ., .''[ , - W • [Coll. Ex. 1896.] 

Let A, B be the centres of in, m!, and let tbe strings be attached to B, E, Let 
DA intersect Kl'l in (!. The force R on m acts along HA and makes an angle 6 
with AD. Let »', ib' be the velocities of m. m' along BO and CD. Then 

m(y-i.-)=-Hsin4 ' 0=-T' + .Hsm4 ' 

At the moment of greatest compression, the velocities cf in, ia' j-.long ,4B are equal, 
.'. u' sin 0=io' cos S. This determines the value of It, and the required velocity is 
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Ex. 19. A smooth inelastic sphere of radius r and mass in is suspended by a 
string above a horizontal table, and another smooth inelastic sphere of radius r' and 
mass m' is moving on tho table ; prove tliat the cotangent of the angle through 
which the direction of motion of the second sphere is deflected by a collision is 

— - — ' — -■' = where a and b are the vertical and horizontal distances of 

mb {( r + r 'js _„*_&»}* 

the centre of the iirsi .sphere ircm Ike pull) of the second before impact. 

[Coll. Ex. 1892.] 

IV c notice ;l;at the verl.ieal motion of one sphere is stopped by the reaction of 
the table, while that of the other is not stopped bj the tension of the string- 

Ex. 20. Four equal particles arc connected by Hi roc equal strings AB, BC, CD 
and lie on a horizontal plane with the strings taut in the form of half a regular 
hexagon. An impulse is applied at A in the direction DA. Prove thai the initial 
tension ol BC is one -fourteenth of the impulse. [Coll. Est. 1697.] 

Ex. 21. If throt inelastic rn.i tides. :n l , hi.,, rn ., moving with velocities Vj , i\,, i.e. 
making angles a, jS, 7, with each other, impinge and coalesce, prove that the loss of 

mogj i. »tfhwH°ym"T . [0< , n . fc 1S960 

E#. 22. A shot whose mass is m penetrates a tiiicancss /, of a Iked plate of 
mass iff, prove that, if M is free to move, the thickness penetrated is s /( 1 + — j . 

[Coll. Ex. 18915.] 
The mass m strikes M ivitii a Velocity r,, and continues to move inwards until m 
and iff have the same velocity r . = n,iij( M \ m). If J' be the resistance regarded as 
constant, x i',nd .i'-r<? the spaces descrmed by .17 and m, 

m(V-«o s )= -2F(s + <t), iff» 1 s =3Kc- 
Eliminating a, we find 2Fs=ii^Mmj(M+m). 'When iff is infinite, Ws-v^ia. 
The ratio o-/s follows. This problem may also lie easily solved by considering 
the relative motion. 

Ex. 23. A smooth uniform hemisphere of mass ili" is sliding with velocity V 

on an inelastic horizontal plane with which its base is in contact; a sphere of 

smaller mass m is dropped vertically so as to strike the first on the side towards 

which it is moving, at an inclination of io' ; ; prove that it the hemisphere be 

V 1 (I'll - nil) 1 
slopped deed, the sphere must have fallen through a heijiht 0/ .„ '„ where e. 

is the coefficient of restitution between them. [Math. Tripos, 1887.] 
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CHAPTER II. 



EECTILINEAK MOTION. 

Solution of the Equation of Motion. 

95. Let us suppose that a particle of mass m is const rained 
to move in a straight line, which we may call the axis of x, under 
the action of forces whose com pone lit along :e is F. Let F=mX. 
We have seen in the previous chapter that the equation of motion 

(fe F 

at* in 
Properly this equation gives X when x is a known function of t, 
and therefore answers the question, given the motion, what is the 
force? Usually we require the solution of the converse problem, 
given the accelerating force X (Art. 6H),find the motion. To deter- 
mine this, we must regard the equation of motion as a differential 
equation and seek for its solution. 

96. In the general case X may be a function of x and t and 
also of the velocity v of the particle. But the equation can only 
be solved in limited cases. We shall examine these solutions in 
turn. 

Let us suppose that X is a function of t only, say X —f(i). 
By integration we have 
_Ax 
~di~ 

x=f„(i) + At + B, 
where suffixes have been used to represent integrations with 
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In this way x has been expressed as a function of t, leaving 
the constants A and B undetermined. As this value of x satisfies 
the differential equation, whatever values A and B may have, 
there is nothing in that equation to help us in finding these two 
constants. We must have recourse to some other data. These 
are the initial conditions of the motion. Let us suppose that 
the particle was projected at a time t — a, from a point determined 
by x = b with a velocity v-c. Then remembering that v = dxjdt, 
we have 

c=f,(a) + A, b=f„(a) + Aa + B. 
Solving these, we find A and B. The motion is therefore given by 

»=/,, (9 + ("-/, («))«+ (» -« + »/,(<») -/„(•))■ 

97. Let X be a f miction of x only, wry X —f(x). 

■■■£-•«•> w 

. r ,,. , , da dx dfo ,. , die 

Multiply by a , -J tW ,-m W 

Integrate ( J)' = 2/ («) -M (2), 

■■■ » = % = ±W,{x) + Af (3). 

To determine the value of A and the sign of the radical we use 
the initial conditions. Let us suppose that when t = a, x = b, and 
v — c. We then have 

c*-%(b) = A (4), 

c-±l2f,(b) + A}l (5). 

If c is not zero, the radical must have the same sign as c, i.e. the 
radical is positive or negative according as the direction of the 
initial velocity makes x increase or decrease. If however c=0, 
we notice that the particle will begin to move in the direction 
in which the force aets; the radical therefore follows the sign 
of the initial value of X. Since X is a function of x only, it is 
obvious that if the initial value of X is also zero, the particle is 
at rest in a position of equilibrium and that there will be no 
motion. 

We now have 



/: 



, = t + B (6). 

W,(*) + Af> 
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Representing the left-hand side of this equation, after the in- 
tegration litis been effected, by <f>(a:), we have 

*<«)-* + .B (7). 

To find B we recur again to the given initial conditions, viz. that 
x = b when t = a, hence B=tj)(b) — a. 

98. The equation (7) determines t when x is known, i.e. it 
gives the time at which the particle passes over any given point 
of the straight line along which it moves. If we require the 
position of the particle at any given time, wo must solve the 
equation and express 

«- + (*) (8> 

The solution of this algebraical equation may lead to different 
values of x, thus we may have x = -f;(t), x = ^(t), &c. We have 
yet to determine which of these represents the actual motion. 
We notice that since the equation (7) is satisfied by sc — b, t = a, 
one at least of these values of x must satisfy this condition. All 
the others must then be excluded as not agreeing with the given 
initial conditions. If more than one of these solutions could 
satisfy this condition, the equation obtained by putting t = a in 
(7), viz. j>(m) = a + B, 

must have equal roots. Hence §' (x) = when x = b. Since $ (a;) 
represents the left-hand side of (6) it immediately follows that 
2f,(b) + A is infinite. But by (5) this cannot happen if the 
initial velocity c is finite. 



99. Subject of integration infinite. Other points requiring a 
when the integrals; whith occur mi: -hucIi iV.jii lie iniijeot of integration is infinite 
at some point B of the path. Since the forces in nature are necessarily finite this 
cannot happen in the integral (2), for if /, [x) were infinite its differential coefficient, 
f(x) for any finite value of .r, would slIho be infinite. In the integral (6) the subject 
of integration is iniiuilu whi-u the velocity is aero. 

We Can use the luteal (*') lo i'mdtho lici? o:' transit from any points to a point 
P as near as we please to B on the same side of B as A. If the result is infinite 
the partiole never reaches B. If the time of arrival at B is finite we hare to find 
the subsequent motion. 

As the particle approaches B the velocity is numerically decreasing and there- 
fore the accelerating force X has the opposite sign to the velocity. Supposing X 
not also to vanish at B, the particle after arriving at IS must begin to retrace its 
steps. Considering B as a new initial position, the subsequent motion may be 
deduoed from (S) by putting c = 0. If X=0 also at B, the particle, as explained 
above, will remain iliere in equilibrium. 
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50 SOLUTION OF THE EQUATION OF MOTION. [CHAP. II. 

lOO. Ex. 1. A particle moves hi a straight line under a, central force loiidiuj;- 
to tin: origin anil equal to r?JT>, Investigate Lho nioiion. 

We have S =_ 5 * 1}i 

The minus sign ia introduced because the left-hand side represents the 
acceleration in the positive direction of a; and the force acts towards the origin. 
We then find 

s-M «• 

fjiit us suppose that the panicle -tarts from rest at a wry great ov infinite 
distance from the origin; then when x is infinite, daj/d(=0. Hence ^4=0, and the 
equation becomes 

§"= <•>■ 

Since the particle begins to move toward? the centre of force Lin; velocity is 
initially siogiitivr. We therefore tai;e the negative si-m. 

Multiplying by x and integrating, we find 

x a -B-2nt (4). 

Initially when t = 0, the particle is infinitely distant from the origin, i.e. x is 
infinite and therefore li is infinite. It liJlov.s_th:;-_the p:miclo_.d_oes cot get withii; 
a finite distance of the origin until after the laps.e_of an infinite time. 

If ■.■he initial conditions are slightly altered we may obtain a finite result. Let 
Uv suppose the particle to he initially pi ejected at a distanee x—b (b hem;.; positive) 
with a velocity it. 7, toward,-- the centre of ioice. IVoceoriing as before we find A = 0, 
and as it is given that the initial velocity of the uarticle is negative, the radical 
has still the negative sign. We thus again arrive at the equation (4). Since x = b 
when ( = 0, we find B — b^, and 

a=±(o B -an() i (5). 

Since x is initially positive we must give the radical the positive sign. 

As I increases we see that x continually diminishes and when t — lri-ln tbr 
particle arrives :ii the origin. rt= velocity at that moment is found by putting 
x—0 in (3) and is easily seen to be infinite. 

Cases in which either the velocity e,r -he force is lai'miie do mii, occur in nature. 
If we construct a central force by placing scree atti.acting matter at the origin 
there would be mi impact iici'ore the pari.toie reached the oiigiu and the whole 
motion would he changed. But as a matter of curiosity we may enquire what 
would be the subsequent motion if our equations held true for infinite velocities 
and forces. 

In this case the particle arrives a; lite oiigin with a negative velocity, we must 
therefore suppose that the radical in i'-i) does not change sign when the quantity 
passes through infinity at the origin. Hence since x now becomes negative, we 
must take the positive sign in (3] instead of the negative one hitherto used. This 
gives # 2 =.B + 3jit, where B need not necessarily have the same value as before. To 
find B we notice that at the initial stage of this part of the motion, x-0 and 
(=6 2 /2n; we easily find that B= -6 s . The motion after the particle has passed 
the origin is therefore given by ,c = - {'lM- b-)-. 
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ART. 101.] FORCE, A FUNCTION OF THE VELOCITY. 51 

Ex. '&. If £ = ai"v,-ehii,ve' J £ = _-il"---.4 I J -i " , where A-an (n-1). Let us 

:;:i|ir.i-.:-o that re>2. 

A particle is pined at vest tit the origin. Show that if acted on by X=At n ~ i 

the subsequent motion is given by x-aP\ but if aoted on by X—A (xja) '• the 
motion is given by x = 0. 

Ex. 3. A particle is projected from the origin with a velocity pp' under the 
action of an aueelCTitiiiiK forec X—- - %/j.-{p - j)' 2 . Prove that the particle cornea to 
rest in the position of equi.'b:iui:i ilctincd by x=p. 

101. Let the actiiif/ force X be a function of the velocity onl;/, 
say A' = /'( v). Tho equation of motion now takes the form 

5"/W W 

Integrating this, we have 

j^-i + A (2)| 

writing $(v) fov the integral on the left-hand side, this becomes 
4>(v) = t + A (3). 

Supposing as before that the particle is initially projected at a 
time t = a, with a velocity c, we have A = <$> (c) - a. 

Two rules art; given in the theory of differentia] equations for 
the solution of the equation (3). The first rale requires us to 
solve the equation for v and find v = ^(t), and as already ex- 
plained that solution is to be chosen which makes v — c when 
t = a. Remembering that v = dx/dt we then obtain a: by inte- 
gration. 

If the equation ('.>) cannot be solved for v, we use the second 
rule. This requires us to recur to the form (1), eliminating dt by 
using the equation v = dxjdt, we have 

vdv , 

,, ■. =dx; 



hi 



•I 



f%-'+ B w 



Thus after integration both x and t are expressed by (2) and (4) 
in terms of a subsidiary quantity v. We notice also that this 
subsidiary quantity has a dynamical meaning, viz. the velocity 
of the particle. 

4—2 
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52 SOLUTION OF THE EQUATION OF MOTION. [CHAP. II. 

103. Ex. 1. A particle in projected tcith a Telocity V in a medium mh.:i.>e 
■", where n is a positive qnantity. Tho equation of motion is then 



Measuring t horn, the moment of projection we have when ( = 0, v — V, hence 
A = y— " . We therefore find 

y~ n - V*~=-p.-n)Mt (3). 

II »<1 the velocity decreases continually from its initial value V, and r.arti/dit!. 
after a finite time, via. (= ,-_. ■ The particle will then remain at rest, since 
X = 0. 

If »5-l, writing (3) in the form 

„ii-ji,-(»-i)" w. 

v.-« see i!iat t"i(- velocity .:1ijck;;1!jC-s cf'i'ii iiuia'iy aii'l rnci.-d,,-:: ■r'lei- an infinite tin;/-. 
If n = l, these equations tiue an indeterminate furui. licturnin!: in the eqtia. 

log^-Kt-M; .". » = r«""* (5). 

It follows that the velocity decrease!; continually mid vfinixhcs after an infinite 

In all these oases we can find the space dcKciitit.il in any time t. Iiememhering 
that v = dvjdl, we have from (3), 

Determining B from the condition that x — d when ( = we find 

-(*-■) »={F>-"-(l-iO«t^-Fi -"...". (G). 

Wo may also find i'-ic velocity after the particle lias described any spaoe x. 
We begin with 

V dH; = " KV ' 

.; v ~<—dQ=- K dx; .: <p-*=V*-*-&-n)in> (7). 

Let US find the space ilci.cribeiL by l ho pomelo when v — 0. 

If »<1, we have £=ts r- and ' = ?; — t— as shown above; t'n:s riic niti-iiclc 

comes to test after describing a tin : ;.o space in a finite lime. 

If ?i::-l and -=2, we have x= — while ( i; infinite; the particle iticrofon 

(2 - n) k 

comes to rest after ilosonbii.;: ;; finite -'pace in aj; infinite time. If n>2, we find 
that i) vanishes wlifii .?■ in inlinite ami i hi; perticle describes an infinite space in an 
infinite time before it mines to rest. 

Ex. 2. If the resistance is kv, show that the particle comes to rest after 
describing the finite space F/s in an infinite time. 
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MOTION OF A HEAVY PARTICLE. 



Ex. 'A. If the resistance if ki'-, prove that the particle describes an infinite 
sijianc in an infinite t'mt- ut-fovi- PonrX 1 ; to rest. 

lOS. Bw. 1. If X=$(v).f(z) or X=0H/(t), prove that the equation of 
motion can be solved by separating the variaiilBs, 

In the former case we use cdcjJ.c=X, in the latter dvjdt—X. 

Ex. 2. If X=f{x)v n + F(x)v il show that the equation of motion becomes 
linear fay writing v- " = ;/• 

Ex. 3. If X^f^jx) show that the equation of motion beco 
and that the varialilet can 1;b Jcpuriitetl by writing v*=xy. 



Motion of a Iwavy particle. 

104. A heavy particle starling from rent slides down a rough 
straight line which is inclined, to the vertical at an angle 8. It is 
required to find ike motion. 

Let be the initial position of the particle, OV the vertical, 
Q the particle at any time t. The accelerating force due to 




e.cos(f? + e ) (1), 



gravity is gcqs0. The pressure on the straight line being 
mg sin 0, the retarding force due to friction is pg sin 0, where 
fi, is the coefficient of friction. The whole accelerating force is 
therefore 

f=g(cos 6 — jj,sm0) = g sece. cos (0 + e), 

where /* — tan e. Writing OQ — s, the equation of motion is 
d?s _ dv _ 
df ds ~ 
Integrating, we find 

& = tys sec e cos (0 + «) + A. 
Since the particle starts from rest, v and s vanish together. We 
therefore have A — 0, and 

v 1 = 2gs sec e cos (0 + e) (2). 

To interpret this formula we make the angle VON — e and 
draw any straight line NVQ perpend iuilar to ON cutting the 
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MOTION OF A HEAVY PARTICLE. 



[CHAP. II. 



vertical in V and the straight line along which the particle 
travels in Q. Then ON = s cos {6 + e). It follows that the velocity 
acquired in describing any chord OQ is independent of 6 and is 
equal to that acquired in describing OV. 

If the chord OQ is taken on the same side of the vertical OV 
as N, the angle 6 as above measured becomes negative. Since 
the friction varies as the pressure taken positively, it must now 
be represented by — fig sin 6. The theorem therefore only applies 
to the chords on the side of the vertical opposite to ON. 

If we make the figure turn round the vertical OV, the straight 
line OF will describe a right cone having OV for its axis and 
$Tr—e for the semi -vertical angle. The velocity acquired in 
descending any chord from, rest at to the surface of this cone is 
equal to that acquired in descending OV. 

108. By integrating (1) twice with regard to t, and re- 
membering that both s and dsjdt vanish when ( = 0, we find 

ff = &Bec6COs(0 + e)F (3). 

We may interpret this formula by a similar geometrical con- 




struction. Making as before the angle V0N=e, we see that, 
when t is const. ant, (3) represents the polar equation of a circle 
whose radius vector is a and whose centre C is situated on ON. We 
have therefore (lie following theoi-i.au. Describe any circle passing 
through and having its centre on ON, and let it cut the vertical 
through in some point V. Tin- tun-.: ■ </ dc-t.jurt from, rest at 
down any chord- OQ of thin circle is the sa.vw as that down OV. The 
chord OQ must be on the side of OF remote from the centre. 

In the same way if the circle is drawn above 0, we can show 
that the time of descent from rest at any point Q of the circle to 
is equal to the time down VO. 
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ART. 108.] CHORDS DESCRIBED JN EQUAL TIMES. 55 

10«. When tho straight line down which the particle slide* is smooth ON 
coincides with the vertical. The cone in Art. 101 becomes a horizontal place, and 
the circle in Art. 105 has OV for a diameter. We thus fall hack on the well-known 
theorems (1) that the velocity j tcgjairBti in descending from rest to a given hori- 
zontal plane is the same for all chords, (Jj thru the time of descendi ng from rest at 
the highest point of a circle to the circle is the same for all chords. 

107. If the motion take place in the air we must make 
allowance for its resistance. Supposing 1 the resistance to vary as 
the velocity, the equation of motion is 

s-f-» «■ 

where f— g sec e cos (8 + e). Remembering that v = dsjdt we find 
h\ integration 

s-fi— (2) - 

the constant being omitted because s and v vanish together. 
Transposing ks, the equation can be integrated again by following 
the ordinary rule for linear equations. We have 



dt 



(g* s )=ftef«; 



e**s=f it? 1 -- e rt + o) . 



Noticing that s should vanish when ( = 0, we have c = l/«. 
Hence, restoring the value off. 

s = 2 s sececos(0 + e){«*-l + e- ri } (3). 

When t is constant and (6 + e) is regarded as variable we 
see that (3) is again the equation of a circle having its centre 
on ON. The theorem of Art. 105 is therefore also true when the 
slides on a rough chord in a medium resisting as the 
The times of descent from rent at down alt chords of 
the circle tire et/v.ul. 

108. There is another method u: proof i;y which tin? solii;l:>n of the diffe- 
rential equation is evaded. We notice that if wo write s = o-co3(fl + t}, the equation 
(1) of Art. 107 beoomes 

dV_ _ rfff 

from which the a;i!;lc U;is disappeiteii. The initial conditions now become <r = G 
and dsjdt = when t = 0; these also are independent of 8. Hence the time of 
describing any givt m length a is independent of 6. Bat if any value is given to cr, 
the equation s = <r cos (S + e) is the equation of a circle, s beim; tin; ratlins vector. 
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56 MOTION OF A HEAVY PARTICLE. [CHAP. II. 

109. When a heavy body is immersed in a fluid it is partly supported l>y tin; 
surrounding fluid. Let V be the volume of the body, B its density, p that of the 
fluid. If the body were removed, a mass Vp of fluid would just fill the vacant 
place and be supported by the pressures of the surrounding fluid. The apparent 
weight of the body is therefore (TD-Vp)g, and the accelerating force of gravity is 



Thin vidua of .'/' should p!o;;er!y leplact i: when the moving body i 
in a resisting medium. It is sonielhui.'s called the rrtatir-e acceleration. 

HO, Ex. 1. Prove that when k = Q, the formula for s in Art. 107 reduce* to 

This may be shown uy e^pandm,: the c;;pre?.-inn in powers of n. 

Ex. 2. The plane of it circle is inclined to the vertical, prove that the times of 
di:hL!>;:il Aii-xn lill smooth chords IVnji). ic<l at the highest point are equal. 

Ex. 3. Two tangents AB, CD are drawn to touch :i vertical circle ai its 
highest and lowest points A, p. A variable tangent FQR outs AB, CD in F, R 
and touches the circle at Q. Prove that the velocity acquired in descending from 
rest at P to R under gravity is the same for all positions of the tangent. Prove 
also that the time of descent from P 
time from F to Q is proportional t 

Ear. 4. If the resistance per unit of mass is ta>* and the particle slide on a 

smooth idraijoh; -viie inclined at an angle to [he veii.icr.l, prove that the space .. 
described in time ( from rest is i;iver. by i** = !,(e +e ) where b 2 =Kffios $■ 

111. Limiting; Velocity. When a particle is projected 
vertically downwards in a medium whose resistance varies as the 
wth power of the velocity, the equation of motion is 
dv _ 

di- g -"' 

where g is the relative accede ration of gravity. 

If the particle is projected downwards with a velocity L such 
that xL n = g it is clear that dvjdt is initially zero. There is 
nothing to change the velocity and the force of gravity continues 
to be balanced by the resistance. The particle therefore descends 
with a uniform velocity equal to L. If the particle is projected 
downwards with a velocity less than L. gravity exceeds the re- 
sistance and the velocity of the particle is increased. If the 
velocity of projection is greater than L, the resistance exceeds 
gravity and the velocity is decreased. If the particle, is projected 
upwards, the resistance and gravity combine to bring the particle 
to rest, after which it descends in the manner just described. 
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ART. 113.] LIMITING VELOCITY. 57 

In all cases the velocity tends to become more and more 
nearly equal to the velocity L given by the equation icL n — g. 
This velocity is called sometimes the limiting velocity and some- 
times the terminal velocity. The latter name is commonly ascribed 
to Huygens. Other names are given under other circumstances. 
When the body considered is a ship, the const tint eg may represent 
the force of the engine and m n the resistances. The ship is said 
to be at full speed when these- balance each other. 



112. When the body is in the beginning of its fall from rest, 
the term kv" is nearly zero and is much smaller than g. The body 
begins to fall nearly as in a vacuum, and the velocity at first 
increases rapidly. If the resistance is so great that L is small, 
the velocity will soon be so nearly equal to the limiting velocity 
that the motion will be sensibly uniform. 

This result has many applications in nature. In a shower of 
rain, the velocity of a drop is not proportional to the time elapsed 
since it began to fall. The drops, being observed some little time 
after the motion has begun, move with a velocity which is sensibly 
uniform and independent of the height of the cloud. 

113. The magnitude of the coefficient k of the resistance 
depends on the size and form of the falling body as well as on 
the nature of the resisting medium. To illustrate this let us 
suppose that, for similar bodies falling in similar positions in an 
indefinitely extended fluid, the resistance varies (1) as the surface 
of the body, (2) as the nth power of its velocity, and (3) as the 
density p of the fluid. If I be the length of any side the surface 
varies as P, while the mass moved varies as Pa where a is the 
density of the body. The accelerating force on the body is 
therefore 

l*pv n pv n 

/=J-7- S r-fi'-7- S r. 

where 7 is some constant depending on the form and position 
of the falling body. Equating / to zero, it follows that the 

limiting velocity varies as {lajpy. We see therefore that ilie 
smaller the size of the body the less is the limiting velocity. For 
example, large drops of rain fall with greater velocity than small 
ones. The particles of a rnist are so small and their limiting 
velocities so slight that the falling drops seem to have no motion. 
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58 MOTION OF A HEAVY PARTICLE. [CHAP. II. 

We have supposed that the falling body is ho far symmetric^] 
about a vertical axis that it is not made to rotate by the re- 

^lauue. 

114. Ex. 1. A particle lulling freely t'rom rest in vacuo acquires a velocity 7. 
in ft seconds. Show that the same particle, falling in a medium in which the 
resistance varies as the velocity ;:nd '.he terminal velocity '■-. L, will acquire half its 
time in :il velocity in a limit- .", :i second? and two r'lirds o: that ve'ncity in [?,- ft seconds. 

To prove this we use the formulae proved in Avt. 107 i'ov r. Rememberinc: -hut. 
L = gJK when the resistance varies as the velocity we have ie = l/j8. 

E.c. 2. Show that the eli'eet of the resistance ol a medium on the motion of a 
heavy body is less the fjivater iim sm; a.nd density of the hody. 

115. Resistance = d ! 2 . A particle ia projected vertically upwards with a 

velocity F In a medium resisting as the square of the velocity. It is required to 
find the motion. 

During the ascending motion the resistance acts downwards and the equation 
of motion is 

where L is the limiting velocity. When the pitrtiele descends the resistance acts 
upwards, hut since j;- do>:s iwl ahai>ne styii Kith >:, lite equation of motion- must on 
changed to 

dv dv _ v' 

V dl~di~ ~ !! + a iJ.' 
where in both equations s a.nd v are mcasarea co-i.tivoly r.pwirrds. This discon- 
tiiraily_!jii(:-.ns whenever tin; power of ;■ in the law of resistance is even. 

Followine; the second nde given in Art. 101 we express both s and i in terms of 
v. We have for the ascending motion 



gt_ f Ldv _ _j v 

Z~ ~Ji s + n a ~ _ L 

2m [2vdv , U + iP 



;s being determined by the condition that i: = V when r =0 ana •: — (<. 
The time X of ascent and the space k ascended are deduced by putting i; =0. 
We thus find 

**-*?■ -S-('*5) "»■ 

The time of ascent and the space ascended are less than in a vacuum, for both 
gravity and the resistance join in bringing the particle to rest. 
lor the descending motion we have in the same way 

•J£3 = -^*_ 4k> ,§±I (41 , 

2 4 : - , --/S= i ™ i -»- ' 5 »' 

■: determined IVom tin- condition ;h;;' when v — 0, t = T, s = 7i. 
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ART. 116.] RESISTING MEDIUM. 59 

Tli!! velofiiios mi n hich I ha ]i:u; : 'jk- pas-es up', iird* arui donnwatL;; :'irn:i!.;h «ny 
given point oi space ate connected ]sy a simple relation. Taking the given point 
as the point of projection upwards, let the two velocities he V and V. Putting 
s = in 15) we find 

-*-*(»-5)- 

'Rlimiiiatm.L; /, boi '.vi-t.ii this i:';'.i:lU"u ar.d {'■$) we arrive at 



If <r be the space descended a?id r 'Ail- tiuic. m oi:d by olimiiia-Liiig c 
Sec Art. 110, Ex. 4. 

IIS. Resistance = *»", A particle in projecti'd vciiioiihy upwards with a 
velocity V in a medium resisting a; the «th power of the velocity. It is required 
to lind the motion. 

We write the equation t'oi the ascending motion in the form 

ds~ dt~ 
It will be convenient to put v-zL. Proceeding a 
for the whole time '(' and space h of a 



n-~3-9 7 



gT _ f" dx gh _ f" xdx 



where the initial upward velocity is V=aL. 

To find the time and space in which the velocity is decreased from aL to bL we 
take the limits from b to a. 

We can find superior limits to the values of t and h by making the initial 

velocity V infinitely great. In this c:ise a — -r> . and both the integrals are jjiven in 
the Integral Calculus. We then have 

g_T _ r gh _ r 

L nB in,/ n ' £S-«sin2»/ n ' 
the former requiring » :--• I and r,Jie latter «>2, It is remarkable that both these 
limits are finite, though the upward velocity of projection may be as great as we 

For the descend! n;' (notion it is often convenient to ii-.aisnn: «■ tbwii itiicrfs l.Yf.y.i' 
the highest point. Wo *hus ,'i.void '.is:;u; a negative velocity. Adopting this plan, 
the equation of motion is 

dv dv fv\* 

Putting «=sZ as before, we find for the time and space necessary to acquire a 
velocity aL, 

gT' _ {«■ dx gh' _ f« xdx 

These integrals can be found without difficulty when n is an integer by using 
the method of partial fractions, sec GrecnniU's Diil'ertwUtil ultd Integral Calculus, 
Art. 190. Roberts' Ititrgml Ctilmdus, Art. 35. The result when it has its general 

inii-^riLl viilue is too complicated to be reproduced l.iuo. 



,Google 



60 THE LINEAR DIFFERENTIAL EQUATION. [CHAV. II. 

117. Ex. 1. A heavy putk-k is projected upwards with a "velocity L in a 
medium resisting as the nth power of the velocity. Prove that the whole space 
(up and down| disherited \vjio;l tin: vo'.nuiiy downwind* is V j« equal to LT when L 
lh the limiting velocity and V Is ih.j tirne in wi:ich che particle. falling from rest in 
the medium will ai-qnim. a velocity V^jL. 

Ex. 2. Apart! do is pioiccKu -,ii'iva:d:- wirli velocity 7. in a medium resisting 
as the cube of the velocity. Show that the whole time and space of the ascent 



c eonncctoii by the erju.'itiovt s -\-LT = 



3^8 9 ' 



The linear differential equation. 

118. The Linear equation. The most important equation 
of motion which occurs in this part of dynamics is the linear 
equation with constant coefficients. The simplest form of this 
equation is 

d'*x , ,, . 

3p +fa - c (1) ' 

where b and c are two constants. 

"When 7j = the equation represents the motion of a particle 
acted on by a constant accelerating force equal to c, and the 
solution is obviously 

x = $ct* + At + B (2). 

When b is not zero, we can simplify the equation by putting 

• -o/l + f (3), 

we then have 

f + 6 «-° :•-<*)• 

This can be solved without difficulty by the method already 
explained in Art. 97. But a simpler solution can be obtained 
by following the rules for solving equations with constant co- 
efficients given in books on differential equations. We assume 
as a possible solution 

{-•*•" (5)- 

Substituting we find A (\ a + 6)e** = 0. The equation is therefore 
satisfied if \=±^(— b). If 6 is negative and equal to —b\ we 
have two real values of X, either of which give a solution. The 
equation is clearly satisfied by 

x=l+AeW+Be-^<>' (6), 
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ART. 119.] HARMONIC OSCILLATION. 61 

and this is the complete integral because it contains the two 
arbitrary constants A and B. 

If b is positive, X is imaginary; but remembering that an 
imaginary exponential is a trigonometrical expression, we replace 
the assumption (5) by 

$ = Atan(Xt + B) (7). 

Substituting we find A (— X s + b) sin (Xt + B) = 0. The equation 
is therefore satisfied by X= + \/&- These two values of \ give 
the same solution, the effect of changing the sign of X being 
merely that of changing the signs of the arbitrary constants A 
and B. The complete integral is therefore 

x = cjb + A sin (t*Jb + B) (S). 

It may also be written in either of the forms 

x = cjb + A' sintt/b + B' cost^b (9), 

w = c/b + A" cos (t*Jb + B") (10). 

119. Harmonic Oscillation. The dynamical meaning of 
the linear equation is important. Consider first the case in 
which b is positive. Putting 6 = n 5 , we have 

s + *=° «• 

aj = c/n a + .4siu(mi+.fl) (2). 

First, we notice that as t continually increases the value of * 
alternates between the limits c/n s ± A. We therefore infer that 
the differential equation (1) represents an oscillatory motion and 
that the arc of oscillation is constant. The semi-arc of oscillation 
is A and its magnitude depends on the initial conditions. The 
semi-arc is called the amplitude of the oscillation. 

Secondly. The middle point of the arc is determined by 
x = cjn i , and this point is independent of the initial conditions. 
If the particle is placed at rest in the position defined by this 
value of x, the equation (1) shows that the accelerating force (viz. 
d^xjdP) is zero. The middle point of the arc of oscillation is 
therefore a position of eq uilibriura. 

Thirdly. When ( is increased by 2tt/k, the values of % recur 
in the same order, but when increased by irjn they recur with 
opposite signs. The period t of a complete oscillation is therefore 
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62 THE LINEAR DIFFEKENTIAL EQUATION. [CHAP. II. 

Iirjn. This period u independent of the initial conditions. The 
quantity n is called the frequency of the oscillation. 

The time of a complete oscillation is the time occupied by the 
particle in describing twice the whole arc of oscillation starting 
from any point and returning filially to the same point again. 
When the period is independent of the length of the arc, the 
motion is sometimes railed tn'd.:. c^i'u-nonf i. 

Fourthly. The constant R depends on the instant from which 
the time £ is measured, thus if we write t + a for t, nothing is 
changed except that B is increased by no.. 

Fifthly. Let x = x ti dxjdt^v a be the given values of x and 
v at the time t„. Writing the equation (2) in the form (9) of 
Art. 118 and equating the values of x and dxjdi to m a and v„ 
when t — t„, we find the values of A' and B', The solution there- 
fore becomes 

<p = — + (x — - J" cos n (t — ft,) + — sin n (t — f ). 

Comparing this with the solution (2) we see that "J^* ~t^,—v 

A sin B — ic — cjn 2 , A cos B = v jn. 
The semi-arc A of oscillation is therefore given by 

120. Consider next the case in which b is negative. Writing 

b = — it* the differential equation and its solution become 
dr-x . 
dt 2 

lc = -± + Ae nt + Be- nt . 

First, we notice that the motion is not oscillatory. 

Seomdly. If A is not zero the particle travels in an infinite 
time to an infinite distance from the origin. If A = the particle 
after an infinite, time arrives at the point determined by x = — c/n 2 . 

Thirdly. The position of equilibrium is given by #= — e/»i 9 . 

Fonrth.ly. The particle can change its direction of motion only 
once. This change occurs when 

g-.(^--Br-)-0. 
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ART. 121.] THE GENERAL CASE. 63 

This gives 2w£ = \og(B/A). This is imaginary if A and B have 
opposite signs, and gives only ouu real value of t if A and B have 
the same sign. The paitide can change its direction only if this 
real value of t is subsequent to the beginning of the motion. 

Fifthly. If the values of * and v are respectively u; and v a at 
the time t = t„, the value of x at any time t is 

o 1 / c %\ „ , , 1 / c tiA „ „ , , 



121. When the equation 






we take as tbe trial solution 

■ -J+^" (2). 

It is easily seen that rlii.n sniisiiis Lhu diiiV-MUial equation if 

X a +2aX + 6 = (8). 

If d--6 is positive, the roots of the equation are real, Ee presenting these by 
X, , \.j, the solution is 

where A,, A s are two arbitrary constants, 

If a?-h is negative, say = -n 5 , the two roots are -a±nV{-l). By an easy 

n:iio<-':on i;ic siiluiUm (I) bi-r.-Miic- 

.T = j + «-"l> 1 .i,,(,.t + B,) (5), 

where B 1T B„ are two arbitrary constants. 
If « a -&=0, the general solution is 

x = l + {Al + B)e- al (6). 

GoHtidcrinj; Lhe solution {!>) as the more important of the three, wc notice thai; 
the trigonometrical term va."ii«hi.'S wlteJU'ver ni \ I), U a multiple oi it, the particle 
therefore passes through the position defined by a; = c//> at intervals eaeh equal to 
jr/n. Since it r.oecs.-iaiih' parses tbi.oui'h tl.it point aaematoly in opposite 
directions, the interval between two cousccutivc passage* in tin: same direction is 
2ir/)t.. This is called tli« limjiJiC^ ^iUib' 1 _ ''■"'- iiliiU 011 - ''■' ne P ' 11 ^ defined by 
x — cjb is evidently tb.' y.ositiiui o!' equilibrium. 

To find the times at which the system comes momentarily to rest we put 
dxjdt^O. This gives tan (ni+.B,)=m/a. The extent of the oscillations on each 
side of the position of equilibrium may be found by substituthii; the values of t 
given by thin equation in tbo L._\p:e;sioii for .!.- e-jh. Since these occur at a constant 
interval equal to jr/n we see that the amplitude of the oscillation continually 
decreases and the hi.ccohsivo ;l:cs or. each side of tbo position of eouilimium foirn 



a ^ometrieal profession •■■: 
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64 MOTION UNDER A CENTRE OF FORCE. [CHAP. II. 

122. The follow!-.;! di'Tr.'iTn'.Lal «ji:ft'„i:>rjs occur in dynamics. 

II) Solve gj|+»*»=*(t). 

_M iilrii ■:;. J j ;;r by *.i: i-:i. 'coin sides became ptrfci;': differentials, hence 

Multiplying by cos nl, both side.s are a.j.;ain perfect differentials, 

These two aimuHariiions eiv.ial.ioru. i-ivu both .t and dx/dt. 

To solve '■'-- -ii'3:-tp{1) we use <;'"' and e~'' it as the two successive muhrdic:.-.. 

(2) "When <p (t) is trigonometrical another method can be used. Let the 
equation be 

AsBimiiiiH ,!■-.¥ sin (\t\-F) as a trial solution, we see at once that the equation 
is satisfied if M (- X a + n 2 ) = E. Adding the solution found in Art. 118 we see that 
the. complete integral is 

e=Awn (nt + B) + _ f a ain (M+F). 

This method tails when \ = «. In this ease we take 3 = Aft cos (Xt + jF) as a trial 



We rind - '23In - K. The complete integral is therefore 



Motion under a centre of force. 



123. Central force varying as the distance. A particle. 

constrained to move on a smooth straight line 

G x P A is acted on by a central force tending to a 

7] ~/ fixed point outside the straight line, whose 

\ / / magnitude varies as the distance of the particle 

from 0. 

Let OG — h he the perpendicular on the 
straight line AC. Let P be the particle, CP = x. The force on 
P being n 2 . OP, the component along PC is n l <s. Supposing the 
straight line to be smooth and the motion to take place in vacuo, 
the equation of motion is 

<^ = _ a 

This is the standard form discussed in Art. 119. The particle 
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ART. 125.] ROUGH PATH. 65 

therefore oscillates about C as the middle point of the arc, and the 
time of a complete oscillation is 2tt/j!. 

To find the time of oscillation numerically the magnitude of 
the force must be known at some given distance from the centre 0. 
Suppose that the force is equal to gravity at a distance a, then 
ri i a=g, and the time of a complete oscillation is 2tt >J(a/g). If 
g — 32'18, the distance a must be measured in feet and the formula 
gives the time in seconds. 

The extent of the arc of oscillation depends on the initial 
conditions. If the particle start from a, point distant #„ from C 
with an initial velocity v$ measured positively from C, the whole 
^ubsi;(]uent motion is expressed by the Jil'th result of Art. 119. 

124. Ex. Any two places on the fmrfa.ee of the earth are joined by a straight 
tunnel. A particle dropped from one falls towards the other under the sole 
attraction of the earth. Assuming thai the resultant attraction tends to the 
centre and varies as tin- di^i'.i'.ce I.h;.r-. from, niove : caj '.in jjiWiiclis will arrive at the 
second place after about 12 minutes, the radius of the earth being taken as 4000 

135. Ex. Effect of friction. If the straight line in Art. 123 is sensibly 

rough, it is required in take account of the friction. 

Since the normal pressure on the straight li no N f![iiai. r/i n'-li and is therefore 
constant, tho limiting friction is also constant. Let ue represent this by /. The 
equation of motion is therefore 

jy + A-*/. 

Wt notice liial the fiictionul accelerating foics: acts opposite to vim; direction oi 
motion, so that the sign must tie negative or posi'ive according as the particle is 



A' VCD A 

moving in the direction in which .;.■ is measured or the opposite. The. ctpjalimt 
therefor/: tm'.-fnfs the ilisnudiititil-ii u-hioh so freijitenthi ercttn :r Itr-nemr friction has 
lo be taken account of. 

Let the particle start from rest at A where GA = a. Initially the resolved 
attraction is «-■'■ and unless it'-a is greater than the friction /, the particle will not 
move. Supposing this iiii.-:j_i7o.];t.y to hold we wrh.c the equation in the form 

ar- \" ,')■ 

The motion therefore from .( towards (,' is the same as if the centre of force were 
displaced a distance CO— flu" tcvards .1. The particle conies to vest at a point 
A' on the other side of D ivhere DA' - AD. 0:i tile roiurn journey we take CD' 
also equal to fjir and tlie particle juo\cs as if 1/ were the centre of force. Thus 
ihe centre of force is alternately moved at each oscillation a constant distance, 
E. D. 5 
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()6 MOTION UNDER A CENTRE OF FORCE. [CHAP. II. 

iihvai'p oppoMlt lo tlio direction of motion. The IVirtion rodneus the extent of 
fauli suoeciipive semi-arc ot c^cilUition tav t!;';';. J . The panicle <:omea finally to rest 
when the extent of the serai-arc is less tlian //n 2 . 

126. Resistance of the air. If the motion take place in 
the air its resistance must bo allowed for. As a sufficient illustra- 
tion of the gen civil effects of this force, let us suppose that the 
resistance varies as the velocity. Excluding friction the equation 
of motion is then 

dHs dx 

ie—*— 3 "* (1) - 

Assuming n > k the solution is (Art. 121) 

x= Ae- Kt an{pt + B) (2), 

where p 2 = n?~ic-. The constancy of the period of oscillation is 
therefore una fueled by the resistance of the medium, Art. 121. The 
time of oscillation is however longer than in a vacuum. 

The successive arcs on each side of the position of equilibrium 
decrease continually in geometrical progression and vanish only 
after an infinite time. 

In many cases the resistance of the medium is very slight 
compared with the other forces acting on the particle. The 
quantity tc is then small, and we see that the period of any one 
oscillation differs from that in a vacuum by the squares of small 
quantities. In using the equation (2) we must however remember 
that when the position of the particle after a great many oscilla- 
tions is required- -we aaun.ot regard, pi ns the- same as nt ; for though 
p and n differ by a very small quantity, that difference is here 
multiplied by the time t. 

127. -By making observation* on the lengths of the arcs of 
oscillation we may test the correctness of the assumed law of 
resistance. A convenient method of trying the experiment is to 
use the particle as a pendulum. It may be shown that when the 
oscillations are small the resolved action of gravity represents the 
force n*x while the resistance is 2/c dxjdt. The measurements 
show that the successive arcs do decrease .in geometrical pro- 
gression when the arcs are small, but the decrease follows another 
law when not small. This, as I'oisson remarks, is a justification of 
the statement that for small velocities the resistance varies nearly 
as the velocity. 
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ART. 129.) DISCONTINUITY OF BEHISTANCB. 67 

The common ratio of the geometrical progression is e~"" lp . By 
measuring successive arcs the numerical value of k can be found. 

128. Discontinuity of resistance. When the resistance 
varies as tlte velocity the analytical expression 2/cjj changes sign 
with v. It therefore represents the retardation due to the re- 
sisting medium both in sign and magnitude. If the resistance 
varies as the square (or any even power) of the velocity, the 
analytical expression 2kv- represents the retardation in magnitude 
only. Whenever the particle changes its direction of motion it 
will then be necessary to change the sign of tc. Thus a dis- 
continuity in introduced into the equations similar to that which 
occurs when friction acts on the particle, Arts. 125 and 115. 

136. Ex. 1. A particle oscillates 
centra! force tending If a tixed point 
(..■' on the straight line mid varying as 
the distance therefrom. Supposing 
the motion to take place in a medium 
iixi't/nii us the square of the velnc'tii, 
tied the relation between any two 
siicce^si\-e arcs mi ciuih Hide of (.'. 

Sapposin;; that the particle is 
moving in the negative direction (.■Vrt. 12S} tin: equation of ji 
vdv\dx — -1I?X + KV 2 . 




- a being negative, we have ( S| + 3~ ) e ' ~\ Xa + 2 ) e 

itice that this relation is independent of the strength of the a 



To interpret this relatioi 



b the c 



it will i: 



'-(«*)■ 



start from rest at any plae 

of A and A' are equal. Taking CB = CA', t 

Oil' from V on the side of G opposite to A 
and so on. Thus if the pa:iic]e sta:t from 
will /irs! come to rest at K, where CK = \.j2\ numerically. 

The general character of the motion is that the successive ares decree:;*: rapidly 
at first, but afterwards hecome more and more nearly equal, the motion never 



It' the particle 

:cst again at A' where the ordinate* 
third point of rest is at a distance 
[.lie ordinate? of /;, /" oeir.g equal, 
St at an infinite distance from C it 



If CI is the abscissa of the point of inflexion, CI=CM=CK, 
Ex. 2. Prove that the times of describing all chords of a circle start 
rest at the same point. A under the action of a centre of force situate 

diameter through A and varying as the distance ate eiiual. The chords 
regarded as smooth and the motion to be in a vacuum. 



/Google 



68 MOTION UNDER A CENTRE OF FORCE. [CHAP. II. 

Ex. 3. A heavy panicle waosc Pules is w. is siuspenduii from a fi.iuii point (.* by 
an elastic siring whOBa unstretoliecl length is a. If the particle oscillate up and 
down in a vacuum, prove that the coujplofe period of an oscillation is '3f^''(«i«/.E), 
where E is Young's modulus, 

Ke. 4. A particle oscillate-; in a straight line in a medium whose resistance 
per unit of mass is n times the square of the velocity. There is a centre of force 
situated in the straight liiie whose attraction is n rimes (he square of the distance 
from thu centre of force. If a and fi arc the ilistaiiees horn the centre of force of 
two successive positions of insiant.'imjoi.is rest, ami /i Is net /.cm, prove that 

fc#-rt+«f" + fcW+«M-|)j- ta -l. [Art. 135.] 

130. The inverse square of the distance. A particle, 
constrained to move in a straight line, is acted on by a central 
force tending to a fixed point external to the line and varying 
inversely as the square of the distance therefrom. It is required 
to find the motion. 

Let OG be a perpendicular on the straight line, 00 = h. Let 
P be the particle, GP = at, OP = r. See fig. of Art. 123. Let the 
angle POO=rf>, then smtp = a;fr. The accelerating force on P 
being y^/r 3 , the component along PC is found by multiplying by 
sin j> and is therefore /ixjr*. The equation of motion is 
dv _ px 

V dx~ r* w 

Since r 2 = h? + w 3 , we have rdr — xdx. Hence 

•*--«?, .: .■-C+?ff. 

r* r 

If the particle start with a velocity u at some point A distant a 
from 0, we have 

"•-»"=v(i-i) (2). 

If the particle is projected from along OA with a 
velocity u greater than */(2}ija), it is clear that the velocity v 
cannot vanish or change sign. The particle therefore will move 
continually away from the centre of force. 

131. "When the centre of force lie.s on the straight lint of motion, the time 
occupied iiy the particle hi travel. : .n:- from the initial position A to any point P 
can be found without rliflieulty. We put 

The equation of motion is 

, dx\ 2 „ /l 1\ „ ., d0 /2u 

U) =2 '(i'»)' ■'"VVf 
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ART. 133.] THE INVERSE SQUARE. 69 

We notice that x begins at x = a with dxjill initially positive; x then increases 
until tlxjdt = Q, i.e. until x — h. AS ill is point the particle be.rlns to return and 
il.rjdt becomes ncpitni;. To represent these changes wo make '.) begin at 0= -£ 
where cos /3= ■i-Ji"-!'") because tins makes ti.r/t/f positive when £ = «. We then 
make I? increase through zero and finally l.eeome ,',t when the particle arrives at 
the centre of farm'.. 'Pirns the two Limes al which tlie particle passes through liny 
point J 3 are distinguished by the sijrn of 9. Msec. {i.^oiiraisif, 1 to tiiis arrangement, 
S continually increases with the tiuu; we give iiic positive sign ro the radical in the 
r dejdt. We then find after integration that the time from 6--{i 
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The time of arriving at the centre of force starting from rest at a distance a is 
found by putting e = ^v. The result is - */y- ■ 

132. Ex. J. A particle falls from rest at a point A whose altitude above the 
surface of the earth is equal to the radius. Show that the velocity on arriving at 

the surface is equal to that acquired by a particle falling from rest through half 
that space under it ctm-.tant force equal to .<,', where ;| represents gravity at the 
surface of the earth. 

Notice that if ,u ,4 - is the attraction of the earth, a the radius, /t/a 2 =g. 

Ex. 2. If a particle fall from an infinite distance towards the earth, prove thai 
the velocity at the suifaoc is equal to thai acquired iu falling from rest through a 
space equal to the radius limit.'): a constant force equal to «. 

Ex. 8. If any heavenly body wen: isolated in space, prove that the least 
velooity with which a particle must be projected from its surface that it may not 

fall back on the body is */(^ . — ) feet per second, where M and E are the 
masses, r and a the radii of the body and the earth. The resistance of the 
atmosphere is to lie neglected. 

Show that for the moon this velocity is about one and a half miles per second; 
takiug its mass and radius U> be -^th and Jth of the mass and radius of the 
earth, and the radius of the earth to be 4000 miles. 

133. Ex. 1. A particle, constrained io move aitmg « y:\iiii: strnitilit lin? whose 
coefficient of friction is ./', is acted on by a force lending to O and varying as the 
inverse square. Prove that if the particle start from rest at any point A, it will 
next come to rest at a point B such thai ()M bisects the angle AOB, where M is 
the point on the straight line at which the lesoived attLcctiou is balanced by the 
limiting friction. 
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70 MOTION UNDER A CENTRE OF FORCE. [CHAP. II. 

Following the same notation as in Art. I'M', the equation of motion take.s tin; 
dv _ jtr fik 

v ~dHr~l* + f!a ' 

Multiply by dr. an J put .■<■■- -h tun ;'\ where p represents the a;i;;lc P ()(,'. Inte- 
grating us before, we find 

«^ 

where £ , s are the angles COA, COM, so that /=tane. It is evident that = 
wheni(0 + ^ o ) = e. 

fi». 2. If the force to O vary as the inverse fourth power of Hie distance ami 
the particle starting from rest at A come to rest again at B, prove that the angles 
COA, COB are complements of each other when sin 2 {COA) -(if- 2)/(/+l). 
Thus if j'=' a pair iolo ntuvl i i:;t h.oni :cst id- an iiiLr.ite disfanee will jsist roach C. 

Ex. 3. A particle is constrained io rami: in it straight rough tube CA, and is 
acted on by a central repulsive force \tr, where ,■ is [lie distance from tin? centre of 
force O and OCA is a right angle. The particle is projected from A away from C 
with a velocity v; prove that if it come to rest at a point P, the angle COP is a 
value of 8 satisfying the equation ,«<; - log see i) — ;-'ri'\, where m >s the coefficient of 
friction. [Coll. Ex. 189S.] 

134. Ex. 1. The earth and moon being held at rest, find the least velocity 
F with which a particle must be projected from '..ho moon to reach the earth. 

Let a he the radius of the earth, b = -^,a that of the moon, (Mk their distance 
apart from centre to centre. Let E anil v ',- /-.' he the masses of the earth and moon. 
If x is the distance of the pni.ticle fiom the centre of the moon, the equation ol 
motion is 

<?E = ^_ IE 

dt? (Wa-xf 81 x 1 V ' 

This (■([nation can be integrated by the rule of Art. i!7. The. constant of inte- 
gration cil.'.i be found in terms of I' by remembering that dxUlt — V when x — h. 

There is evidently a eerinin point between the earth and moon where the 
attractions of these bodies balance each other. Ij.v equatirui tlie liidvt.-hiind side of 
(1) to aero, this point is easily seen to be- at a distance t)a from the centre of the 
moon. If V is stiel; that d.::':dt vanishes when .r - i's«. ii follows tiiat a velocity of 
projection ever so slightly greater ilian [' will carry the particle to the earth, 

lUuncnibering that l-'ji: i = ii and railing n- to be 1000 miles, wo find, that V is 
approximately ! .'. miles per second. 

Ex. 2. If the earth and moon were placed at rest, they would fall towards 
each other under the influence of ihcir mutual attractions. Supposing the initial 
distance to be equal to their present distance from each other show that they would 
meet after about four and a half days. 

Consider their relative motion. If E, M be the masses of the earth and moon, 
the attraction on the earth per unit of mass is flf/i*. By Art. 3D we apply this, 
reversed in direction, as an acceleration to both bodies. The earth is thus reduced 
to rest, while the moon is acted on by the two accelerating forces Mjr 3 and Ejr~. 
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The whole accKle.nitir.;.* sioMiLctioi: on the moon causing ihc relative motion in 
therefore (E -i-M)jr ! . "We must also apply to each an initial velocity equal and 
opposite to that of the earth (Art. 10), but this, in our problem, is aero. The 
time is then found as in Art. 131. 

Ex, 3. Two nr.il milly a'^raeth-.L; spheres, eae;i one i'rji.U hi diameter, and the 
density of each the same as the mean density of the earth, are placed at rest in a, 
vacuum, the distance between their surl'acos LciiiH one ini.irt.er of an inch. Prove 
that they will meet in less than 250 seconds;. This problem is due to Newton, its 
history is given in Toilhtt Titer's History of the. Theory of Attraction*, &c, Art. 725. 

Ex. i. Two particles A, IS, mutually attracting each other according to the 
Newtonian law, are placed at rcifc at a given distance a apart. The particle B is 
now constrained to mevp ii.wh y from .1 alone lie Hiraifjlil line .reining ihcm with a 
uniform velocity !i, show thai A will catch I! up if H-<2ji/.'i whuie p is the mass 
of B. Show also that the time will be 4{ir + 2/3 + sin 2/3) ^W where cos^=ajb 
and 2<ji/6=2 l i(/a-n s . [Reduce B to rest, see Art. 131,] 

Ex. 5. A body of mass M is moving in a ;;t.L;i.i;rht line v.it.'n velocity V. and is 
followed at a distance r hy a smaller body of mass ;;■, moving in the sins line with 
a smaller velocity v.. The U\o hodies attract each other with u, force varying as 
the inverse simian: ol the distance and carnal to * for two unit masses at unit 
distance. Prove that the sin:: I lei hecl.y nill cive.i iiike the ether after a time 

where K{M+ra){l-w) = (U-u)*r. [Math. Tripos, 1887.] 

135. Discontinuity; of a centre of force. A particle 
constrained to move on a smooth straight line is acted on by a 
force X tending to a point G situated on the line and varying as 
the nth power of the distance therefrom. It is required to find 
the motion. 

Let the particle P start from rest at A , GA — a, GP — w. The 
equation of motion is 

tfte dv .... 

a¥ =v dx = -» x (1) ' 

■■■'-^(-*-^> <* 

the constant of integration being determined hy the condition 
that v = when x = a. If n — — 1 the integral takes a logarithmic 

If n is an odd integer this equation shows that the velocity is 
again zero at a point A' determined by #= — a. The particle 
therefore oscillates on each side of C, the amplitudes on each side 
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72 MOTION UNDER A CENTRE OF FORCE. [CHAP. II, 

If n is an even integer, the expression for v vanishes for no 
real value of x except % = a. Since the particle must obviously 
oscillate on each side of C through equal arcs, it follows that the 
equation (2) cannot represent the dynamical facts of the problem. 

The reason is that the force X (as given iti the question) 
varies as the rath power of the distance taken •positively and always 
acts towards G. Now x is the distance of the particle from 
taken with its proper' sign. We must therefore write 

X = -ftar or -\-fi,(-x) n (3), 

according as the particle is on the positive or negative side of the 
origin G. These are identical if n is odd and in that case the 
equation (2) holds throughout the motion. If n is even, different 
equations of motion hold on each side of the origin. 

The particle arrives ab G with a velocity v a obtained by putting 
m = in (2). This is a finite velocity if n is positive. After 
pawing 0. the equation of motion (1) must be changed to 

vdvjdm = fi (— xf l — fiaf 1 (4>), 

since n is even. We then find 



hl v 



H ) (5)- 



the constant of integration being found by the condition that (2) 
and (5) must agree when ce — 0. The equation (5) shows that v is 
again zero when m = — a, so that the particle in its oscillations 
describes equal ares on each side of C. 

After the particle has passed through Con its return journey 
the equation of motion resumes the form (1). The integration is 
the same as before, but the constant C must now be determined 
from the condition that the value of v at the Griffin is the same as 
that given by (5). The resulting value of w 2 is however the same 
as that given by (2), so that the motion on the positive side of the 
origin is always that represented by (2), and the motion on the 
negative side that represented by (5). 

130. The time of travelling from A to is given by 



l terms of gamma function 
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;ii;[:C!!'')it;;- as » -i- 1 is positive or negative. We then have 

Ex. 1. A pallid c slsuts frtmi vest at n di^Lauec a from a c-oiil-i'O oL forco which 
attracts as the inverse cube of the ilistanue. Show tlmt the time of arriving at 
the centre is a'/^t. 

Ea\ 2. A partidf: siiULs from rost j'.t a rlistaiioo '; from a o-nlie of s'urcc wliieii 
atiinct; inversely as tlic rt island;. 1'yuvo thai the Lion: of arriving at the centre is 



Small Oscillations and Magnification. 

137. Small Oscillations. A particle, constrained to describe 
a, straight line, is under the action of a force tending to a point 
external to the straight line and varying as some given function 
of the distance froin 0. It is required to discuss the motion 
when the arc of oscillation decreases without limit. 

Let OC be a perpendicular on the straight line, /' the particle, 
OG = h, GP = x, OP = r. Let the accelerating force be rf(r). 
The equation of motion is therefore 



..(1). 



dP ,JV '-T 

Since r a = h 3 -i-x a , we can expand xf(r) in powers of x. The 
equation then takes the form 

d*xjdP = A 1 x + Arf?+ (2), 

where A,, A. 2 , &c. arc known constants. Supposing the series to 
be convergent when x decreases without limit, we may ultimately 
omit all the terms after the first which does not vanish. Assum- 
ing x to be initially small we proceed to discuss the subsequent 
motion. 

When A, is not zero, the equation reduces to 

d?xldf=A,x (3). 

The motion represented by this equation has boon discussed in 
Art. 119. If j1, is negative and equal to — n a , the time of a 
complete oscillation is 2-irjn. It appears therefore that when the 
are of oscillation is continually diminished, the displacement and 
velocity of the particle are ultimately zero, but the limiting time 
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74 SMALL OKOILLATIOXS AND MAGNIFICATION. [CHAP. II. 

is finite. This jinite time is r.a'led the t ime of a small osoillatio fi. 
and the equilibrium position is said to be stable. 

If A s is positive, we know by Art. 120 that the value of x 
contains a real exponential unci (JiiH the motion is not oscillatory. 
As the displacement x does not remain small we cannot continue 
to reject the higher terms of the series (¥) as compared with the 
first. The subsequent motion is not represented by equation (3). 
The equilibrium position is then unstable . 

If A, = Q, lot the first power which does not vanish be the /tth. 
The equation is then ultimately 

d?xldf = A^ (4). 

This equation has been discussed in Art. 135. If A n is negative 
the time of oscillation lias been found iu gamma functions, with a 
factor a - "* - ", where a is the semi-arc of oscillation. The limiting 
time of oscillation is therefore infinite if n is positive and greater 
than unity. If A„ is positive, the value of m becomes great and 
the higher powers of a; curmot be neglected. 

138. Ex. 1. If Saturn's ting were rigid and held at test show that the 

position of Saturn placerl at its contra would be one of unstable equilibrium for 
displacements in the plane of the ring. If the force between the ring and the 
planet were repulsion instead of attraction that position of Saturn would be stable 
and the time of a small oscillation would In- 2 r ^{•><i:'!H), wluire a is the radius of 
the ring and JIT its mass. 

Show also that the time measured in seconds is 25r v '(3[i : '/iJi 2 «} where n is the 
ratio of the mitf of the ling to that of the earth, h the. radius of toe earth, aud ;> 
is gravity at the snrbi.ee of the earth, » and >> \1Aw\1 measured in foot. 

To piove this, wc let s be the dislnnee o; iiaturo .S IVoni the fixed centre (l of 
the ring. Let P be a point on the ring, PG8=-B, SP = p. The attraction on 3 in 

the direction C'S is then seen to be F-- I ■--- —'---■—'-'. Substituting 

2ar) f P 

p = a-xcoeff, expanding in powers of xja and integrating, we find F-Mxj2a', 
This force being positive, the equilibrium is unstable. Jlevorsing its sian the time 
of a complete o. -filiation foilovs by Art. 1 2S, The time in seconds is found by 
Using the equation E/6 a =g, see Art. 134. 

Ex. 2. If the ring attract Saturn, show that the central position of the planet 
is stable for displacements peipeudieiibir to tiie rine : , and that the time of a small 
oscillation is 3sV(a s /M). 

Ex. 3. A particle is in equilib:iuni under the inrluenee of two centres A, B of 
repulsion each varying as the inverse nth power of the distance. Prove that the 
position of equilibrium is stable for i I ^placements in the straight line AB and that 
the time of a smell oscillation is '2 x v ' Uibiti (a + b)F), where a, b are the distances 
of tins partiob; fivm ./ and J!, and /' is ihe acceleraling repulsion of either foiee on 
the particle in the position of equilibrium. 
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ART. 139.] MAGNIFICATION. 75 

139. Magnification. A particle, oscillating in a straight 

line under the action of a centre of force whose acceleration is 

n'w, is also acted on by the two accelerating forces X = E cosXt, 

Y—Fco»p,t. It is required to find the motion. 

The equation of motion is 

d?xjdt? = — n 2 % + E cos X* + F cos at. 

The solution of this, by An. 122, in 

x = A cos (nt + B) + E' cos \t + F' cos at, 

E F 

where E' = - — — , F' = — — - . 

n? — X 2 if — a 2 

If the particle start from rest at a distance a from the origin 
when t = 0, we have A = a — E'~F' and 5 = 0. 

The motion of the particle is therefore compounded of three 
oscillations, one has the period 2ir!ii- due to the central force, while 
the other two have the same periods, viz. 2tt!x and 27r/^, as the 
forces X and Y. 

This example is important because it shows that the dynamical 
effects of oscillatory forces are not necessarily in proportion to their 
magnitudes, but depend also on their periods. Thus the ratio of 
E' to F' is a function of X and a as well as of E and F. 

If the period of the force X is nearly equal to that of the 
oscillation caused by the central force, n* — \ s is small, while, if 
no such near equality hold for the force Y, n" — /j? is not small. 
It follows that if E and F are nearly equal, E' is much greater 
than F'. If also E and F were so small that the effect of Y on 
the motion of the particle were insensible, that of X might still 
be very great. The general result is, that of two forces X, Y, that 
one produces (ea:teris paribus) the f/reatest oscillatioi/. whose period 
is most nearly equal to the period of the oscillation due to the 
central force. 

On the other hand we notice that a near equality between the 
periods of the forces X and Y has no dynamical significance. The 
reason is that these forces being explicit functions of t!m time do 
not modify each other, each producing its own effect. But the 
central force, viz. —-n?x, depends on the a.bscissa of the particle 
and this is more or less altered by the action of the forces X and 
Y. The solution shows that the alteration is considerable when 
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76 SMALT. OSCILLATIONS AND MAGNIFICATION. [CHAP. II. 

the period of either X or Y is nearly equal to that due to the 
central force alone. 

If the period of X is exactly equal to that of the oscillation 
due to the central force the solution of the differential equation 
takes a different form. By reference to Art. 122 we see that 

x = a cos nt + =- sin nt + F' cos fd, 

so that the amplitude of the oscillation becomes very great as t 



We may also notice that if \ is very great the terms which 
contain E' as a factor are very small. It follows that an oscillatory 
force whose period is very short- produces- very little effect on the 

motion of the particle. 

140. As an example of these c'focts consider how great :in o-cilbuion can in' 
generated in a hoavy s wmi; i:y a serif s of little pushes a.nd pulls if properly timed. 
If we push when the s'.ving is recedim.; and [mil when it Is approaching lis, the 
motion is continually increased and the amplitude of the oscillations becomes 
greater at each snccoediug suing. Such a scrips of alternations of push and pull 
is practically an o~cilla[oiy force, sacli a« .V, wi'.;>sv jx-i'iod in exactly equal to that 
of the swing. If however the alternations of push and pull follow each other at 
an interval only nearly equal to 'hat oi' the period of tho swing, a time will come 
when tho efforts are reversed. The push will ho given when tin- swing in 1 approach- 
ing us and the pull when the swing is receding. Thus, though a great oscillation 
of the swing in' at first produced, tiiat oscillation will he presently destroyed only to 
bo a;:aiu lOpioiiuecd and so on continually. 
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TiiBfti terms are indeed very small in the differential e([i 
Art. 139 that their effects may in certain conditions h 
become perceptible iu tin: value of ,t. It is therefore 
proceed to a second or a third approximation before we ea 
represents the actual motion. Some examples of this w 
the reader will [bid the theory given at length in the i 
vol. ii. chap. vu. 

142. Ex. A heavy particle P is suspended at rei 
elastic :.;;ie;: whoso bv.r.iil and imstretohed Icngih is a. 
t — begins to oscillate u:> and down, -0 th.i'. irs disniacouu 
at the time t is c sin \t. Prove that the length of the strii 
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Discuss the interpretation of this result (I) when \ is 
when )i is very great. 

Notice that if iPxjdt- is to be the acceleration of P, x 
point fixed in space, say tho initial position of A. 
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CHORDS OF QCICKKKT DEKCKNT. 



77 



Chords of quickest descent. 

143. To find- the stravjhi linen of quickest and s 
from rest at a given -point to a given- curve. The straight line 
js supposed to he smooth and the motion to be in vacuo. 

The solution of this problem depends on the theorem that 
the curve which possesses the property, that the times of descent 





Fig./. ' Fig- 2. 

down all radii veetores from rest at arc equal, is a circle having 
for the highest or lowest point. See Art. 106. 

Describe ;i circle having its highest point at and touching 
the given curve in some point P. There are two cases, according 
as the circle touches the given curve on one side or the other. 
These are represented in figures (1) and (2). 

If OQ be any chord cutting the circle in R, the time down OP 
is equal to the time down OR and is therefore less than the time 
.down OQ in fig. (1) and greater than that time in fig. (2). Thus 
OP is the chord of quickest or slowest descent according to the 
mode in which the circle of construction touches the given curve, 

If G is the centre of the circle, the angles CPO and COP are 
equal. Since CO is vertical the chord of quickest or slowest descent 
from rest at meets the given curve at a point P suck that OP 
bisects the angle between the vertical and normal at P. 

If the position of a point P on a given curve is required 
such that the time of descent from P to a given point is a 
maximum or minimum, we follow the same construction except 
that is to be the lowest point of the circle of construction 
instead of the highest. The result is that the particle must 
start from a point P such that PO bisects the angle between 
the vertical and normal at P. 
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78 CHORDS OF QUICKEST DESCENT. [CHAP. II. 

144. To find the chords of '{'richest mid do-mat desceid from 

rest at one given curve to another given curve. 

Let PQ be the required chord. Then since the time down 
PQ is less than the time down any 
neighbouring chord drawn from P to 
the other curve, PQ must bisect the 
angle between the normal and vertical 
at Q. Similarly by fixing Q and varying 
P we see that PQ must, bisect the angle 
between normal and vertical at P. 

The points P, Q are therefore such 
that they satisfy these two conditions, 
(1) the normals at P, Q are parallel, 

(2) the chord makes equal angles with each normal and the 

vertical. 

146. To find the chord of quickest lieseent from rest in u Hu-divin iWaxiv 
rcsit-tawe vnrien /is Uw vetocity we use the same contiruclion, because the times 
of descent down nil choids of a circle :'r:::i: rest ji tin: lii;;i:e;;t point ii.ee equal. Art. 
107. 

If the resistance vary as the square uf t.lie velocity the curve which possesses 
(lie property of o.jun'i times for the chords is not a circle ; see Art. 1 10, Ex. i. The 
geometrical constiuciion is t.limv:'i. ■!'(■! inapplicable. 

146. If the churth e?" t/uiV',ist or t'ovj-.-il. rfe,v;i( are ru-njh we -lightly looaify 
the rule. To find the rough chord of quickest descent from lo a given curve » 
describe a circle to touch ihe given curve in some point I', hut such that the 
diameter through O ma!;es an angle with olio vertical equal to the angle oi' friction, 
Art. 105. 

The result is that the required ciiord meets the curve, at a point P such that 01' 
makes equal angles with the normal at /' and a straight line inclined to the vertical 
at the angle of friction. 

147. Ex. 1. A point A and a straight line I1C are given in the same vertical 
plane. Show how to draw (when possiiijrj a slraiglii tine from A to I1C, so that 
the time of descent from rest under gravity may be equal, to a given time I. 
When there are two such lines, intersecting 11C in P and Q, prove that the radius 
of the circle described about APQ is Jjjt*. 

Ex. 2, Two parabolas are placed in Ihe s;tmc ivnic.il piano with '.heir foci eu in- 
cident, ases vortical and vertices downwards. Prove that the chord of quickest 
descent from the outer to the inner parabola passes through the focus and makes 
an angle equal to .', jt with the asis. 

The normals at the extremities of the chords arc parallel and the parabolas are 
similar. The chord therefore; pusses through the centre of similitude, i.e. the 
focus fi. If PG lie a normal, the sec.uid condition of Art. Ml shows that the tri- 
angle SPG is equilateral, i.e. each angle is equal to £ir. 
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ART. 147.] EXAMPLES. 79 

Ex. 3. Kind the smooth chord along which a particle must travo' sE-uriiii™ iiom 
real at some point on oik; given curve and eofiing ai another given curve, Bo tliat 
t/tfi velocity acquired may be a max-min. The force acting on the particle tends 
to a fixed centre and varies as some function of the distance from O. The result 
is that if P he eitiici extremity c: the required chord, rit.hcr the force is 7.era at P 
or OP is a norma! to the given curve at P. 

To prove this, let the central force be/'(r). We then, find ■u 2 = 2/(r 1 )-2/(r 2 | 
where r lt r,, arc the distances oi the extremities /■', (J from 0. Fixing Q let us 
vary F along the arc (as In Art. 144), then dv^dt — O. Henoe /' (V,) drJds-O, i.e. 
the component of the Genua! force along the tangent to the curve is zero. 

Ex. 4. Provi; that the smooth chord of qaiokosl descent from rest at one 
given circle to another givi n eircle when produced pasres through the highest point 
of the first circle and Lhi; lowest (joint of the other. 

Prove also thai the smooth chord of longest descent between the same two 
circles is either a horizontal straight line or (when produced if necessary) passes 
through the lowest point of the fir.it circle ami the highest of the other. 

Ex. 5. Prove thai the locus of the points from which the limes of descent to 
three given points in space are the same is a rcctangilu- hyperbola. Prove also 
that the locus of the points from which the times of shortest descent to three equal 
spheres, given in position in -pace, arc t\u- same is a rectangular hyperbola. 

[Math. Tripos, 1885.] 

Ex. 6. Prove that tiie ro;i;;i: chord of quiches! descent from rest at some point 
on a given straight, line to some point on a given circle (not intersecting), (1) when 
produced passes through a point .7? on the eiiele sacli that a particle placed at />' is 
in equilibrium with limiting friction, (2) bisects the angle between the diameter 
through /> and the pea pem'tienlai irem I: en the given -tiaigkl lint. 

Em. 7. Heavy particles slide down chords of a circle whose plane i- vertical 
starting from rest at the highest point A in a medium resisting as the square of 
the velocity. Prove that the chords of slowest, and quickest descent are the vertical 
diameter and a chord making a.n infinitely small angle with the horizon. 

These results may he deduced from the form-nice given in Art. 115, but the 
following line of argument is worth noticing. Let A B = 2u be the vertical diameter, 
AQ a ehord mailing an angle with All, then AQ — 'ia cos 9. We have to find the 
time of describing 2ft cos 8 from rest with an acceleration // oosfl - ti(di/d() a . 
Writing x-— (eos(), this time is equal to that of describing 'In from rest with an 
acceleration g- kcoh 8 id^dtf: In vacuo, where « = 0, this is independent of 6 
and til ere fore all cnoras are ac-cr iked in the sane: time. A! so this time is increased 
by the presence of the resisting medium because the acceleration is thereby 
diminished. This increase of time is Hero when co.s#-0, i.e. 6-^tt, becomes 
greater as cos B is greater and is greatest when cos t' = 'l, i.e. = 0. The time of 
descent therefore increases as passes from Jir to 0, 
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INFINITESIMAL IMPULSES. [CHAP. II. 



[■njiniU'Minid Impulses. 

148. When the effect; of an impulse acting on a body is 
required, we commonly disregard all Unite forces which act 
simultaneously with it. The duration T of the impulse being 
infinitesimal, Art. 80, a finite force F can generate only a mo- 
mentum FT which vanishes iu the limit when compared with 
the finite momentum communicated by the impulse. If, however, 
the impulse is itself very small these may be comparable in 
magnitude and it will then be necessary to take account of both 
forces in the same equation of motion*. 

This generally happens when the mass of the body changes 
during the motion. 

149. Let a body of mass M whose resolved velocity parallel 
to x is v be acted on by a finite force X. Let this bod;/ k>st^ <? 
small portion m — — dM of its muss in- each ei.-em.ent of time dt. It 
is required to find the motion. 

The momentum at the time ( is Me, ami the gain in the 
time dt is d(Mv). In this time the force increases the linear 
momentum by Xdt, while the momentum lost by diminution of 
mass is mm. Hence 

d(Mv) = Xdt + vdM, :. M^ =X (1). 

Here there are no impacts; the particles merely separate with 
their common velocity without mutual action, 

If X — trig, the equation becomes dvjdt = g, and each portion 
moves parallel to x with an acceleration g. 

Next, let us suppose that the body gains a mass m = dM in 
the time dt and let the resolved velocity of this increment before 
it is attached to M be v'. The total gain of momentum is now, 
Xdt due to the force and mv due to the impact produced by the 
sudden junction of the masses ^1/ and m, with different velocities. 

: " Problem* on hilinitcsimul impulses ivero solved in The lecture room of the 
late Mr Hopkins as Ion;; ago a; 1851). A problem of this kind was set in the 
Smith's Prize examination in lHf>H by Prof. Ohiillis, and a solution given in Tait 
and Steele's Dynamics. Another was proposed in lSl'ifl by Prof. Cayley who 
published the solution in the Mutlmmtitienl .ii'ps.'-viifjrr in 1871. Two problems were 
also solved in tin; Qditrin-iii Ji.urim! i;i IS70 by Ilr Besant. 
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The equation of motion is therefore 

d(Mv) = Xdt + v'dM (2). 

I£v' = v this reduces to the former result. 

ISO. Ex. 1. A uniform chain of mass 21, and length I, is coiled up on a 
small horizontal ledge at the top of a plane, inclined at an angle a to the horizon, 
and has musses ilJ a , M s fastened to its two ends. If M a is gently pushed off the 
ledge, prove that the velocity of M« just heron; it leaves the ledge is ti', and just 
after is ■»", where 

„ 2glaji. a {iM 1 1 + ]U 1 M a \-M 2 a \ ,„_ .„ / JJ ] + M 3 + Jl/ 3 cosa \ a . , . ., 

" ~ (M^jWa+ii"^ ' " ° \ Jtf,+Jtf a +if s J l " " J ' 

[Coll. Ex. 1897.] 

Let x be the distance of the lowest point of the chain from the edge, m the 

mass of a unit of length of the chain. The momentum at the timet is {M a +ma)v. 

In the time dt a mass mdx- without velocity is taken from the ledge and added to 

the moving length. Also gravity adds a momentum ( .1/. — si.e ; .'/<(', where </' = <; sin a. 

:. d{(M., + mx)v} = {Hi2 + v>x)g'dt (1). 

To malce the formation of this equation more clear, let the (soil he at a short 
distance a from the edge, and let the edge he rounded off in a circular arc of 
radius b. We here only icqiilre the iimirmg ia'i: when both a and 6 are aero. As 
each element passes over the edge, the velocity is al first horizontal and the change 
of direction is effected by the normal pressures at the rounded edge. The 
momentum generated Ire the. weight of tins cludo "ii -.m- roumird edge is ultimately 
zero since the radius ; i can be made as -.mall as we please. 

To integrate (I I we multiply both sides by (.¥„ I ill;U) V, then remembering thai 
v = dxldt, 
(af a + n ^)W={(Jf a +m l r)» + <J}g (2). 

Since x and v vanish togetlier C= - il.h When all the chain has left the 
iedge.-v = f, and 

(Jtf,+mJ)*ii s =s l^ + mlMz + lllA 2g'l (3). 

At ibis instant there is an impact, the tension acts on J/ horizontally, hence if 
e' be the velocity of _V ;J and the chain .just before ,1/.. readies the edge 

(Jlf a +i»H-itf B )i/ = (M s +flii}o (4). 

The mass M 3 immediately reaches the edge with a horizontal velocity v', while 
the chain is moving along the plane with an equal velocity. There is therefore 
another impact, the component of momentum j/ s 7:' sin o perpendicular to the 
chain remains unchanged, while the component, ,t/ a i;' cos a. is joined to that of the 
chain. If !! be the common velocity of M. ami the chain parallel to the plane just 
after Af ;l has left the led;.;e, 

{N s + Jlf 2 + ml) u=(M,+ml) v' + af B *'oosol ... 

The equations (4] and (a) give ilie roaaircd results. 

r. n. 6 
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Ex. 2. A chain oi length .' is coiled at iho edge of a table. One end is 
fastened to a particle; whose mass is the same as that of the whole chain. The 
other end is pnt over the edge. .Prove that iunncdialcly aficr leaving the tabic the 
pas tide is mm in;; with velocity 1 v'(fjijE). [Coll. F.x. lriyii.] 

£#. 3. A mass .1/ is attached to one end of a chain whose- mass per unit of 
length is m. The whole is placed with tic chain coiled up on a smooth table and 
M is projected horiaontally with a velocity I'. Trove that when a length x of the 
chain has hceomc straight, the velocity of }l is MVj(M ■'■wit). 

[Cayley, Matli. Jl/csse-Hf/er, 1871.] 

K.r. 4. A uniform chain of length !■ and muss uiJ is coiled on the floor, and » 
mass mc is attached to one end and projected vertically upwards with velocity 
y/2gh. Prove that, accotding as the chain does or docs in>; completely leave the 
floor, the velocity of the mass on finally reaching the floor again is the velocity 
due to a fall through a height £ {2J-c + a=/{i+c) a f or a-c; where o 3 =c a (c + 3ft). 

[Coll. Ex. IBM.] 

When descending t-adi poi-iion moves with n uniform ai-eclerstion «, as explained 
in Art. 149. 

Ex. 6. A chain brake is used af railway depots for aires tiny runaway trucks, 
consisting of a coil ol chain between the metals, having a hook at one end so 
placed as to catch on to the axle of the truck. If the muss of the truck be equal 
to that of a length / of the chain, ]ess than the whole- length, then the truck 
running on the. level with velocity I' \vi!l be stopped when it lee- draped is. length .' 
of chain over the rough ground, where T-' a /ft.rt = A (2.ir-i-3i) .r3/f s . 

[Coll. Ex. 1897.] 

Ex. Ii. A weight 1!" is connected with a coil of heavy chain by means of a fine 
weightless thread passing over a smooth peg above the coil wbicli rests on a table; 
if W he allowed to fall a hei.gbt k whereupon the thread becomes tight, find flic 
motion, and show that if w-'ilV then in setting the coil in motion energy to the 
amount ftW*i/(JP+ie) is dissipated. [Coll. Ex. 1887.] 

Ex. 7. Main is falling vertically with a uniform velocity of 21) feet per second 
at the rate of two inches depth pci day on a cart with a cylindrical cover of semi- 
circular section and horizontal axis. Prove that, if the cover of the cart is 10 feet 
long and i'cet in diameter, '.be resultant pressure on it dnc to the impact of the 
rain is about the weight of one-twelfth of a cubic inch of water. [Coll. Ex. 1893.] 



Theory uf Dimmm-tyim. 

151. Many theorems follow at once from some simple con- 
siderations on the dimensions of the quantities with which we 
are dealing. Each side of an equation must be of the same 
dimensions in space, for we could not have, for instance, an area 
equal to a length. Again one side of an equation could not be 
the square of a time and the other side a cube, and so on. 

In dynamics we are concerned with the four quantities space. 
time, mass, and force ; but the dimensions of these quantities are 
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so related thai, force is mass, . sptico/ftimeV. Taking into account 
this relation we have the general principle that both sides of 
every equation must be of the same dimensions in regard to 
(1) space, (2) time, (3) mass. 

152. As an example In I us iippi> this principle to llic following problem alrcad) 
considered in Art. 136. 

A particle starts Irani itsi at a distance <j Imn: :i centre of lorce (i whose iicoe- 
lerating force at st distance .■<■ is fix". To find the time T of arriving at the centre 

of fovee. 

It is clear that T is some function of a mid ft, a being merely h number without 
dimensions. Expanding V in powers of o and ji we have 

T=-2,Aa»i& (1). 

Now the accelerating force ,«.e'' is of the dimeiisioiis sp:ice:(time)-, hence n is 
1 - ii. dimensions in apace ami - i! in time. \Ve also notice that « is one dimension 
in space and none in time, while T is one in time and none in space, 

Consider!: i;; ll'e (Ujuntiim (l'j nod ocnotoi;'. ihe dimensions of each side lirst in 
space and secondly in time, we have 

0=p + (l-*>9, l=-a 3 (2), 

Hence q = -^ and p — i(l-n). As these equations civo only one set of values 
to p, q, the equation (li contains only one term, viz. 

T=aJ<- 1 -">?.- * (3). 

It follows that the time of arriving at the centre of force varies as the 
^ (1 - «)th power of the initial distance. I.i the Central knee- vary as the distance, 
it=l and the time of arriviii at in the same for nil initial distances; a theorem 
which has been proved in An. [r>Ji_ by integrating the equation of motion. If the 
central force vary nccording to tin; Newtonian law. « — -i and the square of the 
time varies as the cube of the initial distance, a result in accordance with one of 
Kepler '$ laws. 

The symbol A represents a number and as it has no dimensions its magnitude 
cannot U; deduced from rlii- theory of dimensions. 

163. Ex. 1. A particle moves with an acceleration .,, prove that the velocity 

acquired in descubiu;; a space ■> iiLries us n /iVk'!, nnd thai the t.me varies as *JU!;i)- 

Ex. 2. A particle star's from rest at si given distance from a centre of force 
whose attraction varies as [.he dishuice mid moves in a medium whose resistance 
varies as the velocity. Prove that the time of arrivinj: at the centre of force is 
independent of the initial distance. See Art. 126, 

Ex. 3. A particle /' moves from rest neder the action of a coolant aeccicral. 
iiig force / and a centre ol force whoso attraction is u times litis, distance, iieih 
ti iiiiiiii; to I'm.' suiilc point and the initial distance OP — a. Prove that 

where ( is the time of arrival at O. 
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CHAPTER III. 



:motion of projectiles-. 



Parabolic Mot/on. 



154. General principle. The particle moves under the 
action of a fovea which, being fixed in direction mid magnitude-, 
is independent of the position of the particle. It follows that all 
the circumstances of the motion parallel to any fixed direction 
are independent of those of the motion parallel to any other 
direction. These circumstances may chore-fore be deduced from 
the formulae for rectilinear motion by taking account solely of the 
resolved initial velocity and the resolved force of gravity. 

155. Cartesian axes. Let the particle be projected from 
a point with an initial velocity V in a direction making an 
angle a with the horizon. Let v be the velocity at any point P 
of the path; v„, v v its horizontal and vertical components. 

Consider the horizontal motion. Since the component of gravity 
in this direction is zero, the horizontal i'dov.dij i-v constant Ihrough.out 
the motion and is equal to Fcosa. We therefore have 

x = V cos 4 0,= Fcosa (1). 

This gives an obvious and useful rule to find the time of describing 
any arc of the trajectory; viz, the time of transit is equal to the 
horizontal space divided b;j the horizontal velocity. 

Consider next the vertical motion. Since the component of 
gravity is g we infer from the formula? of rectilinear motion (Art. 
25) that , 

t/= F sin i -£<,(*, w /=F'Bin"a-2 5 ry (2). 
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ART. 156.] PARABOLIC MOTION. 85 

The Cartesian equation of the path is found by eliminating t 
between (1) and (2) ; we have 

y = x tan a — \ga?\ V s cos-a (3). 

This is the well-known equation of a parabola. 

To find the ijrm teRt altitude of the particle. We consider only 
the descending motion; the particle starts downwards with a 
zero vertical velocity and arrives at the level of the original point 
of projection with a vertical velocity which, by the theory of 
rectilineal' motion, is equal to that with which it was projected 
upwards. If k is the greatest altitude we have V"- sin s a = Igh. 

To find the time of fiiaht . We again consider the vertical 
descending motion, disregarding the horizontal motion. If T be 
the time of ascent and descent, we have V sin a — ^gT. 

To find the range on a horizontal plane. We consider the 
horizontal motion; the constant horizontal velocity is Fcosa, 
and the time of flight has just been found. The range is there- 
fore V- sin 2a Uj . The range is greatest for a given velocity when 
the direction of projection makes an angle of 45' with the horizon, 
and continually decreases as the angle increases to a right angle 
s to zero. 



156. When the motion with regard to an inclined plane 
passing through the point of projection is required, it is useful 
to take the axis of x along the line of greatest slope and the 
axis of y perpendicular to the inclined plane. 

If the direction of projection is not in the plane of an/, let V 
and W be the components of the velocity in and perpendicular 
to that plane. T he motion perpendicular to the plane_ofjEff 
is uniform and s= Wt. 

Turning our attention to the motion in the plane of *V, let 7 
be the angle the direction of the velocity V makes with 0#Wd & 
the inclination of the plane to the horizon. The initial component 
velocities being Fcos 7 and Fsin7, the formula! of rectilujea/ 
motion (Art. 25) give 

se = Fcos 7* - \g sin $P\ vf = ( Fcos yf - 2g sin fix) .„ 
y=Vsmyt-lgcosfip\' v/ = (V sm yf - 2ff cos fig) " • 

To find the t ime of jligh t T_ before reaching the plane, we 
consider the motion perpendicular to the plane. The descending 
motion gives Vsmy = gcosfi. Tj2. It also follows that the time 
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86 PARABOLIC MOTION. [CHAP. III. 

of describing the arc from to the point where the tangent is 
parallel to Ox is T\% In the same way by considering the motion 
parallel to the plane we see that the time from to the point 
where the tangent is parallel bo Oy is V coxy! ft siii/3. 

To find the i mift e r <m the iwUnedjtkime, we use the expression 
for x. We easily find r = 2 F- sin 7 cos (7 + /3) . see 3 /S/q\ 

157. Oblique axes. Let the direction of motion of the 
particle at any point P of the path be PT 
and let the velocity be V. The particle 
being acted on by gravity in the direction 
PN, let Q be its position after a time t. 

Consider separately the motion in the 
two directions PT and PN. The oblique 
components of V in these directions are V 
and zero, while those of gravity are zero and 

g. We therefore have PT= Vt, and TQ = $g& (5). 

Draw QN parallel to TP and let PN=y, QN=%. The equation 

ol the path ih therefore f a = y (6). 

This is the equation of a parabola referred to any diameter PN 
and its oblique ordinatos QN. If S be the focus, this equation 
must be the same as £ 2 =4.$P.ij. We deduce the following 
useful rule. The velocity at airy point P of the path w that due 
to the distance of P from either the focus or directrix. 

Since the velocity at the highest point of the path is equal to 
the horizontal velocity, it follows that one quarter of the latus 
rectum, i.e. AS, is equal to V- cos-k/%/. See Art. 1.55. 

We have also another formula to find the time of transit, 
along any arc PQ, Let the vertical at either end, my Q, intersect 
the tangent at the other end in T, then the time of describing the arc 
PQ is the same as that of describing QT from, rest under the action 
of gravity. It is also the same as that of describing PT with a 
uniform, velocity equal to that at P. 

188, Ea. 1. H tbi'ets heavy particles bo piu.:o<;'..ed sL!iu!''.a:iu;>us-ly limii the 
3ame point in a-iiy liiicc lions wii-h any velocities, [irovu that the plane passing 
I'To^'n them wii! aiivav-. torn a in para:>l to itself. [Math. T. 18 17. ' 

If gravity did not aet, the plane of the particles would be always parallel to a 
fixed plane. When e;iavity acts each particle is polled through the .»ame vertical 
-pace- in the name ! in if 1 , ii'ini; Ihr- (hiiorern renin ins tvi-e. 
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ART. 159.] 

Ex. 2. Two tangents PR, QR are drawn 
(1) that the velocities at /' and Q axe proportional 

and (2) that the verLical through R divides the 
described in equal times. 

Draw QT vertically to intersect the tangent PR in T. Then by the triangle of 

velocities, the sides RT, RQ, 'I'Q lepvesent in direct' on ni:;i magnitude the velocity 
at P, that at Q, mid thai, added on by ;>i , amy daring the time of transit. Since 
the diameter through /.' bisects the chord PC), the results driven above follow 



a parabolic trajectory, prove 
the lengths of those tangents, 
: PQ into two parts which ur<i 



fix. 3. Two balls J, ./; equal in all respects are on the same horizontal line. 
The ball A is projected towards B wiih velocity ; : : while at the same instant B is 
let fall. Trove that the bulls will impinge arid that after impact, the coefficient of 
restitution ocing unity, .1 will fall vertically j>ij Ji '.■■.ill doscrieo a parabola of latus 
rectum 2v^g. [Coll. Ex. 1895.] 

The balls will impinge because i.bn straight line joining their centres moves 
[iaiallc-1 to ib.cll'. At imnaei l.b.y exchange tiieiv Inn i/.onia! ■.eincitics. 

Em. 4. If v, v', v" are the velocities at three points P, Q, R of the path of a 
projectile, where the Lneii nations to the horizon are a, a - fj, a -2ft and if t, t' he 
(hi; Unies of describing I'Q. QR respectively, pmve that 

v"t=vt, - + 4 = 2 T ^ ■ [Math. T. 1847.] 

Resolve along and perpendicular to the middle tangent. 

lix. 5. Three heavy particles /■', Q. It are projected at, eipial intervals of time 
from the same point to describe the same parabola. Prove that the locus of the 
intersection of the tangents at P, ii is a parabola. Prove also (1) that at any 
time t after the projection of Q, the tangent at Q is parallel to PR, (2) that each of 
these lines is parallel to the straight line joining to the position of I) at the 
time 31. 

159. To project a particle from, a given point P with a given 
velocity V so that it shall pass thro'ijih another given point Q. 

The velocity at P being known the common directrix HK of 
all parabolic paths from P to Q is constructed ... 

by drawing a horizontal at an altitude V'j2g 
above P. With centres P, Q and radii PH, 
QK we describe two circles intersecting in 
S and 8'. Then S, 8' are the foci of the 
parabolic trajectories which could be de- 
scribed from P to Q. There are therefore 
two parabolic paths. 

The two foci are at equal distances from the chord PQ, one 
lying on each side. The two directions of projection may be 
found by bisecting the angles UPS and EPS'. If 7,, 7 2 are the 
angles these directionn of projection moke witl the chord, PQ, and 
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88 PARABOLIC MOTION. [CHAP. III. 

@ the angle PQ makes with the horizon, it easily follows that 

We notice that the three .sides of the triangle I'BQ are known, 
viz. PS = V*j-2g, if y be the altitude of Q above P, QS = PS - y , 
and PQ is the known distance of Q from P. 

It is clear that when PQ is greater than the sura of the radii 
PH, QK, the two trajectories are imaginary. The greatest possible 
distance of Q from P in any given direction PQ is found by making 
the foci jS, S' coincide and lie on PQ. In this case PH+ QK = PQ. 
Drawing a horizontal line H'K' above HK so that HH' — PH, 
it immediately follows that QK' ■--■ QP. The locus of Q is therefore 
a parabola whose focus is P and directrix H'K'. This new para- 
bola therefore touches HK at its vertex H. It is represented in 
the figure by the dotted line. Unless the point Q lie within the 
space enclosed by this parabola, it is impossible In project a particle 
from P with (he ijioen velucity V , so that it shall pass through Q. 

If the particle is to be projected from P with the least velocity 
which will enable it to reach Q, the direction of projection must 
bisect the angle HPQ and V* = g(r + y), where r is the distance 

PQ- 

160. Ex. I. A particle is projected from ;i paint P '-vLi.il leloeity V, so as to 
paaa through :i point (J wiiosi.' coord in ij.es ri-i'oi nil to I' n- origin are x, y, the axia 
of y being vertical. Prove that the directions o! projection are given by the 

tanin _2F_ a tano+1+ 2»:v =0 

gx gx' 

and that the two times of transit art the |_iejsiliv<? roots of 

Prove that the product of the times of transit is independent of the initial 

velocity V and is equal to the -qua>e of the time oo;;'.ir':ed by a panicle fatting from 
rest vertically through a distance oqiial to PQ. 

Prove also that '.no polar com ;U ion of tin) iio:ir'.;(io;' parabola is \''jijr= l + cosO, 
whore the origin i- lit ./' and i! is. the an:;'o >■ maio - with the '.i-iiioal. 

See Arts. 154 and 135. 

Ex. 2. Prove that every pundudic tra ; oetory meets the bonndini: parabola in 
a point whose ahsdsjii is .r- Ik col a, and whom; dcp:h below the directrix of the 
trajectory is /tool 2 a, where h is tin; height ■i; ■Jiui. directrix above the point of 
projection. 

If they meet, ;■} uj curves must touch for ol.uerwlsc it ivollIlL oe possible to liutl a 
-aajeijto.'w whW-'r, would pass tln-.v.tjd'i n puint. i>,yuiid Oie- huiinckrv. 
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Ex. 3. The point P being fixed and Q having any position, the tangents at P, Q 
to one parabolic path from P to Q meet in T, those to the other in T, the velocity 
at P being given, Prove that the locus oi the middle point of 77" in the directrix 
of either parabola. 

Prove aiso that fov oil her parabolic pa~Ji . the velocities at J', (,i are as PT to 2*(jJ , 
and for the two paths the times of transit from P to Q are aa PT to PT'. 

Ex. i. A fort of vortical height A- stand* on a piano lull-side which mahes an 
angle a with the koiiaon. Prove that a gun v.-hiuli can tire with muzzle velocity I" 
from the top of the fort commands a district whose shape, is an ellipse of 
eccentricity sin a, and whose area is jt see nP(P sec* a + 2kg)/ f. 

[Coll. Ex. 1896.] 

The paraboloid whose foeus is the top of the fore and whose directrix plane it 
at au attitude V-j/i is the boundary of all places which the shot can reach. 
Art. lo!<. 'fin- paraboloid car- :iu pl'.ne hi.i-iddi- hi a.n ellipse wiio:* i:-o : cct;ou on 
ft horizontal plane is a circle. The rest follows easily. 

Ex. 5. At a horizontal distance a from n. gun there is a wall of height h which 
is greater than a - ,'/«"/(■-; prove that il' the shot I.mj tired oil' with a velocity b hi a 
vertical plane at right angles to that of the wall, there will be a distance on the 

other side of the wall commanded by the gun equal to , ", - , .,. Iv' - it'tr - 2/iW-)-, 
provided this expression is real. [Coll. Ex. 1803.; 

Ex. G. A particle is piojected '.villi velocity !' along a straight friction less tube 
of length /, inclined at an angle a to the uoii/ontal. and after having tiie tube il 
describes a parabolic trajectory : prove that its range on Ihe horizontal plane through 

the point of projection is ( oosnH — coa a sin a <1 -I- ( 1 -t-—^. ) I , where 
f'»= f^-aglsina. [Coll. Ex. 1893.] 

Ex. 7. Two smooth planes are at right angles with their edge of intersection 
horizontal and are equally inclined lo the horizon. I'rovt that a. perfectly elastic 
particle projected horizontally in a direction perpendicular to the common edge 
from a point vertically above it will return to its original position after two 
rebounds. [Coll. Ex. 1896.] 

Ex. 8. Two parabolas have their axes vertical and veitiees downwards and the 
focus of each curve is on the other. A particle, whose coefficient of n 
unity, is projector! so as to rebound from the curves at each foeus h 
prove that it will after the second rebound pass through it-- prnr.r. of projection and 
follow ita original path again. [Coll. Ex. 1897.] 

Ex. 9. Two particles are projected from the same point, at the same install', 
with velocities u, %■', and in directions a, a'. Prove that the time which elapses 
between their transits i.hiough the- other puiiii, which is common to both their paths 

js ? J?.'. ?™ <"'"') [Math. T. 1841.1 

g wcosn+u cos a 

Ex. 10. A man travelling loimd a circle of radius « at speed " throws a. ball 
from his hand at height h above the ground with a relative velocity V so that it 
alights at the centre of the circle. Prove that the least possible value of V is given 
byF2=«3 +i 7!V(a 3 + /i. a )-7i]. [Coll. Ex. 1896.] 

If the man were stationary, the least value of V- is given in Art. 159. To find 
the relative velocity we ;;dd to this ( - v)' ! . 
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PARABOLIC MOTION. [CHAP. Ill, 

. Ex. 1. A particle is projected from a point A with a velocity V in a 
i making an angle a with the horizon. After rebounding from a vertical 

villi, elasticity c, it hiis tin- mound, elasticity r'. if hid 
t'r.f condition that alter the second rebound the psriio'io 
may pass through A. 

Problems of this kind are solved by considwriijg ihf 
r.iDtion in two directions separately end cijualin:: snniv 
element (usually the time) common to both motions. 
Consider iiist Liu; In ui; on till motion ; the iiiow at (.' in 
\crlicnl and does not affect thf honzontcl motion, l.ul 
the blow at IS must be taken account of. Let 0,V- fc, 
and lot (j. L be the limes of transit along tin: are .11: 
Mild the broken arc. /'C.-f . Then 7i — I' cos a.',, and tin; horizontal velocity of the 
rebound at B being sT'ooao, we have also 1 =iFoos at,,. The whole time is 

C'-oii^iilei- nc\t the vortical motion, the blow at Ji may now be neglected whin 
that at C has to be allowed for. Let t., ( 4 be the times of transit along A HC and 
CA. If k^ANvehxve 

- k=V sin at,,- $!jtJ. 
One root of this quadratic : s negative end the other is positive. The former 
indicates the time before leaving .-,' at which the particle might have passed the 
level of the ground and is here inadmissible. Wc take i,h« positive root. If I" be 
the vertical velocity of arrival at (,' taken positively, 

F'-=r a ein 5 a + 2^1:, * = «T't 4 -ifff 4 s . 

Both foe values of (j thus found an: positive, and ;,nve the limes of transit trow 

C to A according as the panicle passes through .1. on the up or on the down 

journey. Taking both these values we see shut the required condition is found by 

equating ^ -i- 1., to either of the values of t.-- 1 4 . 

Ex. 2. A ball is projected from a point A on the floor of a room, so as to 
rebound from the wall (elasticity e) and hit a given point B on the floor. Let the 
intersection of the floor and wall he the axis of y and let A be on the axis of ,r. 
If a, v, w be the components of velocity of projection and r. y the given coordinates 
of St. prove that ' uy — eio v.r, and '>rn- — yy. 

Ex. 3. A particle is projected from a given point O on 
direction making 
pit 
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velocity after a time T„ where V sin y = \g cos (3T,. The particle rebou nils with a 

perpendicular velocity cl " siii 7 ami the time 'if transit from J, to ji 4 ia found as 
before. The whole time nf transit in therefore 

T, + r 3 + &o.= {2I'9ii;7/aeos^} (l + e + ...+e"->). 

Equating the two complete times, we have the condition 
eot r .cotfJ = fl-^)/(l-4 
which we notice in independent of the velocity of projection. 

Let Bj, 13,,, &c. be the points at. which the tangents to the path are paiallcl to 
the inclined plane. The time of transit from to B, is obviously equal to J T, , 
while that from B, to B,, is i (T, + T 2 ), and so on. If C, be the point at which the 
1 undent is perpendicnlai to the plane, this time IVoin I) to r '. is r.l early equal to i,T. 

Ex. i. A ball whose elasticity i« 1: is projected with a velocity V and rebounds 
from an inclined p'ane wnich pc-ro- [enough I he poinL of projection. If B,, B ; , B s 
be any three consecutive innges on the biclinea plane, prove that 

H J -(e + ««)fl, + e»B 1 =0. [Math. T. 1842.] 

Ex. 5. At two points A, B of a parabola.-, pull: the il Inactions of motion are at 
right angles. If D bo the distance AB, 8 the inclination to the horizon, V the 
velocity at A or B, prove that V*=gD (liain B). 

Ex. 6. A particle is projected i'rom a. point on :i rough horizontal plane with a 
velocity equal to that which would in: acquired in iallioe fjeely through a height h. 
and in a direction making an angle n with the plane. The particle is inelastic and 
tin 1 cocliieicnls of both the frictions are taken equal to unity, prove that the range 
from the point of project in to where the particle comes to rest is equal to 

h (1 + sin 2a). [Coll. Ex. 1897.] 

Tin; pii stick describes a parabola with a range ikain'ia. On arriving at the 
plane, there is an impulsive friction which 'educes the horizontal velocity from 
u cos a to »' = i; cos a -v sin a. After describing v. space s', when v' 2 = 'igs', the 
particle is reduced to rest by the Unite friction. The whole range is 2/isin2« + s'. 

Ex. 7. A perfectly elastic particle slides down a length I of a smooth fixed 
inclined plane, and strikes u smooth t igid horizontal plane passing through the foot 
of ihe inclined plane. Prove that the maximum ran;:c of the ensuing parabolic 
path, as the inclination of the inclined plane is varied, is Si/3^/3. [Coll. Ex. 1896.] 

Ex. 8. A smooth inclined plane .-.f mass ."if, ir.c'.ined to the horizon at an 
angle a, is free to move parallel to a vertical plane llitougli the line of greatest 
slope. A particle, mass «j, is projected from a point in the lowest edge, up the 
face of the plane with a velocity i" makisig an angle ji with the line of greatest 

slope. Prove that the range of the paitiele on the plane is ■■■ - . "'- . ' — . 

[Coll. Ex. 1897.] 

Jim. 9. Two inc'.incd planes intersect in a horizontal line, their inclinations 
to the horizon being a and ft; if it particle be projected at right angles to the 
former from a point in it so as to strike the oilier at right angles, the velocity of 
projection is 

toU[i,.J{da.-anp«>.(.+ffl}l l , 

•> being the distance 01 the point of projection from 
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Ex. 10. A heavy particle descends the outside of a circular arc whose plane is 
vertical. Prove that when it leave-: '.iie circle a* some point Q to describe a para- 
bola the circle is tlif: circle Hi' curvature lit Q of the parabola. 

Thence show thai the chord of intersection Qll of the circle and pavaboiu arnl 
the tangent at Q make Sijiin.1 im<»les with the- vertical. Prove also that the axis of 
the parabola divides tin: chord Qll in the ratio 3 : 1. 

The first part follows from Art. 36. Since the pressure is aero at Q, v-jp, and 
therefore p, must lie the same for the circle and the paiabola. The rest follows 

Em, 11. A partiele projected b orison tally irom the lowest point A of a circle 
whose plane is vertical leaves the ciioie at C and alter describing- a portion of a 
parabola intersects the circle at D. If B is the highest point of the circle prove 
that the arc BB is three times the arc BC. [Despeyrons, Cow« tie ilecj. 



e direction of its length a 
to the horizon and to pass 
out at the other end of the tube; prove that the latera recta of its path before 
entering and after leaving the tube differ by V ''J times the length of the tube. 

[Math. Tripos, 1887.] 

Em. 13. A man standing on the edge of a cliff throws a stone with given 
velocity u at a given inclination in a plane perpendicular to the edge. After an 
interval t he throws from the same spot another stone, with given velocity v at an 
angle Jjr + fl with the line of discharge of the first stone and in the same plane. 
Find r so that the stones may strike each other; and prove ttiat the maximum 
value of t for different values of 6 is 2v*lg t o, and occurs when sin0 = i>/t<, M> being 
w's vertical component. [Math. Tripos, 1880.] 

Em. 14. A parti eh: is projected from the highest point of a sphere of radius t 
so as to clear the sphere. Prove that the velocity of projection cannot be less than 
J(bgc), [Math. Tripos, 1S93.] 



Resistance varies «&■ the velocity. 

162. To determine the -motion, of a heavy particle when, the 
ri'xiMoiice of the liiedatm mrtea ios the- velocity. 

Let the particle be projected from any point I) with a velocity 
V in a direction inclined at an angle a to the horizon. The 
equations of motion are 

d?x __ dx (Py _ dy 

~dP~~ x di' df^~ 9 ~' c di : 

: . dwjdt + kx = Fcos <x, dyjdt + icy = -gt + Fsin a. 
Both these equations are of the linear form, multiplying by e"' 
ami integrating, we find 

KX=Vcosa(l-e-* t ) I , 

Ky = -gt + (Vsma + L)(l-e-")j w ' " 
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where icL = g, so that L is the limiting velocity, Art. 111. The 
horizontal and vertical velocities at any time ( are Jrj- 

dxjdt = Fcos ae~ Kt , dyjdt = -L + (Vsin a + L) e~ Kt ..A%).\ 

163. From those equations we deduce the general character- 
istics of the motion. We 
notice that when t is in- 
finite k% = V cos a. There is 
therefore a vertical asymp- 
tote at a horizontal duP.inm 
Oil = V cos ajx from the ori- 
gin. Let the tangent at 
intersect the asymptote in 
T„ then 0T a = V/k and 
V=k.OT„. Since any point 
P may be taken as the origin, it follows that the velocity at any 
point P is proportional to the length PT of the tangent at P cut off 
by the vertical asymptote. 

Tracing trie curve backwards we make t = — oo ; we then find 
that both x and y are infinitely great. Since the exponential is 
infinitely greater than t, both ylx and dyldx have ultimately the 
same ratio. "Representing this ratio by tan ,3, we have 

tan (8 = tan a + L/Vcos a. (3). 

The curve has therefore an infinite branch, the tangent or asymp- 
tote to which makes an angle 8 with the horizon, determined 
from the initial conditions by this equation. This asymptote is 
at an infinite distance from the origin, 

164. Eliminating the exponentials from the values of x and 
y, Art. 162, we find 

y = xtm0-Lt (4), 

a linear equation which must hold throughout the motion. 

Drawing a straight line OB parallel to the oblique asymptote-; 
this equation shows that the vertical distance of P from OB is 
PB = Lt, where L is the limiting velocity. 

The perpendicular distance of P from OB being Ltco&8,tke 
resolved velocity at 'P perpendicular to the oblique asymptote is 
constant. The resultant acceleration at P is there/ore parallel to BO. 
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94 RESISTANCE VARIES AS THE VELOCITY. (CHAP. III. 

165. General principle. Since the resistance varies as the 
velocity, the resolved resistance in any direction is proportional 
to the resolved velocity in the same direction. The general 
principle proved in Art. 154 for motion in a vacuum will therefore 
apply to the motion with this law of resistance. The circumstances 
of the motion parallel to any ji-rml straight line are independent of 
those in any oilier direction. 

IttB. Let tlio particle be projected from a distant [joint E on tiie oblique 
branch with such a velocity that it describes the trajectory. Consider the oblique 
resolution of the motion in the direction of (1) the tangent or asymptote at K 
and (2) the vertical. In the former motion the particle is acted on only by the 
resistance, and tiie ivccclerai.ior, (it am- time is therefore - km, v.jieie u is the oblique 
component of velocity parallel to :iu; asymptote. In the letter motion the particle 
starting from rest is acted on by gravity as well as by the resistance and has thus 
acquired its limiting velocity L. This component is constant in direction and 
magnitude so thiit the accclo ration is aero. 

Combining these two motions, we see that in any position P of the particle, 
the velocity « along the tangent FT is the resultant of the vertical limiting 
velocity L and a velocity u parallel t j the oblique asymptote. If U and u he cor- 
responding velocities at any two points and F of the trajectory, u= Ue~" c , where 
( is the time of transit from O to F; Art. 102. We also notice that the resultant 
acceleration at I.' is equal to -Kit. 

Taking it parallel Oft to the oblur.ic asymptote anil tho vertical as axes of 
reference we have 

(.17(1-. -")/., 1"1" W. 

where £ = OB, ii~-BF, If wo icier the jiiriiiun to tiie tangent, a;; O and the vertical 
as axes, we have ^' — OA, y' = AP. We find by considering the motions in these 
directions separately 

if-Hl-.-"), <„-«si-/.(l-,-') (2), 

167. Ex. 1. Particles are projected from a given point at the same instant 

with equal velocities in il liferent iiirec;hms: prove thai tiie locus at any time is a 

Eefer the motion of any particle to the tangent li.i and the vertical as axes of 
£, i\. Both £, 7j are evidently functions of ( which are independent of a. The 
locus is therefore a sphere whose radius is f and whose centre is at a depth ij 
below 0. Art. 166. 

Ex. 2. Particles are projected from a, given point at the same instant with 

different velocities in the same direction O.I. prove that at any subsequent- time 
their locus is a straight line parallel to OA. Art. 165. 

Ex. S. If the axis of .r is inclined at an angle I to the horizon and the diiec. 
tion of projection niahe an angle -, with 37, prove that 

^-flsini( + (Fcos 7 + Lsini)(l-<r^ 
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AKT. 16'8.] THE THREE EQUATIONS, 

If 31 be the point at which Hie t undent is parallel to a 

reaching JJ and the coordinates of 21 are 



,:•"• = I + 



t^^-f/a 



^(rdnv + Loofl 1)^^(^0087 + 1, Bin i)=.tnflos(i + 7); 

Hii> latter equation being al.-o trim for all points on the trajectory. 

Ex. 4, A projentilo moves under gravity in :i uniform medium v, eose rusiMisnct: 
varies as the velocity. Prove thul tin; liodograph of Hit: trajectory is a straight 
line and that tlie velocity of the point on the hodogra].h is proportional to the 
horizon till velocity of the projectile. [Coll. Ex.] 



Resistance varies as the n 1 " power of the velocity. 

168. To jind the hiotion of a heavy particle. ■n.'hci' the renistu.nce 
varies as the n' h power of the velocity. 

Let if-- be the angle the tangent: at any point P of the path 
makes with the horizontal, p the radius of curvature measured 
positively downwards so that p — — dsjd^. Let v be the velocity, 
u the horizontal component. Following John Bernoulli, 1721, we 
resolve the motion normally mid horizontally, we thus have 

i? du 

,=<"*»+. s = -«*-coe+. 

Since >:i:us-^r— u and p^ — vdtid-ty, thenc become 

*_ u __, dit = «m" (A) 

difr g COS 1 iff' dt (COS !/<■)" ' 

We obtain one integral by eliminating dt, 

du_K I «_\" +1 . !__!__ ™ f * tty 
d'f~g\003^} ' U n M„ n ff J B (cos ^) n+1 ' 

where a is the angle the initial direction of motion makes with 

the horizon, and u a the initial horizontal velocity. 

To effect this integration we put p = tan yfr, we then have, 
except n = 0, 

i-i-. — jIv +?■>*"-"* (B), 

the sign of the radical when n is even being such that the subject 
of integration is positive between the limits i/r = « and -fr = - £tt, 
i.e. /» =£)„ and p = — x> . 
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96 RESISTANCE VARIES AS «"' POWER OF VELOCITY. [CHAP. III. 

We can conveniently takes either u or p as the independent 
variable, and thus we obtain the two sets of relations, 
If , If du 

du 



If,, If du 

* — — u dp ~ — I „ , /-i , — ^uT. 
g] J K ]u»->(l+p^> 



■ ■(C> 



-i(l+p«)i(«- 

The first follows from equation (A), the second and third from 
the obvious relations dic = udt, dy = updt. The limits in all the 
integrals being p —p„ to p or u = w, to u. 

In this manner all the circumstances of the motion can be 
expressed in terms of one independent variable which may be 
either p or u. 

It is evident that the integral (1.1) hits considerable importance 
in this theory. Putting 

we see that when n = 2 or n = 3, 

W>i {p(l +P 2 ) 1 + log (p + (1 +i? a ) i )} ) If 3 =p + 1^. 

We may also find a general formula of reduction, viz. 

(n + 2)W n+2 = (n+l)W n +p(l+2?f^» (D). 

When the resistance is a constant .force, say *g, n~0, and the 
integral (B) takes the form 



Va/ \1 — sin-iir/ ! 



where a is the velocity when the particle is moving horizontally. 

169. The equations (C) have been applied to the calculation 
of the trajectories of shot in various ways*. "When the angle of 
elevation is not more than 10" to 15 a , as in the case of direct fire, 

:t Bashfortli, Phil. Trans. 1868, Treatise on the motion of projectile*!, 1873; 
supplement, 1881. Proceedings of l.i.A. Institution. 1871 and 1883. W, D. Niven, 
On the rtilr.iilntitut of the frn-ja-i.uries o\ -hoi. Proiioedi.ui;; of Siio Hoj'ul Sonirty. 
1877. Ingall, Exterior iiallistiet, 1885. An account of Si&eci's method is given 
liy Grcpiihill in the Proc, of the It-. A. Institution, vyi. xvo, See also Artillery, its 
progress and present position by ]:!. W. Lioyd and A. G. Haddock, 1893. GreenMll, 
On the motion of a projectile -in a rexixt-inr) medium, Proceedings of the B. A. 
Institution, vols, si., xn., xiy., 1880 to!886. 



,GoosIe 



ART. 171.] THE LAW OF RESISTANCE. 97 

we may regard tin? trajectory as so flat that we can reject the 
square of p. Taking v, as the independent variable the integration 
can then be effected without difficulty. When the path is more 
inclined we can divide the whole path into subsidiary arcs for 
each of which p may be regarded as approximately constant 
though of a different value in each arc. If the arcs were small 
enough the initial value of p in each arc might be taken as the 
proper value for that are. For longer arcs it becomes necessary 
to give p a mean value taken over the whole .subsidiary arc. 

170. Ill artillery piaetiee tin; idacs of tins integrals IC) lire commmily iiriVvrc:! 
from tables espec-bi^y o:!].i.-uvu:ncd for that p-.L'pu-c. dif:e;.c;r. table:; being used t:; 



find (, k and y. Opinions 


dilter as to the best methods of eon ntruc ting and usin:: 


these tables. Bashforth i 


opresents the law ol resistance by kv 3 where s is a 


function of the velocity wh 


ose valnes are deduced from experiment. These values 


for a shot of given cross 


section and weight and for air of given density are 


tabulated for every few f. 


iet of velocity. In effecting the integrations (C) the 


quantity k is regarded as . 


onsiiLnt and in a long arc a value suitable to a mean 


velocity over the are has tc 


■ be found. This difficulty having been overcome, the 


Integrals (C) arc tabulated for different values of * and between certain ranges of 



In the Italian tnethixl a riuantity allied to the velocity is t alien as the indepen- 
dent variable. To enable tin: integrations to be effected tin; euanlity p is taken as 
constant thro ugh out the subsidiary ate. The integrals (Gj tiro then determined 
either by the use of tabic; or by giving the index it the value suitable to the range 
ol velocity in the trajectory. 

An account of the methods of constructing and using these various tables 
would take us too far from our present subject. We must refer the reader to 
special tiedi-es on Artillery. 

171. Law of resistance. Many attempts have been made 
to discover the law of resistance to the motion of projectiles. 
Passing over the earlier experiments of Robins and Hutton we 
may mention as the most important the long-continued series 
made by F. Bashforth with the help of his chronograph. By this 
instrument the times taken by the same projectile in passing 
over a succession of equal spaces can be measured with great 
accuracy. Other experiments have also been made on the con- 
tinent, for example by Mayevski in 1881. It appears from all 
these experiments that the resistance cannot be expressed by 
any one power of the velocity. The general result is that fol- 
low and high velocities the resistance varies as the square of the 
velocity, and for intervening velocities as the cube and even a 
higher power of the velocity. 
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98 RESISTANCE VARIES AS II th POWER OF VELOCITY. [CHAP. III. 

To be more particular, let v be the velocity measured in feet 
per second, d the diameter of the ogival headed shot in inches, 
w the weight in pounds. Then taking the resistance to be 

— L . 1 , Bash fort h's experiments show that 

v < 850 w = 2 = 61-3 

b> 850 < 1040 m-3 = 74-4 

v> 1040 < 1100 n = 6 £ = 79-2 

^>1100<1300 n = 3 0-108-8 

* > 1300 < 2780 n = 2 £ = 141'5. 

Mayevski's experiments led Lo similar results except that the 

highest power of n was n = 5. The values of were also different 

because the shots were more pointed than in those of Bashforth. 

We may notice that though the resistance for low and high 
velocities follows the same general law, yet the value of the 
coefficient is much greater for the high than the low velocities. 
When the velocity of the shot, approximates to that of the velocity 
of sound in air, we might expect a considerable change in the 
law of resistance and this is shown in the results given above. 

172. To discing the mot i an nlien the rc/.Uta):c,: carles as the square of the 

re! or Hi i. 



In tlsis eusc v:c can i>bti:in [wo iirs:- inlet-tyi^. o: li-.t cqua.ioiia of motion. 
liusolv-iiji riiinunily ami iioM/i-ntiilly i-.h iK.l'oru, we find 

^- c0 sJ, —.-- n* COB J, = - at — 11) 

Dividing the latter equation by u and integrating 

loB»=4-», .'. t. = v-« (2), 

where u a is the hori20nt.il velocity at the point O of projection and s is measured 

Brides this ivc have tin; integral ;1S) islrsi'dy oiitained in the general case by 
eliminating dt from the erruiitioni of motion. Writing p= -dsjd<p and uC08^=u, 
n (1), we find as before 

...(3), 



dijt gea&ift' dt cos^ 



■■■S-7/.-S?=-f/^ +J "*' ,4,> 

■a before, and the niflieel is to be taken positively. Integrating 

i--;(r^( I +r') + ll >B(i'+^i + J''))l+2' (»>■ 
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ART. 174.] THE SQUARE OF TEE VELOCITY. 9! 

Eliminating it between (2) and (5) we find 

^,> ! "'+iW(i+«+i°e{p+V(i+p'))-« («)■ 

This is the i ntrinsic equati on of th e path . 



173. To discuss the form of the emus it will be convenient to place the origin 
at the highest point -;r> tliat initially p = 0. We then have 

^ 5 (l- e a ' s )^ P V(l + P 2 )+l"glP + ^(l + P 2 )} (7). 

When a rnevea.-e;; to pii.-itive infinity we si-e iiom [\i) and (7) that >•. tends to 
aero and p to minus infinity. Since by (3) or (C) 

gdt=-adp and g dx — gu dt - - uHp, 
it follows that both dtjdp and dxjdp are ultimately zero. We shall prove that 
while t becomes ultimately infinite, x tends to a finite limit. Wo therefore infer 
that the curve hat a ve.rliail asymptote at « .finite distance on the positive side of the 
highest point. 

To prove this we refer to (."} and retaining only the mgliesi powers of p, we see 
that 1/m 3 is of the order pK Putting v. = bjp when p is very great, we find 

gt--\udp= -Zilogp, gn= - ju a dp=0'lp. 
Taking these between the limits -p.-Vi to infinity where p ± is any large finite 
quantity, the first gives the time the particle takes to travel from the position 
defined by p — p 1 io tl at defined by ;>_ - -r, . and the ;;(eim;l ;.-;ves tin; corresponding 
horizontal space. We see that the first is infinite and the second finite. 

174. Consider next the other extremity of tin; trajectory. When the arc is 
negatively very great, we see by (2] that « is positive and infinite. It also follows 

by (7) that p tends to a limit «,. given by the equation 

-j/mi o ' + « N /(l+i»*)+log(™+V{ 1 +»"))=0 ( 8 >- 

Since the left-hand side passes IVoin a negative quantity to positive infinity as m 
varies from aero to infinity, it is clear Ibaf. thin e:ni>iti<sn hun a', least one positive 
root. If the equation com Id have two real routs, liie ililrever.liai coefficient of the 
left-hand side would vanish for some intervening value of m. But since the 
differential coefficient is 2 V '(1 -Vni. 1 ) this is impossible. It follows that the curve on 
the negative side of flic highest point iia.s an asymptote invJined fit a finite, angle to 
the horizon. We shall now prove that this asymptote is at a finite distance from the 
!ti-:,'i<i'st point. 

To prove this we examine the liinitim; value of the intercept of the tangent on 
the axis of y, viz, y -xp, when p = m. Remembering that ydx-= ■■u-dp, dij — pdz. 
we have g {y - xp) = - {pit-dp ■■: p | u-dp, 

the limits being p = to p. As we only wish to determine whether the limit is 
finite or not we shall integrate from p = yn-%, to p=m, where f, is some finite 
quantity as small as we please. The rcmiiining parts of the integrals will be 
included in two finite constants M and N. Writing #=»-£, we have 

ff(y-arp)=J(«-f)l* D «-(m-aJiAif-3r+llW, 
the limits being f =& to 0. To find what function « is of £ when £ is small, we 
refer to equation (5). Remembering that B=l/V since u=« when p-0, we 

7—2 
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100 RESISTANCE VARIES AS n tb POWER OF VELOCITY. [CHAP. Ill, 
write that equation in the form 

(^» - i) "-/<2')-/<™ -«■ 

Expanding and remombeiing that df:ilp = 2^'(l--p-) we find after subtracting (8) 

where i 2 , ,4' and B' are finite constant p. Substituting wo find by im easy integration 

where the <&e. includes only positive powers of £. Taking this between the limits 
£ ={, to 0, the result in finite. ,C^ (f f &* fy ^ e> 

175. Ex. 1. Prove that, when this rosist.it nee varies as the square of the 
velocitj;, the time of describing tin: infinite sue on the negative side of the highest 
point is finite. 

Deferring to equation;; (C) and writing J)-ph-£, u J =t> 1 l£ we see that tin; time 
of describing tire infinite arc from p-^ni to j>=p, is M^/tm-p-,), where M is a 
finite quantity independent of £ or p. This result is finite ; see also Art. 116. 

Ex. 2. When the resistance varies as the square of fan velocity, prove that 
the polar equation of the hodograph is — = cos- I 2 -;- , sinh -1 tan 01 + -=j~ , 
where the origin is at the highest point, V is the horizontal velocity, U the 
terminal velocity and the initial line is horizontal and ti is measured positively 
downwards. [Coll. Ex. 1893.] 

This is a transformation of equation |'."j of Art. 1.72, writing r, - 8, for v, f. 

Ex. 3. When the resistance varies as tV.e square of the w/.oeily, prove thai 
the radius of curvature ,-. a; tie; point where the normal makes an angle <p with the 
vf:> Liei:! is given by 

2/t.p = b sin 5 <t> + 2 sin 3 $ log cot \$ + sin 2-/>. [Coll. Ex.] 

176. Ex. 1. When the resistance varies as the ; tih {■.■'■x-.-i of thr .^mjuv, 
prove that the curve has a \crtica! issymptote at a finite iHstiuice on the positive 
side of the highest point. 

We have v — tt^{l +i>") where it is given by equation (13). Now, by the aetion of 
gravity, p continually decreases from one ernl of i'n-. trajectory ;■:.:■ the other. After 
the projectile has parsed iiie Mimmif p b.:con:«j negatively grea.t; and (B) then gives 
tt~Ljp, where L is the limiting- vt-incity. We thus have c _-./, when p — go . Sub- 
stituting >i — l,jp in (C) una integrating from p — p 1 to c . where ;;, is any large 
finite quantity, we find that t and y are infinite and x finite. 

Ex. 2. Prove that, when fne rcii-t.auee visiles as tlie i/'.\: power o: the ve'.ocity, 
n being ;>2, the are of the trajectory on the negative side of the highest point 
begins at a point at a finite distance liom the origin. Prove also that the tangent 
at this point makes an angle tan ' m with the horizon given by 

Jm """o" 

where u a and }>„ arc any contemporaneous values of u and p. See Art. 116. As in 
Art. 17-1, this equation has one positive root. 
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In tlit extreme initial position ■:.:■!' tl:c pactielo the velocity is infinite. Since 
r=a v '(l H-jj-j we muf-i then: have either ji 01 ■;) infinite. If p = i , (K) gives u~Ljj) 
and this makes 11 finite. The equation giving ™ is therefore obtained by putting 
ii = to in (B). To i!i:ii'i'i:iii...: I hi' pn:'i'ion of 'A:-- n;.'t:e;e -.viir.:n i-iiLs occurs wo express 
« in terms of jj and use the equations fC). Let the initial position defined by 
p~p„ be such that p =m-( 1 where ^ is a finite quantity as small as we please. 
Substituting ji — m- i ii: iL) and using tin; equation given above to find m, we 
have u"=&"/J where 6 is a constant. Substituting in (C) and integrating from 
£=f : to f we find that I, .(', aiul ;,' lire finite when £ = 0. 

Ex. 3. "When the Ian- of resistance is the nth power of the velocity, and u, u' 
are the horizontal velocities at any two points of the trajectory at which the 
tangents make eoual angles with the hnri/.on, then u -- - ,. ( — — where a is the 
velocity at the highest point. 

Ex. 4. When the r esistance is k' + xi:'" , investigate the linear equation 

d _lZ + ^l "-" = -g(H-»B«— *>, 

dp 8 {l+p'i- 9 
where u is the heri/onta: velocity and /.< "1= the tangent o; the inclination to the 
horizon. Thence show that the determination of (, x, y may be reduced to inte- 
gration. [Allegret, Bulletin de hi. Sne.ie.li Math. 1872.] 

Ex. 5. When the resistance is eo n-'ant and oquai to .';,«, the highest t :■ ■ n 1 l t . 
being the origin and the velocity being a, prove that the horizontal velocity it at 
any point of the path is « = « (tan &)* where '16 — -i ^r f.-w . Thence deduce from the 
integrals (C), Art. 168, the values of (, x, y in terms of tan 6. 

If k< or — 1, the subsequent path has a vertical a.'-yr:ptote which is at the 
finite distance ,r±=2 s u^/g (4k 3 -1) if «=>J, but is at an infinite distance if *-=J. If 
.',■:;■ I Lliu paiticlr arrives at a y.iAii' (.' i'.t which f;n; tangent it 1 vortical in til': finite 
timeKrt/j7(«*-l), the coordinates of C being 2kb s /(7 (4k 2 - 1) and -«'/*# (r* - 1). 

On the negative side of the origin, the curve begins with a vertical asymptote 
which is infinitely dli-lant. and the time of describing the are is infinite. 

ie; as the cube of the velocity, ihe equation (B) 



-3=--(i>-m)(P 2 + '«l' + '" s + 3), 

the origin being taken at the point a.r which the velocity is infinite and 'in being the 
corresponding value of p. 

To discuss the motion we substitute this value of it in the integrals (C). For 
the reduction ol these integral to elliptic fotms we rei'ci the reader to a paper by 
Greenhill in the Fn.-eeedinys of Ike lloyid Arlillr.r>i Institution, vol. xiv. 1886. 

Ex. Show that for the cubic law of resistance the velocity is a minimum at 
the point given by the negative icol of the quadratic p- -vi{nt" + 3) p = l. Show 
also that when the direction of motion is perpendicular to the oblique asymptote, 

the 'eta i:' octal velocity u is given by — ni — -■■ where 1, is the limiting velocity. 
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102 RESISTANCE VARIES AS «"' POWER OF VELOCITY. [CHAP. III. 

178. Some formula 1 have also beers given by the bate I'vnf. Adams to determine 
the coordinates of a particle ijiojeoled at any inclination to the horizon on the 
supposition that the resistance varies sis the «th power of the- velocity and that the 
path 13 not very curved. These were rarst published in the Proceeding* of tin 
Ttnyal Hw.iety and proof's were jrivci: in N-.iiun 1 . vol. x:.i.. 1H30. These appear to 
be long, but they admit, of gvesit abbreviation. 

179. The equation of a Irujei'lnnj being gice.n in lite, form cos ■i , = i J"((i cos ■*■), 
i( i.» )' f (/«■<■« tf (o jjdif ffc («if (jf' resistance. 

We notice tha.t, the wj-ialion fan be written in tins form, except when p cos -,i is 
constant, for in that ease p cos ■■■> car.not be taken as the independent variable. 
This excepted curve is the c atenary o f emia! at.; cngth. 

Resolving horizontally and tangent iaily, we have 

£(.«.«- -iw, I— i-,a.t d). 

Eliminating (it flcosi<>=~ («cos^)(K + g sin ^); 

.■.A^m^-fdnf^Mif) (i). 

IkTiior-irering thr.t the r.smi! n isolation gives .'■■ ; .. , .>— a eos -f, nc dave cos ■S/=f{v-jg). 
Substituting this value of eos^, the expression for the resistance B has been 
found. We may also write the expression in the form 

r. I--.H-/1' £<•/) m. 

where f=f(v i fg) and the sign of the radical follows that of sin i//. 

ISO. J2(c. 1. Find the law of resistance when the trajectory is a cycloid with 
the cusps pointing downwards. 

In this curve p=2<icosi£, .-. f=vjJ2ag. "We then find that the resistance 
fi= - 2jj (1 - n s /2a-(j)i. Since the radical follows the sign of sin ip, E accelerates tins 
particle on the ascending and retards it on the descending branch. Since 
i: = eofi$,J2ug the particle comes to rest at the cusp. The resistance R is then 
acting upwards and is equal to in. the particle then moves vertically. See Art. 176, 
Ex.5. 

Ex. 2. Find the ifi.iv of resistance when 11. e t razee liny '- i l"i ■.■ ■■■ ;^(-n iu. v '^'''l-yj' 
tti_en:-jlj_'-.i;h '.hi: concavity downwards. 

The normal and tangential resolotiens shoiv lliat v is constant aud 11= -gsinf. 
R is a resistance therefore only on the descending branch. 

Ex. 3. Find the law of resistance in "he piirabola poos 3 f=2a. 

Ex. i. Find the law of resistance in The circle p = a. The resistance is 
-}»(l-«*/oV)* and o 3 = ai7eos^. 
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CHAPTER IV. 



CmSTRArNED .MOTION I.N TWO DIMENSIONS. 



Constrained Motion. 

181. A parti.de, constrained to describe a given smooth 
curve, is under the action of tj-iven- forcen. it is required to find the 
velocity and the reaction bet-ween the earve and the particle. 

Let the curve be referred to fixed Cartesian coordinates and 
let its equation be y =/(%). Let (%, y) 
be the position of the particle P at the 
time (, rn its mass, X, Y the resolved 
forces. Let the tangent at P make an 
angle ty with the axis of x, and let p be 
the radius of curvature. Let R be the 
pressure of the curve on the particle 
taken positively in the direction in which 
p is measured ; this direction is generally 
inwards. 

When the path of the particle is known the relations between 
p, the arc s and the other lines of the curve are also known. It 
is therefore generally more convenient to choose the tangent 
and normal as the directions in which to resolve the acceleration. 
; in these directions, we have 




mv —. = X cos >jr + Fsin ■$■. . 



.•(i). 



— — Xamjr+Ycoajr + R.. 



..(2). 



From these two equations we may deduce all the circumstances of 
the motion. 



,Google 



104 CONSTRAINED MOTION. [CHAP. IV. 

Considering the tangential resolution we see that since 
cos ty = dxjds, sin ty = dyjds, 

mvdv ~ Xdx + Tdy (3). 

There are two cases to be considered according as the right-hand 
side of this equation is or is not a perfect differential of some 
function of a; and y. 

In the former case the forces ore called conservative. Let 

Xdx+Ydy=dU (4). 

We therefore have by integration 

$mv* = U+0 (5). 

Let (&„, y„) be the coordinates of the initial position A of the 
particle, and let U become U„ when we write for m, y, their initial 
values. We therefore have 

$mtf-±mvf=U-U (6). 

This equation is one ease of a general principle usually called 
Hie Principle oL Yis Viva. 

The dynamical peculiarity of this case is that the equation of 
the tangential resolution can be integrated without using the 
equation of the constraining curve. It follows that if the particle 
is projected from a given point A vntji- a given >:elovity and if it is 
conducted to another point P by constraining it to move along an 
arbitrary curve, then, whatever the path may be, the velocity of the 
i arrival at P is always the same. 



182. When the forces are such that Xdx + Ydy is not a 
perfect differential of any function of x and y the velocity cannot 
be found without using the equation of the constraining curve. 
Putting y=f(p), we find 

$mtf=f{X+Yf'(a;)}da; + C, 
Since X and Y can be expressed as functions of sn by the help 
of the equation of the curve, the integration can be effected. Let 
the integral be F(x), We then have 

Jrou' - £mV = F{x) - F (>„). 
In this case the change of vis viva does not conserve the same 
value for all paths. 
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183. Let us next take into consideration the equation of the 
normal resolution, viz. 

— = - X sin ijr 4- Fcos yjr + E. 

The term mtfjp is called the centrifugal force of the particle*. 
This is another name for the norma! component of the effective 
force, Arts. 36, 68. 

The force R is called the rb/iitn^'id^-jjrefimre of the curve 
on the particle, and - R is the dynamical pressure of the particle 
on the curve. The two terms — X sin yfr+ Ycos ^ make up 
the resolved part of the acting forces along the normal to the 
curve and are together called the sM^iij/jv-^iijli' of the forces 
on the particle. Taken with the opposite sign? they are the 
statical pressure on the curve. 

184. We are now in a position to apply the two fundamental 
theorems to determine the motion of a particle on any given fixed 
curve. 

First, we use the equation of vis viva, viz. 

change of kinetic energy = work of the forces. 
In this way we find the velocity. 

Seocufl.b/, the dynamical pressure on the particle in any 
position is given by the equation 

vrnf- _ /normal \ /dynamical \ 

p \force inwards/ V pressure / ' 

185. Work Function. The usual methods of finding the 
work of a system of forces are explained in books on Statics. As 
however the solution of our dynamical problems depends so much 
on our knowledge of these rules, it has been thought not im- 
proper to recall to mind those few which we shall here use. A 
more complete list applicable to a system of rigid bodies is to 
be found in the author's li-imd Dyxainicn. 

* It is perhaps unnecessary to observe that the centrifugal force is not an 
actual force acting on the particle in addition ;o the impressed forces. It is 
merely a name for the quantity un-'-jp, ami measures the amount of force which 
must, act tmvaitlri iln; concave side ot the pa~!i in pvodvice the eurvature 1/p; the 
mass of the particle being: ■>,>. ami the velocity v. By the first law of motion the 
particle tends to move in a straight line and the force necessary to curve the path 
m said to be spent in overcoming the centrifugal force. 
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If X, Y arc the components of a force F the work done when 
the particle receives a slight displacement ds from the position 
x, y to x + dx, y + dy may be written in either of the equivalent 
forms 

Xdz+Ydy = F cos <f>ds (1), 

where <£ is the angle the direction off makes with the tangent to 
the path, see Art. 70. That the work of the two forces X, Y is 
equal to that of their resultant is proved in Statics. It is also 
seen to be true by resolving the forces along the tangent ; we 
then have 

„ dx , r dy _ 
X =- + Y -; L - F cos A. 
ds as 

which is equivalent to the equation (I). Either side of (1) is also 
called in Statics the virtual- iiuim-eiii <>j the force F. 
The integral U when used in the indefinite form 
U = fFeoa<f>d3 + C 
is called soincumcs ike- J^pee /ijucijoii am! ■•unu/tinies the i'"'i''p_ 
function. The definite integral U—U a is the work done by the 
force F as the particle moves from the position (# , y„) to the 
position (x, y). Here U represents the same function of x a , y„ 
that U is of x, y. 

186. Work of a central force. Let the central force F 
be regarded as repulsive in the standard case. Let it tend from 
the centre S and be equal to f(f) whore r is the distance of the 
particle from S. Then since dr/ds is the cosine of the angle 
the distance r makes with the displacement ds of the particle, 
the part of the work function due to F is fFdr. The integration 
is to be taken from the initial position A to the final position B of 
the particle. 

When the force under considerfdion ii gravity the centre S is 
regarded as being infinitely distant. We then replace dr by ± dy, 
the upper or lower sign being taken according as y is measured 
downwards or upwards. Supposing the weight of the particle 
to be mg and that y is measured downwards, the work of the 
weight is 

jmgdy = mg(y-y a ). 

This rule is usually read thus, the work done by gravity w the 
■weight multiplied % the vert-leal space descended. It should be 
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noticed that the work is independent of the horizontal displace- 
ment. See Art. 70. 

187. Work of an elastic string. The case in which the 
particle is attached to a fixed point S by an elastic string differs 
from that of a central force tending to the same point in a certain 
discontinuity. If I be the unstrel ched length, r the actual length 
and E Young's modulus, the tension T is given by Hooke's law 

r — l 

T=E —j— when the string is tight, i.e. when r > I, but the tension 

is zero when the string is slack, i.e. r < I. 

Let the work be required when the string is stretched from a 
Jength lj to l, 2 , and let T„ jP s be the tensions at these lengths. If 
both I, and l. A are greater than I, the work is 



J {-T)dr = 



-%[(k-iy-(h-m 



The work done by the tension is therefore equal to minus the 
arithmetic mean of the tension* multiplied by the extension. The 
work done by the force which stretches the string in opposition to 
the tension is the same taken with the positive sign. 

This rule is of considerable use when the length of the string 
undergoes many changes during the motion, being sometimes 
greater than the nnst retched length and sometimes less. It is 
important to notice that the rule, as given above, holds in all 
these cases provided the string is tight in the initial and final 
states. If the string is slack in either terminal state, we may 
still use the same rule provided we suppose the string to have 
its natural or un stretched length in that terminal state. 

188. The equation of vis viva holds also when the particle is 
free from constraint and is acted, wi In/ an;/ conservative system of 
forces. For, whatever curve the particle may describe, we may 
suppose it to bo constrained, like a bead on an i maginar y wire, 
to describe that path. The pressure is then zero throughout the 
motion, but, what more immediately concerns us here, is that 
the equation (6). of vis viva continues to hold under these 
circumstances. 
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189. The whole area or space taken into consideration when 
the forces are expressed in terms of the coordinates is called 
the field of force. Such a field is usually defined by expressing 
the force function (when there is one) as a function of the co- 
ordinates. 

It follows from the principle of vis viva that when a single 
particle moves in a field defined by a force function the kinetic 
energy of the particle in any and every position differs from the 
value of the force function at that point by a constant. The 
constant is independent of the direction of motion, so that two 
particles of equal -ma-toi projected front the sum-e- point with equal 
velocities but in different directions will always have equal velocities 
whenever then V a!i * or '"' a 'fi 1 ' 3 ' 1 'point of the field. 

1BO. Examples. Ex. 1. A particle is projected from a u.iven point on a 
smooth curve and is acted on by no forces. Prove (1) that the velocity is constant 
Find (2) that the pie.-^me varies as the curvature. 

Ex. 2. A heavy particle /■' describes a. curve and in any position a normal PQ 
is drawn outwards, so Lhat PQ is cjual to .half Tlio radius of curvature at P. 
Prove that the velocity r, and the pies-nre /.' on too particle measured inwards are 
giv!- bj 

v^—2gz, iJp = 2nij/s', 
where z, z' are the depths of P and Q below a certain horizontal straight line, 
which may be called the. lavnl «J no rdov.'itii. Prove also that the particle leaves 
the curve when Q crosses the love' of no velocity. 

Supposing that the axis of ij in the standard iie-ure of Art. 13.1 is drawn 
Upwards, the two fundament a I (■■rjr.iiiiov.H for a heavy particle are 
Jnw 1 - 1«V= " m 9 {>! ~ Vo)' 
mu a /p= -mg oosi^ + JJ. 
If we draw a horizontal -tsn'^nt lino at an altitude ;/\, such that '!)!, — n>),- ■■■ i ('.-.-, 
we sea that 

*=■$!-$, «'=Jf!-!/ + ipoosf. 
The results to he proved feUow unmed lately. I; the pai tide is constrained to 
remain on the curve merely by the pressure J? it will leave the curve when S 
oiiar.jTes si"ti. l!u' this is v.T.at tiappo:'.- v.her. u eios-i s the level of no velocity. 

Ex. 3. A particle is swim;; round a iixotl point at the end of a string in a 
vertical plane. Prove that the sum of the tensions of the string when the particle 
is at opposite ends of a diameter is the name for a!! diameters. 

[Coll. Exam, 1SM0.] 
Ex. 4. A heavy particle, constrained to describe an ellipse whose plane is 
vertical and major axis inclined at an angle a to the horizon, is projected from the 
upper extremity A of the major axis with a velocity v a . Find the velocity i\ 
with which it passes the upper extremity 11 of the minor axis and the pressure 
at that point. 
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Since the altitude of B above A is the difference bet* 
and GB on the vertical, the equation of 
vis viva gives 

!«.(»,»-»„*)=-*¥(& cos a-a sin a). 

This gives two equal values of v, with 
opposite signs. One or the other is to be 
taken according as the particle is pro- 
jected from A upwards or downwards. 
If the values of c, are imaginary the 
particle will nol ['each /;. 

The pressure Jt, at B is found by re- 
solving the forces alon;.; J IV inwards. We have 



the projections of CA 




«)-*<^ ri !i-fi+"r i ! 



where p 1 = n"jb. 

Let ns suppose that in addition to it.-s weight ilio particle is acted on by a centre 
of force at the focus S such that the attraction, at a distance r is pr". The equa- 
tion of vis viva would then have on the right-hand side the additional term 
- \jir"dr, the limits bring the initial and tins final values of i-, i.e. c=a (1 +e) and 
r = a, Art. 186. The velocity v, is then given by 

sr/i the pressure is detenu meu by 

ft '" *' 

Let us nest attach the particle to the centre (.' by an elastic suing whose 
natural length is I The effect of this is to add another term to each equation. 
If l<b and <« the string is stretched throughout and the term to be added to the 
equation of vis viva is - J {Tq + TJ (b -a) where T„ and r, are the tensions at J 
and B, see Art. 187. In our case r =E(a-(]/I and T, = E(ft-[)/£. If however 
i>i> and «=<i the string becomes slack s.L some position of the particle between 
.1 andfl; the term to be added is now - J (Tt + TJil-a) where 2\ = and T„ has 
the same value, as before. Lastly if !--h and ;■-•/!■ the string is slack throughout 
and no term is to be added. 

The equation of pressure will also have an additional tern! on the right-hand 
side. This term is T, , where T, has Lhe same value as in the equation of vis viva. 

In this way Ike velocity of the panicle and the pressure at any point may be 
found with ease no natter how complicated the forces may be. 

Ex. 5. A small ring without weight can slide iieely on a smooth wire bent 
into the form of an ellipse. An elastic string whose natural length is I also passes 
through the ring and lias one end auacheu to the i'osus S and the other' to the 
centre C. The tin;' Ixoig prejeend from tire extremity .! of the major axis, prove 
that the velocity v, , and the pressure R, at tho extremity B of the minor axis are 
given by 



Pi « 

where T„ = E (3a + ae - 1)11, r, =E {« + b - l)jl provided the string is stretched at the 
beginning and end of the transit. 
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Ex. (5. A heaw "mad is miliary at the i meui'ty of ;'ie horizontal diameter of 
a uniform heavy smooth circular wire whose plane is vertical. The system falls 
from rest through a space equal to the radius. The circular wire is then suddeuly 
fixed in space. Find the subsequent motion of the Lend, and determine if it ever 
comes finally to rest. Find also the pressure on the wire for any possible position 
of the particle. 

Ex. 7. A port-id e, constrained ro describe a circular vdrc, is acted on by a 
central force tending to a point on tho cite'.imiereneo and varying inversely as the 
fifth power of tho distance, prove that the pressure is constant. 

Ex. 8. A particle is constrained :o tleseibio an equian ; -n!ar spiral and is acted 
on "by a central force tinging to I he pole whuse aeeeli ration is /;./■". The particle 
being projected with a velocity ;■■ at a distance »,, front tlie pole, prove that the 
velocity and pressure are given by 



If h=-S and v f ,=Jp.ja, the pressure E-0. The. spiral h therefore a free 
path when the foree varies as the inverse cube of the distance, and since any point 
may be regarded as the point of projection, ti:, irs/uciii/ ni evcri/ point is given iaj 
V.Mr. 

Ex. 9. A partide v.-. ooiistianiod to tnovc ii. an ellipse aloia; ■.vluch it is pro- 
jected, and the straight line joining the foci attracts according to the Newtonian 
law. Prove that the resultant attraction varies inversely an the normal and that 
ll-O velocity is cen-taivl. 

Ex. 10. A particle of unit mriss moves in :i smouti'. circular tube of radius a, 
Under the action of a centre of I'oree which repels as die inverse square of the 
distance. If the centre of force l;e midway between the centre- of the circle and 
the circumference, and the p'irtk-te lie projected from the era of the diameter 
through the centre of force remote from tlint point, with a velocity whose square is 
ill- 1\/3 - 1)/3«, the particle will oscillate tlirua;;:: an are 'iiru/ii on either- side of the 
point of projeation. [Coll. Ex. 1897.] 

Ex. 11. A particle is constrained to describe a lemniscate and is under the 
action of two eenUal fou:es tt adiia: to the loci ami vnryiiig inversely as the cube 
of the distance. Supposing the foices to he equal at equal distances from tlie foci, 
prove that the pressure at any point /' varies as tin- distance of P from the centre 
of the curve. 

Ex. 12. A particle slides down a smooth curve in a vertical plane. If the 
pressure on the curve is ahve.ys X times die weight of the particle, prove that the 
differential equation to the curve is y + c=a (<2a;/rfe-X| ±2 . [Math. Tripos, 1863.] 

191. Rough Curve. When the particle slides on a rough 

curve the friction uctv opposite to the direction of motion and its 
■ma (jnitv.de is i/. t'm.us the riormul //re :«»■<■£■ tahei> positively. The 
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equations of nioLion are by Art. 181 

<&> tr -,-r ■ r, 

mv j- = X cos y + ¥ sin ^- ± /ill, 

=-Ism^r+ Y cos -Jr + R, 

It is important to determine the sign? of the terms containing 
R before proceeding with the solution. The initial value of the 
velocity being known the second equation determines the initial 
direction of R. Taking R to act positively in the direction thus 
found, it will continue to bo positive during the subsequent 
motion until it vanishes. The initial direction of the velocity 
being known, the friction p,R must be made to act in the first 
equation opposite to that direction. If the particle start from 
rest the friction p,R must be made to act opposite to the direction 
of the tangential force. The sign of /a will then continue un- 
changed until either the pressure R or the velocity v vanishes and 
becomes reversed in direction. 

To solve the equations of motion we in general eliminate R. 
Remembering that when s and -^ increase together p =dsjd-ty, we 
obtain an equation of the form 

3+ ±2 '" ,=P ' 

By using the geometrical properties of the curve we express P in 
terms of ^r. The equation being linear, we then have 

The value of v being found, the value of li follows from either of 
the equations of motion. 

192. Examples. Ex. 1. A particle is projected with a velocity F along a 
rough horizontal circle in h medium whose resistance varies as the square of the 
velocity. Prove that 



where v is the velocity after a lime (, .i the arc described, and 3 

Ex. 2. A Email bead of unit mass is constrained to move along a rough wire, 
bent into the form of an aqaiangulaj spiral of angle a, in a medium whose 
i (HKistiuieo is >.'- cos ?-;'■ uiifl i-s under the action of no other forces. Jf the cotilieii-nt 
of friction is cot Li, prove ;hat the thv.e. of tiinellin;; frnni a dU'incc i: to a distance 
b from the pole is e' (b-c)/Feosa where ci~b-c, and V is the velocity at the first 
of these points ana is, di'ecteil from the pole. 
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Ex. 8. A heavy particle moves on a rough cycloid placed with its convexity 

upwards anil vertex uppermost. The particle U started w::h an ir.dor'inittly small 
velocity at the point or. which the tangei.i inala-s with the heiizon an angle e equal 
to the angle of limiting friction. Prove that the velocity at a point at which the 
tangent makes an angle <p with the horizon is 2. s /b.7 sin f^-e) and that the particle 
will leave the curve at the point at which :i:o velocity is s ''>«(/ (cos-1,e- sin-t E ). 

[Coll. Ex. 1889.] 

Ex. 4. A particle is projected horizontally with velocity r along the inside of a 
rough vertical circle from the lowest point, prove that if it complete the circuit it 
will return to the lowest point with a velocity v given by 

o*=F*e- 4 » w -2n i 7{a^-l)(l-e- 4 ^')/tV+l)- [Coll. Ex. 1887.] 

193. Condition that a constrained motion is also free. 
It has already been pointed out that the required condition is 
that the pressure R must be zero throughout the motion, see 
Art. 190, Ex. 8. In this way we easily obtain several useful eases 
of free motion, 

If T and N he the tangential and normal component- of tin: aecoleiall.u;" force 
estimated positively in the directions in which the arc a and the radius of curvature 
p are measured, we may prove that the condition R-0 leads to the result 
2T—~ (pW). This is obtained by eliminating r- between the normal and tangential 
resolutions in Art. 181 and differentiating the result. This form of the criterion 
though necessarily tine is not sufficient to make Ji = 0. As no notice is taken in 
it of the initial velocity, it is generally leas convenient than the simple rule 
that H=0. 

184. Examples. ICx. 1. A particle ia oongtrained to describe a smooth 
circle under tbe action of two centres of force 
tending to fixed points S, S' on the same 

diameter, t':u; ace-;;l crating tureen being a/r 1 
and w'/i''"' where r, r' are tin: distances of the 
particle from the centres of force. If S and 
.S ,; ore inverse points, prove that the pres-sn-e 
can be made zero by giving /t'j/i and the 
velocity of projection suitable vol nes. 
Let a be the ratiius; k, h' the distances of .S', .S" from the centre C. Since the 

points are inverse W>'=a 2 . HP be the particle the triangles SPC, STC are 

similar and j J /i'=a/i. The fundamental resolutions give 
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In order that R = we have two conditions 

in »=»■(!)', m v.^+i. 

Since r'fr — aib. the Jiist ivmliLion ijicws that the tangential accelerations due 
to the two forces are equal at all points of the circle. Since any point may he 
regarded as the point of projection the second condition gives the velocity at all 
points of the orbit. Suite t\, is Kcro at. an i i i t L : i i. I ij distance, this formula shows 
that the velocity at any point of the orbit is the same as if the particle were eon- 
ducted from rest at an infinite distance io thai point; Art. 181. 

If the two centre.-; of force a:o ii:aelinitc-ly noav to each other the iCHultaiu, 
attraction at any point P at a finite distance from them is the same as that of a 
single centre of force of double the intensity of either. Hence we arrive at Newton's 
theorem that a circle can he described freely under a sing!e centre of force whose 
ac.celerati.ni caries an the inverse fifth pou-er, the centre of force being on the ci.r- 

:-((Bl.'"fi , i:Ji!T'. 

When the particle come? indefinitely close to the two centres of force, they 
cannot he considered as one centre. The particle pa^-i^ tu tv.icu the two centres 
with an infinite velocity. The two centres of force attract the particle in opposite 
directions with forces /i/(o-&) b and iifjyb'-af, both being infinite. The resultant 
force tending to the centre of tin: circle is therefore p.ja(ti.-l>'f which is also 
infinite. This last force give* the initial curvature to the subsequent path. 

Ex. 2. A particle describes a catenary unicr [he action of a force parallel to 
the ordinate. Show that if the pressure is zero, both the force and the velocity 
vary as the ordinate. 

Ex. 8. Show that a particle chu describe i> pariibobi under a repulsive force in 
the focus varying as the distance and another force parallel to the axis always 
three times the mniinirndt- of tht- former. Prove cIpo that if two equal particles 
describe the same parabola under the action of these forces, their directions of 
motion will always mtwsi'nt on n fixed eun'ueal parabola. [Coll. Ex.] 

Ex. i. If a curve be des'crijn.d under ;r.e actio-! of a iosco I.' tending to the 
pole and a normal force N, prove that 

*^r{»'i) + i[""i)-°- [«"■■"■»'•] 

195. Does the particle leave the curve P If the particle 
is a small ring which slides on the curve it is obvious that it 
cannot separate from the curve. In this case the pressure R may 
have any sign. 

If the particle slide on one side of the curve the pressure on 
the particle must tend towards that side on which the particle 
moves. The pressure R must therefore have the sign which 
suits this direction and must keep that sign throughout the 
motion. "When therefore the analytical expression for R given 
by the normal resolution (Art. 184) changes sign the particle 
3 from the curve. 
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Since the forces in nature cannot be infinite the points at which 
R can change sign are found by putting R=0 in the normal 
resolution. Let mf be the resultant force, and let its direction 
make an angle 96 with the normal. Then 

m«* . , , n 

= mt cos & + R. 
P 
The possible points of separation are therefore given by 

V*=fp COB <f>. 

Now 2p cos oi is the chm^jifjHirvainxe in the direction of the 
force inf. Representing one-fourth of this chord by c, the 
equation becomes v''= 2fc. Hence the particle can leave the curve 
only at a point sv.ck Had- the velocity is that due to one-fourth the 
chord of curvature in the direction of the resultant force. Art. 25. 

196. Examples. Ex. 1. A heavy lcLrticle :- suspended froia a jixoJ point C 
by a string of length a. A horizontal velocity d is suddenly communicated to the 
particle so that it begin? to dcsciibc a vertical circle. It is icq-aired to determine 
whether the particle will osciila'e or the stviuir become slack. 

The equation of vis viva- shows that the velocity ■■■ at an altitude ;/ above the 
lowest point of the circle is given by 



'. —=% 3 +ag-Sg V (2). 



The tension /;' is given by 



If the particle oscillate tin: velocity i* ^ro at the extremities of the are of 
oscillation. It follows from (I) that the altitude or' thin point above the lowest 
point is i> 2 /2i7. If the string become? slack the tension vanishes at the point 
of separation. It follows from (2) that this occurs at an altitude (t\, 2 -i- «(()/% above 
the lowest point. These points cannot be real points unless their altitudes are less 
than the diameter. 

We alto notice that the altitude of ;.iio- Jim of these poir.i*: is greater ov less 
than that of the second according as. j; i: " is greater or less than 2ag. 

If i , ,i'-~»-W' neither point is real. The particle nicst describe the whole circle 
and the string does not become sl.iek. 

If Vq- < '2u.tj the velocity vanishes »t an altitude lets than that at which the 
tension vanishes. The particle therefore oscillates ami the string does not become 

If u -<S(iy but >2«rj the string becomes Hack before the velocity vanishes. 
The particle therefore leavct the circle and describes a parabola freely in space. 

If the particle, instead of being suspended by a string, were constrained to 
move like a bead on a vertical smooth circle of radius a the particle eould not 
separate from the circle. It therefore oscillates or describes the whole circle 
according as i.' a «a or >iag. 
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Ex. 2. A bca:i can slide on a. horizontal circle of radius « and is acted on only 
by the tension of :in elastic string, the natural ku;:tli of v.-iiich in «, feed to a point 
in the plane of the circle at a distance 2a from its centre; find the condition that 
the bead may just go round. Prove that in Ibis case ii.e pressures at the 
extremities of the diameter through the fi\ed point will be Uviee and four times the 
weight of the be'ul if (hat weight be such as 1c sticieii the string to double its 
natural length. [Math. Tripos, I860.] 

Ea;. 3. A heavy t u l - t.i ! : U U allowed to slide down a smooth vertical circle of 
radius 27n from rest at the highest point. Show that on leaving the circle it moves 
in a parabola whose lotus rectum is 16a. [Coll. Ex. 1895.] 

Ex. i. A partialis moves on the outside of a smooth elliptic cylinder whose 
axis is horizontal. The major axis of the principal elliptic section is vertical and 
the eccentricity of the section is t: Tf the particle start from, rest on the highest 
generator, and move in a vertical plane, it will leave the cylinder at a point whose 
eccentric angle is <f>, where « ! cos 3 = 3 cos 0-2. [Coll. Ex. 1892.] 

Ex. 5. A par tin' (i l-i piojtcri'i] liuiiKimtelly lioiu ilie lowest point of a smooth 
elliptic are. whose major axis 2a is vortical ami moves under gravity along the 
Concave side. Prove that it will quit the curve at some point if the velocity of 
projection V is such that V- lies between 2;i«- and ;/a (j - i'-j, where, e. is the eccen- 
tricity; and if the velocity have, the latter value, prove that the particle will 
continue to move round the ellipse in the periodic time 

af-V r l 1 ^^* \ d&, [Coll. Ex. 1892.] 

\0J Jo (3-e s -j-2cos^ 

Ex. 6. A particle, projt c!i-d inside a. siuoo'li cireuiar tube, moves under au 
attractive force varying inveisely as the square of the distance from a point within 
the rim of the tube and in its plane. Prove that i\\u press ire cannot vanish at any 
point if the particle is performing complete revolutions. [Coll. Ex. 1897.] 

197. Moving curves of constraint. To find the equations 

of motion of a particle cons-trained to slide on a curve moving In 
its own plane. 

Let be any point of the plane of the curve which it will be 
convenient to take as origin. Let f be the acceleration of this 
point, then the motion relative to will be unchanged if we 
apply to every point of the curve and to the particle an accelera- 
tion equal and opposite to that of 0. If we also apply to every 
point an initial velocity equal and opposite to that of 0, we 
may regard as a fixed point. 'The -point is then said to have 
been reduced, to rest. 

We shall now take as the origin of the polar coordinates r, 0, 
where 8 is measured from a straight line Of fixed relatively to 
the curve. Let eo be the angular velocity of Of referred to a 
straight line Ox fixed in space. Let cj be the angle the radius 

8—2 



.Google 



116 CONSTRAINED MOTION. [CHAP. IV. 

vector r makes with the tangent. The equations of motion are 

dV \dt j m J m r | 
1 d . idQ , \ Q , , R ,[' 
r dt \dt J m J m r y 

where P, Q are the components of the impressed forces, and/,,y 2 

those of/ 

These equations may be written in the forms 

dh- fdffy P (R \ . 

1 d I „d0\ Q , do> (R _ \ 
rdt \ dtl in •" dt \m J r 

since rdd/dt = v sin <f>, dr/di! = v cos 0. 

These are the equations of motion we would have obtained if 
we had supposed the curve to he fixed in space and the particle to 
be acted on (in addition to the impressed forces) by three fictitious 
forces. The introduction of these forces in said to reduce the curve 
to rest. 

These forces are, (1) the force F 1 = — mf by which the origin 
is reduced to rest ; (2) the force F a = mafr acting on the particle 

along the radius vector from the origin : (3) F 3 = ~ mr -- acting 

perpendicularly to the radius vector in the direction tending 
to increase 9. We also observe that the expression R — 2ma>v 
takes the place of the pressure of the curve on the particle. 

Here v represents the velocity relatively to the curve. The 
velocity in space is the resultant of v and the velocity of the 
point of the curve occupied by the particle. 

By resolving the impressed and the fictitious forces along the 
tangent we obtain an equation free from the reaction, and from 
this the velocity v of the particle relatively to the curve may 
be found. This equation is 

By resolving the forces along the normal inwards we have 

— =N+R~%m<ae, 

f 
where JV is the normal component of the impressed and fictitious 
forces. This equation gives R. 
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If the curve turn with a uniform angular velocity about an 
origin fixed in space, these equations become 

im (f - v/) =jmay'rdr + J(Xd% + Ydy) 
= £mwV s + U+G, 

— = — ma> 2 r sin rf> -j- ( V cos ty — X sin ■&■) +- R — 2mtov. 
P 

198. Examples. J'.'a:. 1. Ahead cau slide freely oi'i a smooth civoalar wive. 
Initially the bead is at rest at a point J. The cjro.o Uioii bos'.ns to turn with, 
uniform angular velocity abii.it a point in the rim, where OA is a diameter. Prove 
that when the bead is at a distance r from 0, the pressure on the curve 

= nuij»(Sr»-4ar)/2a, 
where « is the radius o; :'m euele- mni i,i Lhe mass of the bead. 

To reduce the circle to rest we apply Ibe- iietilioo- secf-:.?! alius; force F., — u-r. 
Hence £l> ! = JwV+ C. Sinne tho bead is initially at rest in space, it has a velocity 
relatively to theenrveu = - u . 2a when r=2o. Hence C = and w= - or through- 
out the motion. To find the pressure, we have 

v- „ r li „ 
-=-<A-.5- + --2wi), 

Siibstitiitiiifj for !■ its value, this gives the result, 

Ex. 2. A bend is at. rest on an e;|ni; : .n:;u!ar spiral of ii:i?b:. a at a distance <I 
from the pole. The spiral begins to turn rovirid its pole with an angular velocity ui. 
Prove that the bead come; to a position of relative rest when r — n cos a, and that 
the pressure is then JmavJ sin 2a. Prove also that when the bead is again at its 
"ihiiiia.' aistanee from ihe jjoio, the pecssnee U aiid'u sin ::{'■'■ ■ sin- a). 

199. Time of describing an arc. A heavy particle is in 

stable equilibria-Hi at the lowest point A of a smooth fixed curve. 
Find the time of a small oscillation. 

Let <f> be the angle the normal at any point I' near j-1 makes 
with the vertical, s the arc AP, p the radius of curvature at A. 
Then ob is ultimately equal to sip. The equation of motion is 



- g sin <p = — g I - + Bs 3 + . . . J , 



when sin <£ is eNpanded in powers of s. If the are of oscillation is 
sufficiently small we may reject all the terms after the first powers 
ofs. The time of a complete oscillation is therefore 2-ir^pjg. The 
time of oscillation is Ih.erejbre the same as if the cons training curve 
were replaced by the circle of curvature at A. 

When it is necessary to take account of the small quantities 
of the order s 3 , it is more convenient to replace the equation of 
motion by its first integral, as in Art. 200. 
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Ex. 1, A particle P make 1 ; small cyriilafien.-i a.iiout ii position of stable equi- 
librium at the point ^1 of a smooth curve under ike attraction ol' a centre of force 
situated at a point C on the norma,] OAC to the curve, the magnitude of the force 

being /(r) where r = <7P. Prove that, the time of oscillation is 2t |; fy=J where 

F =/(«), a = i(6* t alien positively when C is on the convex side of the curve and 
p — OA is the radius of curvature. Notice that the time is independent of the law 

i;f force hut depends on its magnitude F at .1, 

Ex. 2. A smooth wire revolves with coir-brut ariguiar velocity w idiont a fixed 
point in its plane and a head is in relative equilibrium on the wire at an apse at 
distance a from the feed point; prove thai., ;:. slightly 'iistmijed, the period of a 
small oscillation is — . / ■ ■■ , where p is the radius o: curvature of the wire at 
the apse and is less than a. [Coll. Ex. 1887.] 

Reduce the curve to rest, anil use Art. 199. 

200. Time of describing a finite arc. By using the 
equation of vis viva the determination of the time can be reduced 
to integration. The equation of vis viva is 

where U— (f> {cc, y) .is a known function of the coordinates (x, y). 
The constant is known when the velocity is given at some 
pointB whose coordinates are (k, k). We use the known equations 
of the curve to express any two of the variables x, y, s in terms of 
the third. Choosing s as this variable we have U = -^(s). Hence 

J {+<!) + Cl* 

the integration being taken from one extremity of the arc de- 
scribed to the other, 

201. Ex. 1. A heavy par lie! c is projected from a point- A of a vertical circle, 

centre 0, with such a velocity that it would corns to rest at the highest point IS, 
Prove that the time of transit from A to P is . /-log — ■■ ? where BOA^a, 
BOP = $ and a is the radius. We notice that the time of arriving at the highest 
point is infinite. 

Ex. 9. Prove thai the curve sr.eli that '.he time oi' descent of a heavy particle 
from rest at a given point .1 down any a".'c .■! I.' i~ equal to the time down the chord 
is a lemni scats. 

Taking .1 for origin aad using polar cooi-i: nates. being measured from the 

downward vortical, the con ii Irion gives / -- /; — = 2 . / — h . Difrci'miiating 

/0\/(fcosfl) V cosff 

both sides and solving the diifci-enlial eriut. lion we find that 7 a =Asin28. The 

condition that the lower limit on the left-hand side is zero is found on trial to be 
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satisfied by this value of r. The required curve is therefore a lemniseate with the 
axis inclined at an angle of 45° to the vertical. 

J. A. Serret A reniarks that if the ratio of the times were k : 1, the differential 
ciputiuti would be 

<»-l>(as) , +M , «">»rjs + (l""M-l)H.O. 

This quadratic gives di'lnlO -fiO), and the solution is reduced to integration. 

The history of this problem is given in the Bulletin ill la .S'mrisfr; 5,[ath!iimtiqHv:s, 
vol. xx. 1892. It was first solved by Euler in his 3L-r!nH V ie 1730 and afterwards 
by Fuss in the Ms/noio:.' tt':n. ■!,:■ S>iin! J'---!iri-i'l>*:iir<!, 13i!-i. Hispal gives a geometrical 
proof in LifmvUk, xit. 1847. 

Ex. 8. A particle is anted on by a centre of force varying as the distance. If 
the time of describing from rest an arc from a jnvt.n point .1 is equal to the time 
d!' describing l.he ciioul, prove thr.t tins curve is a lemniseate. Ossian Bonnet, 
Lio-uville, vol. m.^/g^J. #.//(*, 

Ex. 4. If the lifut- of dc.-ci'ii:. <:.:. a heavy particle i'roin rest at a given point .' 
down any arc AP bears to the time of uosoeni do mi the chord a ratio equal to 
the ratio that the length of the arc bears to fc times the length of the chord, 
prove s = Cy, where y is the vertical ordinate of P and C is a constant. 

202. Subject of integration infinite. A difficulty some- 
times arises in finding the time of describing a finite arc AB if 
the velocity is aero at either limit. Let a particle be projected 
from a point A in such a maimer iluit the velocity of arrival at B 
is zero. It is required to find the lime of de^cvlhhoj {lie arc AB. 

Let the points A, B be determined by s = a, s — b. Si nee the 
velocity at B is zero, we have C — — ty(b). The time of describing 
the arc AB or BA is therefore given, by 

the limits of integration being a, b. 

The subject of integration is infinite at the limit s — b, but 
the integral itself may be finite. If we write s = b + a, we can 
express the work U in a series ; let 

U - TT a = f (s) - $■ (ft) = Mo* + . . . , 
where n is the lowest power of u in the expansion. The part 
of the integral from s = ft — tr to b {a- being small) is + I v^i — ^ . 
This vanishes with <r if n < 2 but is infinite if n = 2 or > 2. 

If, as usually happens, Taylor's expansion holds true, we have 
ji = 1. The time to or from a position of rest is then finite. 
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120 MOTION IN A CYCLOID. [CHAP. IV. 

If the point B is a position of equilibrium as well as of rest, 
we have dJJjds — when u — 0. It follows from Taylor's theorem 
that n = 2. The time to a position of '''«** '-'t eqv.iUbriu.m is therefore 
infinite. If Taylor's theorem does not hold, n may lie between 
1 and 2 and the time is then finite. 

Another rule, ijivcji by [Jcsiiovvoiis in his C.-'ofU-s rfr> Mf:et>iti-:]!ie, h vi'cf'ol it fen 
gravity h the. acting force.. If 1! is a posiL-io.-'L of e:iuilibiium the tangent at U is 
horizontal. Let p be the radius of curvature at B, 9 the angle the normal at any 
point P neat B makoe ivii.lL the wrl.ieal. Tin; equation of vis viva is then 



'*; 



=2gp{l- 



®H^=$1;-. 



'.( therefore infinite unlets the. radius of c, 



203. Examples. J&r. 1. A heavy particle is cons trained to describe the 
curve ai'+y^=o*, the axis of jy being vertical. Show that the radius of curvature 
at every cusp is zero. Show also that a particle projected from the lowest eusp 
with a velocity {2#a)i will arrive at the next cusp in a lime which is three times 
that of falling freely from rest at tin; origin to the lowest cusp. 

[Despeyrous' problem.] 

Ex. 2. A small ring can elide freely on a smooth wire bent into the form of a 
cycloid. The axes of x and y being the tangent and normal at the vertex B, the 
force function is ijiveii by U = Mif" where »< is positive und < I. Prove that if the 
particle is projected from a paint V whose ordinate is h with a velocity [■lilh m )~ tiie 

time of arrival at B is ( whore 3fi(l-m)t=2a"ft " . 

Ee. 3. If the only force acting on the particle is gravity U-gtf. lty = Ms H + ... 
prove that p = N* s ""*'+... where jV _1 = -V)j{n-l), provided n>l. Hence «<2 when 
p=0 and B— 2 or is :>3 when p is limle oi iiiiinito lit the position of equilibrium. 

u.ib.b«. ,S-£-!i-(gYl'. 



Motion in a cycloid. 

204. j1 7mkm;p/ particle is constrained to move in a smooth 
fixed cycloid -whom plane is vertvxd ami vertex downwards. It is 
required to find the motion. 

Let A, A' be the cusps, the vertex, OQD a circle equal 
to the generating circle placed with its diameter on the axis OD, 
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C its centre. Let PQN be a perpendicular on the axis drawn 
from any point P on the cycloid. The following geometrical 




properties of the cycloid are given in treatises on the differential 
calculus. 

(1) The tangent at P is parallel to the chord 0Q and the 
arc OP is twice the chord 0Q. 

(2) The radius of curvature at J' is parallel to the chord QB 
and is equal to twice that chord. 

(3) The distance PQ is equal to the circular arc OQ, 

Let the angle QDO = cf>, and let a be the radius of the gene- 
rating circle. The tangential and normal resolutions at P give 
(Art. 181) 



w*=-f> s 



<lt 



> = -9 



■in. 



..(i). 



The first equation shows at once that the motion is oscillatory, 

Art. 118. The time of a complete oscillation is 4tti/-' and in 

independent of the arc described. Let t be measured from the 
t at which the particle P passes the vertex, let c be_ the 

ni-arc OB of oscillation. The first equation gives 



■(a/40- 



It follows that if two particles oscillate i.u the same or in equal 
cycloids both starting from the vertex, the two arcs described 
in equal times are in a constant ratio, viz. that of the complete 
ares. If therefore the circumstances of the motion of a particle 
oscillating from cusp to cusp are known, those of a particle 
oscillating in any smaller arc can be immediately deduced. 
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205. If b is the depth below the cusp of the extremity B of 
the arc of oscillation, we have by the principle of vis viva 

a" = %g (2a - b - ON). 
It follows at once from the geometrical properties of the curve 
that 

R = 2mg cos tp — . 

The first term is twice the resolved weight of the particle along 
the normal at P; the second is the centrifugal force of a particle 
moving uniformly with the velocity due to the depth below the 
cusp of the extremity B of the arc of oscillation. 

206. Examples, Six. 1. A particle oscillates ill a complete cycloid from 
cusp to cusp. Prove the follow-in;: properties. 

{lj The velocity r at. any point f is equal to the resolved part of the velocity 
V at the vertex ulomi the lau;:ei;o at P, i.e. v = Veos<p, 

(2) The time of describing an arc OP is proportion:;.! to the angle ODQ, i.e. 



* m »Ju- 



(3) The particle moves as if it wore rigidly attached to t.he generating circle. 
that circle being supposed to roll with a uniform anjulitr velocity on the base AA'. 
This follows from the last result because di,',!dt is constant. 

(4) The centrifugal force at any point P is equal to the resolved part of the 
weight along the normal at ./■', and the pressnre is twice cither of those. 

Ex. 2. A heavy particle stcit- from rest at a point A of a cycloid, prove that 
the time T of transit from any point P to any point Q is given by 

where p, q, I are the depths of P, Q and the vertex below the level of A, and a is 

the radius of tt.ie 'reneiatiu;: circle. 

Ex. 3. A particle slides down a smooth cycloid starling from rest at the cusp. 
Prove that the whole acceleration at any instant is in magnitude equal to g and 
that its direction is towards the centre of the gcne^atini; circle. [Coll. Ex.] 

The required acceleration is equivalent to the resultant of g and R/m; the 
icsui.t. follows at once front the triangle of accelerations. 

Ex. i. A smooth cycloid is plitccd villi its axis All inclined to the verrica', 
and its convexity upwards; a particle begins to slide down the arc from A, and 
leaves the curve at P ; the perpendicular from P on AB cuts at Q the circle on AB 
ii.h diameter, and QP, is a diameter of this circle; prove that PR h horizontal. 

[Math. T. 1883.] 

207. When a pendulum is removed from one place to another 
the number, n, of oscillations in any given time {such as a day) 
is altered by the change in the force of gravity and the alteration 
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THE CONVERSE PROBLEM. 



123 



of the length I of the pendulum duo to a change of temperature. 
Since the number of oscillations In a given Lime varies inversely 
as the time of a single oscillation, we have n 2 = Ggjl where C is 
some constant. Taking the logarithmic differential, we find 
Bn _ §7 Bl 

This formula is a very convenient lirsi approximation to the value 
of Bn. 



ids pendulum brought to the summit of a 
x seconds per day if the attraction of the 
untain is of the form of table-land, the loss 
t. The length of the pendulum is supposed 

t the tup of table-land is g 1 1 - j - J nearly 



20B. Ex. 1. Prove that a se. 
mountain x miles high loses about 
mountain ciiii In; neglected. If the 
ipi only live-eighths of the above amo 
to be unaltered. 

I!y llr You:i[;'s rule the altr.ciiui 
wiie;'e a is ibo radios oi' ill? earth. 

Ex. 2. A railway train is running smoothly along a curve at the rate of (SO 
miles per hour, and a p!;ndi,h;;.j; which would ordinarily osciilatf -builds is observed 
to oscillate 121 times in two minutes. Show that the radius of the curve is 
approximately a quarter of a mile. [Coll. Ex. 1395.] 

Ex. 3. If the moon be in the zenith, prove that a seconds pendulum would be 
losing at the rate of ^th of a second per day. 

The moon attracts the earth as well as the pendulum unci its lusuubiug effect is 
measured by Che difference of its attractions at the centre of the earth and at the 
pendulum. This is -= [-] g where M=-fcE is the mass, and r=60a is the 
distance of the moon. 

209. Ex. 1. A heavy particle uncinates on a smooth fixed curve, and the 
periods of oscillation in all arcs arc Lhe same. Prove that the curve is a cycloid. 

Let the axis of y tic measured vertically upwards from the lowest point of the 
curve and let y-h be the initial value of y. Let the equation of the curve be 
s=j[y), where s is the arc measured from the lowest point. Since u a = 2jj(/i-j/) 
the time < of reaching the lowest point is given by 



Put y = hz, then 
Since the time t is 






i: have (l!jilh = 0. Hence 



Tins equation requires that the scemid factor under the integral sign should be 
zero. If this were not true we could, by taking h small enough, make that factor 
keep the same sign, while kz varies from hz-0 to hz- ft. Every term of the integral 
would then have the same sign and the sum could not be zero. Hence wf'(kz) is 
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independent of 11, anii therefore /' U\:)-- '.'■! \h.z\~'' where J/ La a eon -aant independent 
of h and a. We thus find by an easy integration that the arc /(?/) = SJWy^. This is 
the equation of a cycloid 'nnviii" tlio line joining the cusps horizontal. 

Ex. 2. A body of mass M can slide on a perfectly smooth horizontal plane 
and has attached to it a thin tube in the vertical planp < : on lining the centre of 
gravity. The form of the tube is such that the periods o£ the oscillations of a 
particle of mass m placed in it arc the Maine for all iire-s. Prove that the form of 
the tube may be derived from a cycloid by elongating the ordinates pcrpendiouliri 
to the axis in the ratio ,/(_¥-!- «(),' v 'Ai". This (iroblem is due to Clairaut; Mem. de 
FAvad., Paria, 1742. 

210. Resisting medium. If the particle oscillate on a 

smooth cycloid in a vwdiam rcsiitina as the, velocity, the tangential 

equation of motion becomes 

d?s . , ds 

~ = _ n -s - 2k -,-■ . 
at 1 at 

where n s = <//4o. This problem has been discussed in Arts. 121 

and 126. The interval between two successive passages through 

the lowest point is always the same and the successive arcs of 

descent and ascent are in geometrical progression. 

If the resistance vnry as the square of the velocity, the motion 
is discussed in Art. 129. 

211. Tautochronous curves. When a particle oscillates 
on a given smooth curve either in a vacuum or in a medium 
whose resistance varies as the velocity, we know that the oscilla- 
tion is tautochronous about the position of equilibrium if the 
tangential force F=m?s where s is the length of the arc measured 
from the position of equilibrium and m is a constant, Art. 118, 
If therefore any rectifiable curve is given a proper force to produce 
a tautochronous motion can at once be assigned. 

A catenary is a tautochronous curve for a force acting along 
the ordinate equal to rn?y because the resolved part along the 
tangent is obviously <nCs. 

The equiangular spiral is tautochronous for a central force 
fir tending to the pole, because the resolved part along the 
tangent being ra's where m 1 = fx cos 11 «, the time of arrival at the 
pole is the same for all arcs, 

In the same way the epicycloid and hypocycloid are tauto- 
chronous curves for a central force tending irom or to the centre 
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of the fixed circle and varying us the distance, because since 

r* = As 2 + B, 
the resolved part along the tangent, viz. prdr/ds, varies as s. 
In all these cases the time of arrival at the position of equilibrium 
is the least positive root of tan nt = — njic (Art. 121), where 2iev is 
the resistance and ri 1 + * s = m\ The whole time from one position 
of momentaiy rest to the next is tt/h, 

The (ii'ojjoriis's of tiLutoelnxHious! curve* arc more fully rtiso-usK-il in the avjclioc's 
Rigid Dynamic. A historical summary is also there given. 

212. Bough cycloid. A -particle glides from rest on a 

rough cycloid placed with its axis vertical in a medium whose 
resistance varies us the velocity. Prove that the motion is tauto- 
cLronuas. 

The descending motion is given by 



dt 



= pR — g sin <p — 2kv, — — R —gcots <f> (1), 

where v is really negative. Eliminating R 

*" _ t # + 2kv + -2— sin (6 - e) = 0, 

dt p cos e xr 

where tan 6 = ^i. This may be written 

% (rt) + 2« (rt) + -§- «" sin (* - .) - 0, 



provided -y, = - ^ - , that is « = — fi$. Put e u ds=dw 
J_ er K*Bin(<f>-e)=0. 



dt 

d?w - dw 

3J' + 2 "W t 



Now w = /e-** in cos <j>d<f> = 4a cos ee '* sin (tf> — e). 
The equation therefore reduces to 

OP «i 4a cos 5 e 

This Is the linear equation, Art. 121. We infer that at what- 
ever point of the cycloid the particle is placed at rest, it arrives 
at the point E determined by w = 0, that is <f> = e, in the same 
time. Such a motion is called tautochronous. The point E is 
clearly an extreme position of equilibrium in which the limiting 
friction just balances gravity. 
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The time of arrival at E is given by the least positive root of 
the equation tan nt = — nj/c where n 5 + k 2 = gjia cos 11 e. The whole 
time from one position of momentary rest to the next is irjn. 

So Song as the particle is moving in the same direction the 
constant p. retains the same sign. The motion is therefore 
given by 

e~ >ii sin (<f> — e) = Ae~ Kt sin (nt + B). 
When the particle arrives at the next position of rest, it will begin 
to return or will remain there at rest according as the value of $ 
at that point is greater or less than the angle of friction. 



Motion in a circle. 

213. A heavy -particle is constrained to -move in a fixed cire'e 
whose plane is vertical. It is required.- tit find, the time of describing 
an arc. 

Let be the centre, A and B the lowest and highest points of 
the circle, a its radius. Let P be the 
position of the particle at any time t t 
<}, the angle CBP. 

Let the particle be proj v.vXxA from 
the lowest point with a velocity V. 
The equation of vis viva gives 




(-3)- 



- Zga (1 - cos 2£). 

Let us put F s = Igh, so that the 
velocity of projection is that due to 
a height h\ we also put A = 2a.«~ ! . If *>1, the velocity at 
the lowest point is more than sufficient to carry the particle 
to the highest point of the circle, the particle therefore goes 
continually round the circle in the same direction, If k< 1 the 
velocity at the lowest point is insufficient to carry the particle 
round the circle, the particle therefore oscillates. If k = 1 the 
particle arrives at the highest point with a velocity zero, but only 
after an infinite time has elapsed, Art. 201. 

Substituting for V s in the equation of vis viva, we have 

J©"-*-*'* ^ 
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If t be the time of describing the arc AP which subtends an 
angle 20 at the centre, we have 

o vV - sin 5 0) v " 

where one radical is positive and the other has the same sign a 



V a Jo \ 



If k = 1, the integral is a known form. We have 

v/i-'-j^-nMH) «* 

when = ^tt, J is infinite so that the particle takes an infinite 
time to reach the highest point. 

I f k > 1, w e write the integral in the form 

I'i- I - 1 f d * (5) 

^ j °tfw 

This elliptic integral* gives the time of describing the arc which 
subtends an angle <f> at the highest point of the circle. The time 
of arriving at the highest point is found by writing \ir for the 
upper limit. 

214. When je < 1, w e put k — sin a. We see from (2) that 
sin0 cannot exceed tc and that the velocity is zero when sin0 = «: 
the particle therefore oscillates on each side of the lowest point 
through an arc AD or AE which subtends an angle a at the 
highest point. Let sin <£ = k sin -fr, so that ■$■ varies from zero 
to ^tt. We then find after an easy substitution in (S) 

ft t -(**L-i* *± - ( 6 ) 

V a Jo cos* J V(l-^sin^) w ' 

This elliptic integral determines the time of describing an angle $ 
where <p and yjr are related by the equation sin (f> — k sin i^. 

We can construct the angle i|r geometrically. Describe a circle 
with centre G to touch BD, and let BP intersect tins circle in Q ; 
then the angle BQG — i/r. For another construction we draw a 
chord A'P' equal to the chord AP, then the angle GBP' = ^. 

* The reader ts referred to Prof. Greenhill's Treatise on the appUeattow of 

elliptic functions. He Ixi^m? witli th« p:obk;:n of llic simple circular pendulum as 
being the best introduction to the theory of these functions. 
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In obtaining ((}) we supposed the sign of con ty to be the same 
as that of tho radical in (3) and therefore the same as that of 
d<j>/dt. Since cos is positive, it then follows from (6) that 
difr/dt is positive. The point Q therefore travels round the circle, 
being the lower or upper intersection of BP with the circle accord- 
ing as P is moving from A to D or from D to A. 

215. Series for the time of oscillation. We may approxi- 
mate very closely to the time of a complete vibration by using a 
series. If T be this time, the formula (6) gives \T when the 
upper limit is ^tt. We have by the binomial theorem 
(1 — k"- sin a i/i-) - - 

-T+i(« 8 int)-+... + 1 - 2 ! '; 4 5, 6 \ (2 °; 1 > («»°^r + .... 

By a theorem in the integral calculus 

!'-" I ■ ,»j, 1.3.5...(2|»-1) 7T 
L (<"+r**- 2.4.H...2. 'I' 
It immediately follows that 

*■* viMD"— ( l 4^^ i, r— ■•}■ 

where « = sina and a is the angk- subtended at the highest point 
of the circle by the half-arc of oscillation. It is also useful to 
notice that « is the ratio of the chord of the kalf-are to the diameter 
of the circle. £,a. KfxpZ.*) ■=■ ^~~& 

The first term of this series represents tho time of an infinitely 
small oscillation. The other terms are regarded as small correc- 
tions to this time, and are sometimes called the "reduction to 
infinitely small arcs." The second term is usually a sufficient 
correction. Thus suppose the arc of oscillation on each side of the 
vertical to subtend an angle of 36° at the point of suspension, 
then a = 18° and tc = -fc The second term is only about ^th and 
the third -gjjjjth of the first. 

216. Relation between continuous and oscillatory motions. Comparing 
the formula) (5) and (6) we see that the integrals are the same except that the 
moduli k and l./c are reciprocals. This leads to a theorem hy which we connect a 
motion all round the circle viLli an oscillatory motion. 

Let two particles ./-', 1" he projected from the lowest points A, A', of two circles 
of radii a, a', and lot those bo acted on by unequal ^ravitn tie rial forties 11 and g'. 
Let the velocities of projection V, V be such that the moduli arc reciprocals. 
Then « being less than unity, we have V*=4agic*, V" i = ia'y'ln' 1 . It then follows from 
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what precedes that the particle P' travels round the circle and P oscillate 8 ir 
are equal to AD, where the angle DBA — a and *=sina. 




hi of '.he [mrue-Los when tl,,- :Lm_;ks A III 1 --, a. A'DT' — -i; 
where sin^^^sin^. If 1, (' be the lime; of descvininj? the area AP, A'P' we have 

It,'- (* di fit- (* g 

V«' Jo ^irr^irTjj' V* JoV(l-" 2 ^f)' 

It follows therefore that \f -,*'=«/</ ~ u The P oints p < P'J'^efore corre- 
spond to eaeh other in the two motion*, arid it is easy to see that they are 
in'twetriC'iUj/ &y<rnc-i-t?A by tli>- relation 

chord AP _ ku _ chord AD 
chord A'P' a' diam.A'ii'' 
It is obviously convenient that the parliclcs should oceuny eorres ponding points 
at the same instant of time. Wo therefore choose Iho constants a', g', so that 
i — t'. We then have ri'ia =K-i:ia . The eima'ioiis of motion take the forms 

is/ J*-'"** \V Tt-' ^ 

wbeu: the coe;l ; e!ents on the left. hand are e.[uai. 

If we make the radii equal we can su^ipo-so hulk partkhs to deseribv the same 
circle. We then have 

a' = a, g>=#g, V'=-V, A'P'^-.AP. 



217. Ex. 1. If the circle described by I 1 ' has AH for it; diameter, prove that 
P, P' move so as to bo always on the same horizontal lino, Iho gravitational forces 
ljehijt </ anil ;;«' respectively. 

Ba. 2. If the circles ace equal arid the arc IT' is bisected by a point Q, prove 
that Q moves on the eirelo as if it wore a Lhird heavy particle acted on by a gravh 
tational force g"=gx. The velocity of Q at A (and at all points) is equal to the 
mean of the velocities of P and P'. Prove also that Q goes half round while P' 
goes all round. Situ;:, Edh:'i\ir\ih, Trans, 1865, vol. 24. 

These results follow at once from Art. 21G. 

318. Halations twtween two oscillatory motions. The investigation of 
these relations is properly a piLit of the Lhoory of elliptic integrals, but the following 
theorem will ;ervo as an example. 
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MOTION ]N A CIKCLE. 



If T, T 1 be the periods of oscillation corresponding to two a 
subtend angles a, a' at the highest point of the circle and s 
sin a = (tan J a') 2 . then will r = T ' f eos 4 a 'f- 

The half arc of oscillation bcim; ikinc-d by sin a = k, the time 
the angle $ is given by (b) j 4-< tiy 7 *stlf 



[CHAP. IV. 



of dcscribim; 



tfy _ ft df_ 



A'Q in thc- 



where sin # = « sini/*. Let 20 = </> + ^, so that d is the angle the a 
figure of Art. 213 subtends at P.'. Eliminating ip we find tani£ = - 
shall now change the indepemlcn! vmiubio from ^ to 0. The simplest (though not 
the shortest) luetjiuil ■■£ eii'cciim; Ibis H to I'nd <i-j, by liir'iorcntiation and sin 2 ^ by 
trigonometry both in terms of 6. The substitution is then obvious and we have* 
df 



(* At = J_ [ l 

where )«= 2 V*/! 1 + *)■ Kemembering that «.- 



■ja-x^ 



=ey 









i0' = Xt 



Let two particles P, / ; ' oscillate in the circle APD through arcs AD, AC which 
subtend angles a, a' at the hii ; hs;»L point B, lbe:i the last coition shows that the 
times (, t', of dcicrii'in;' corrnspomiini; ri.nu'J.s t/>. '■>', ate conm-etcl by liie relation 
(=2(7(1 + *). 

To compare the changes of the values of Umsc corresponding angles we refer to 
the figure of Art. 213. As P moves from A to D and back to A, Q travels round 
the semicircle A'QB', 28 increases from to w, and -p' increases from to a'. 
Thus the oscillation from A to D and hack to A corresponds to the oscillation A 
to D' only, i.e. a complete oscillation of P corresponds lo bull' n complete oscillation 
of F. If T, T he the times of a complete oscillation of P. F, we have tlieicfore 
T=T'I{1 + k). 

The two ;m;;ics a. a' are connected by the relation 

•in.'-X.^?; .:J,: l ^"f . 

Since k<1 and h'-s^tt we take the lower sign in the value of ,/k. Hence 
sin q= (tan ^a'f. It follows also that ( = 2C (cos Jo') 2 . 

E#. If a,, Oj, ... be a series of :mi.;les connected by the relation 
Blna^^ (tan in,)*, 
and if T, be the time of a complete revolution in art arc subtending 4a, at the point 
of suspension, prove that c 

T l =(raal« I .Mei«,...to«)».aiiV{ 1 ./fl). [fang.] 

319. Co-axial Circles. Two heavy particles, constrained to describe the 

same vcrLioal circle, urn project;.::! from any two points \/'.i'-.\ velocities due to their 
depths below the same horizontal line. It is required to prove that the straight 
line joining the pmT.icli s always touches a co-axial circle. 



' Cayluy's Elliptic Fund 
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Let Oy he the radical axis o 
Let ii tangent at any point T of o 



UO-.AXIAI. CHICLES. 



es are C, C, 
o points P, Q. 




N 


f y 


B 




I 



a known property of 

the outer circle satisfy 



Let J J J1/, QN be perpendiculars on the radical axis. 

co. axial clicks the tangents FT, QT drawn from point! 
the relations * 

pr i -2 . cc'.pm, §r==2 . cc. qn. 

e dt let the tangent move into the position P'TQ'. Then 

a QQ', W, make equal angles with the chord P'Q', the triangles 



the 



l5i the tin 
elementary ar 
QTQ', FTP' a 

ateQQ'lttKPP'=QTIPT. 

It follows from these two geometrical theorems that 

(vel. of Q)'/(vel. oiPf^QN/PM. 
If then the point P move with a velocity equal to (2g . PM)^, the point Q must 
move with a velocity equal to (2jj . QN$. It follows that the points P, Q are the 

positions o-. i- -a ■ i panicles movi-n; with velocities unc to tlit.ir ilep:iis below Oj. 

If the radical exis is external to the circle described by the particles, the 
particles go round the circle. If the radical axis ii;t ejects the circle in the two 
points D and E, the par: ides oscillate in the same are DAE. 

In i;u! li^uics Ijk: particles have been supposed to move the same way round the 
circle. If their directions are opposite the chord PQ envelopes a circle or a part of 
a co-axial circle situated above Oy. 



■ The properties of co-axial circles arc (u'.}y discussal by ^ioioetrical methods 
in Laclilan's llodrni Furs Owintry. The following is an analytical proof of the 
property PT 2 = S.CC. PM. 

Let e, c' be the distances oi the centres C, C from Gii, B the '.fngth of a tangent 
drawn from O to any co-axial circle. The equations of the circles are therefore 
^-as'a+y'+a^O (1), 



x*~2eic+y*4-P=Q 

If x, y he any poinL V ex ion;: J to the liist circle, PT a tangent 

PT*=n?-2c'x + y*+&. 
If P lie on the second circle this becomes 2 (c-c')x by subtracting i" 
equation. This is the result to be proved. 



.(2). 
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132 MOTION IN A CIRCLE. [CHAP. IV. 

Tlie point of contact T divides the chord PQ in the ratio of the velocities at 
P, Q. That point is therefore the mitre of gravity of two masses placed at P, Q 
inversely proportional to the velocities at oiiose points. The ordinary formula:: for 
the centre of gravity enable us to write down the distance of T from any straight 
line. It follows, for example, that the depth of T hdow the radical axis is the 
jieimtetrical iman of the depths of P and Q, 

Some positions of P, Q, and tbercfoio of T. being known from the initial 
conditions, the circle envelope:! by the chord louche- /'',( in '/' and has its centre 
in OA. The distance between the centres C, C may also he found from the 
equation PT* = 2 . CC ■ PM. If x, x' are the initial depths of P, Q, I the initial 
chord, it follows that ^(2 . CC)-lH^x + y/x'). 

Let the two particles P, Q take the positions ¥' , Q' after the lapse of any finite 
time t. It follows that >■ third paroicle It moving on the eircio v. ilh a velocity dan 
to its depth below Oil will acscribo each of the Jinilo arc? PP\ QQ' in the same 
time t. By adding or subtracting the time of describing the arc P'Q, we see that 
the times of describing PQ, P'Q', i.e. tin: nra nit off '>■>/ innj Iku t<it,iii-ntn to a eo -axial 
circle, are equal. 

When the radical axis is external to the system of circles there are two points 
L, L' one on each side of Oil which are the positions of the two co-axial circles 
whose radii are zero. Since L is: an evanescent circle the distance Of, is eeual to 
the tangent drawn from to any eo-aaial circle. Also, for the same reason, amy 
straight line drn'ien tliron'jh I, divide:: Hie circle APT, into two parts which arc 
described in equal, times. 

220- Examples. Ex. 1. A circle is drawn to touch at their middle points 
the chord and arc of oscillation of a particle ivhlc'i i- moving on a vertical circle 
under the action of gravity. Prove thai, a point on tin: first circle in the same 
horizontal line with the particle moves with a velocity equal to 2 v V/r) sin- jo cos It) 
where r is the ratios of [he circle on v. Lie a ::ic paMicle moves and n, ii are the 
angles which the radius drawn to the particle makes with the vertical at tho instant 
when it is stationary and at the instant considered. Math, Tripos, | 

Ex. 2. A particle describes a vcriical circle "1 radius a with a velocity duo to 
its depth below the highest point />'. Prove that the radius of the circle enveloped 
by the chord joining any two positions oi the particle at a constant time interval T 
is a/cosh a (Z\/;7/<J}. T'rove also that the deptli of oho point of contact of the chord 
and its envelope below B is y«/oosh tj cosh :-., where ;' ls /";';7 and ^sfajg are the 
times from the lowest point of the extremities of the chord. [Colt. Ex. 1897.] 

Ex. 3. Prove thai if a partio'.e i love round a circle so Lhat its velocity is pro- 
portional to tho product of its distances from two : ,, .xed pianos in the plane, one 
inside and one outside, any circle drawn through them divides the orbit into two 
parts which are doM:ribcd in equal timi s, Htati: the corresponding result when the 
points rri- both ;i' : ide, or both outside. [Math. Tripos. IrHH. \ 

Describe two consecutive circles through the fixed points A, B to cut the given 
circle in the points P, P' and Q, if: v.o shall prove that Uie times of describing 
the elementary ares PP', QQ' are equal. 

The disranrc between any two par.illcl tangents to tl'.esc co-axial circles is 
easily seen to be proportional to the product AP.BP where P is the point of 
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contact of either. If then PR, QS are any two normals to the circle APQB inter- 

•icctms thfi consecutive i:ir<;lt: in II ana S, the time of moving from F to It is equal 
to the time from Q to S. 

Because the given circle and the circle .! PIlQare Kymmotiieiil about the straight 
line joining their centres, the tangents PP', QQ' make equal angles with the 
normals PR, QS; the lengths PP', QQ' are therefore proportional to PB, QS. 
The arcs PP', QQ', therefore, are also described in equal times. 

Let ABOD he any one co-axial circle cutting the eiven circle in C, D. Then 
describing nil the cn-n.-dal circle;, each elementary sic- PP' in ilic larger arc CD 
has a correspondn:;; clcnicnlasy aic QQ' in the smaller are CD, and these are 
described in equal times. The times therefore of describing the smaller and larger 
ares CD are equal, 

Wherever J, It may be. let two of L lie co axial lyielcs cat tnc eiven circle i:i 
C, D and C, D'. It follows from whii.t precedes that the times of describing the 
area CO', DD' are equal. 

Ex. 4. A particle oscillates in a circular are EAD, see fig. of Art. '210. A 
tangent is drawn from A to the co-axial circle to cut the arc of oscillation in -Y. 
A horizontal tangent to the same co-axial cats flic came arc in Y. It follows from 
the theorem of Art. 219, that the time of moving from A to X is twice that 
from A to Y. Prove that this is equivalent to the theorem 



{*' <*? _» J> # 

Jcs/fWsinV) j 0N /(l-K= S in=V)' 



sin^Ml-^svnV)-'- 

[Oaylev's Elliptic Functions, Art. 249.} 
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CHAPTER V. 



MOTION IN ONE PLANE. 



Moving Axes. 

221. The components of velocity am' I acceleration along r.hi: 
axes of coordinates, the tangent and normal to the path and in 
some other directions have been already considered in Chapter I. 
The solution of the more difficult problems in dynamics requires 
however that we should have at our command a greater power 
of resolution than is given by these. We shall now investigate 
the general components for any moving axes in one plane. 

222. To avoid the continual repetition of tho .same argument. 
we shall use the term vector to represent the subject under con- 
sideration, whether it be a velocity or an acceleration. 

Let us understand by a vector amy ijnnntitg which Acs' direct!'.)/' 
as well as -im'griitvd.e. and which obeys the ■parallelogram law. 
Thus the radius vector of a point P is a vector and its resolved 
parts along the axes are the coordinates x and y. Again the 
velocity of P is a vector, and its resolved, parts along the axes 
are dxjdt and dyjdt. The acceleration of P is also a vector and 
the resolved parts are d s x/df and tiPyjdP. Lastly if R be any 
vector whose direction makes nil angle ■$■ with the axis of x, its 
components along the axes, supposed to be rectangular, are R cos -^ 
and iS sin ifr. 

223. Fundamental theorem. A vector R having been. 

resolved in the directions of two rectamjuinr axes Of, Oi) which 
turn round a fixed, origin- in a given manner, it is required to find 
the rates at which these component* are increasing with the lime. 

Let P be the position of the moving point at any time t. 
Draw a straight line PQ to represent the instantaneous direction 
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and magnitude of the vector R. Let u, v be the resolved parts of 
the vector in the directions of the axes Of, Oij. 





After a time dt, the point P will occupy a position P', the 
vector R wili become R + dR and may be represented by the 
straight line P'Q'. The axes Of, Otj will turn round through a 
small angle dip and will take the positions Of, 0r(. The resolved 
parts of R + dR along these new axes will be u + du, and v + dv. 

At the time t the component of the vector in the direction Of 
is u. At the time t+dt the component in the same direction 
(i.e. in the direction Of not Of) is 

(w + du) cos dip — (v + dv) sin dip. 
The rate of increase of u in the direction Of is found by sub- 
tracting the component at the time t from that at the time ( + dt 
and dividing by dt. 

If we represent the rate of increase in the direction Of by u„ 
we have 

_ [(u + du) v,o*d<fi — (v + dn)i-\m dtp] — v. 

u ' ~~ ~~~ dt ' 

When we reject the squares of small quantities according to the 

rules of the differential calculus, we write unity for cos d<f> and 

dip for sin d<p. We therefore have 

_du dip 
lh ~dt~ V dJ- 
In the same way if the rate of increase in the direction On 
be v,, we have 

_ (u + du) si n dip + (v + dv) cos d <j> — v 
1 ~ dt 

_ dip dv 
~ U dt + df 
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324. This theorem is of great, imperial) 
.L-ivi'Ti lo fin.' ri: (.-,'. i;:. 'j ;; of ihi: luliuis. The 1'iV 

the moving axis Of is . Its laie of JucTes.se in the direction of an axis ./;.t«i <« 
yjjiicc which is coincident with the position of Of at the tim.i ; and which is left 
behind when Of, moves into some othci position Ot' is ' - - v -± . It is the latter 
rate, of increase nut Ike. fur mi r ii-iiiel: is required in di/nitmins. 

To make this point clear let «h suppose that n vppivsidnts tlie component 
velocity of a point P. Then 



along 0£'\ /component iUanc Of\ 
/eomp. along OA /eomp. along OA 



When if is nccci-^ar}' ro ii^rirr.-viiti: between these two vo may cal tlie first Hie 
relative rate and l.lio second i.'uo . f w.t ™((> of iiioroiisc of the vector. 

225. There is another method of extahlvhiaa the fiad-anum/al 
theorem which is very generally used and which puts the argument 
into a more algebraic form. 

Let the moving axis 0% make an angle <j> with an arbitrary 
direction Ox fixed in apace. Then if U be the component of the 
vector along Ox, 

U = u cos tp — v sin <£ ; 
d U rdu d<t>\ , t dA dv \ . , 

This gives the rate of increase in the direction of the fixed 
axis Ox. Let Ox coincide with 0| and be left behind when 0£ 
moves into the position 0%' , then — though dipjdt is not zero, 
By definition dUjdt — Uj, and therefore 



Again let Ox coincide with Otj and let it be left behind when Or/ 
moves to Oif. Since <f> is the angle 0% makes with Ox measured 
from Ox round positively in the direction ?;/, the instantaneous 
value of is — £tt though as before it is increasing at the rate 
d(j>/dt. By definition d-U/dt is now %\, and hence 



dC 
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226. Ex. 1. To deduct: Ike a;<:tpo:u:i:t<: of neiocilij and a.r.crJj'.rai.'on along ami 
■jierptudietttur to tlm radius vector. Art. 35. 

We lake the arbitrary iLxis of t U> coincide v.-i'.ii ILu r.nikis vector, then ij>—0. 
Regarding £ = r, ij = 0as the cotupimentu of Lhc vector r, the s pace components of 
the velocity are 

_d£ d8_dr dg AS dB 

' l ~dl~ v dt~'di' v ~dl + *di~'' dt' 
Tii kh:« the velocity a.- a second vector, Lao components ore v — titidt. v — rd9id!, 
and the space comptmentu of the acceleration are 



dt dt dt? 



<ft dt )■ «M\ dt/' 



Tii king the axis of , ; parallel lo the tangont, vie. have. <■>— -i. Let the velocity 
be the vector, then :i represent* flip vs'.oeiiy ;hi;i .t-0. The r;om[ni]:pi:i,s of accelera- 
tion are therefore 

_du dip da _dv dij/ _ d-.p 

^~ dt~ v dt ~ dt' 1 — dt dt~ dt' 

227. To find the co/tiponentu of velocity and acceleration with 
regard to moving axes. 

Let the position of the moving point P be given by its co- 
ordinates (£, tj) with regard to two rectangular axes Of, Or/ which 
turn round a fixed origin with an angular velocity dtj>jdt. Let 
(«, v) be the components of the velocity of P parallel to the 
instantaneous positions of Of, On. Let (X, Y) be the components 
of the acceleration of P. The relations between (£, rf), (u,v),(X,¥) 
follow at once from the general theorem. We have 

d% dtp cfaj t dtf> , . , . 

— sr'ar v -<u +e dt <A) - 

„ _ da d0 Y _dv dip , R . 

dt dt' dt* dt l '■ 

Substituting for u, v in the latter expressions their values given 
by the former, we have 



Z = 



/dM-_l<i/ 
s \dt) vdt\ 



d't 
dt 2 

-*3_,»Y + iiff.«! (CX 

df v \dtl f dtV dtjj 



If the origin is also in motion, these equations require some 
modification. Let p, q be the components of the space velocity 
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of the origin in the directions of the axes. Let u, v continue to 

represent the components of the space velocity of the point P. 

To find u, v we add to the expressions (A) for the relative 
component velocities the corn p oner it velocities of 0, Art. 10. We 
thns have 

~*+ar-2- -f+3 + «2 ^ 

These equations give the motion of P referred to a system of 
moving axes having' any iixed origin but always remaining parallel 
to the original moving axes. With these values of u, v, the 
accelerations X, Y will continue to be expressed by the 
formulas (B). 

228. We may deduce the expressions (C) for the accelerations 
X, 7 in terms of the coordinates £, i/ from the theory of relative 
motion, explained in Art. 10. 

The motion of P in space is made up of the velocity relative 
to M together with that of M in space ; see fig. of Art. 223. Now 
OM is the radius vector of M, and the component velocities in 
the directions OM, MP are £' and %<j>', while the accelerations in 
the same directions are 

£dt K 

where accents represent differentiations with regard to the time, 
Again regarding M a,s fixed, Ml' is the radius vector of P, hence 
the component velocities of P along MP and parallel to MO (not 
OM) are i) and ij0', while the accelerations in the same directions 

we obviously obtain the values of w, v ; X, 7 already given in 
Art. 227. 

339. Relative and actual path. When the motion of a point is referred to 

moving axes Ot, (>v it in iiniiu.-wivy in dii-tiiL^'.u^h initwcen th" path in spac< and the 
path relative to the movinn axes. Snyiy.-t.y~i: a shcor of paper to Ik; attached to the 
moving ascs and to turn round the fixed point with them. The point P traces 
out on this sheet the relative path which is not the same as that traced out on a 
sheet fixed in space. 

The coordinates of P in the relative motion are (£, v) and the disp^ieemem;- 
parallel to these axes are rif and ifj. The direction of the tangent of the relative 
path and the radius of curvature ii : ' that palli iivr therefore found by the ordinary 
rules of the differential calculus. The coordinates of P in the path in space are 
also (£,i)), but the displftoementB have just been proved to be <i£-ijcf0 and Af+fd*. 
These -urnst be useil instead of th; and tbj in the fonnnl-e of the inferential calculus. 
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RELATIVE AMD ACTUAL PATH. 



1:10 



Let us represent l>y accents the fiil'iYrc :u:d cueuiciruis with regard to any 
independent "variable t. The fomiidie of the, diii'm-attiitl r.akubn giving the. space 
motion 0/ P nferred !<i fi.reii a.re.-t t/ui'j be ntia/ileti In inocing a.tcs by writing it, r 
for ■>', if re.'peclivehj, it iters «■ = £' - iiip', >: — -f , '?4>' . <nid u s , r, fur x", if irltere. 
Ilj = 11' - Vt/i', V, —v'+ur/>'. 

Thus, if ■■!/, x " c the [radios l::e i;in;;e:iL- to- L J 1 : .= relative and acv.ial paths make 
with Of, and p, R be the radii of curvature of these paths, we have 



^-.i-.oL 



When »c s.p]:--y k^iemaLieal !!ieo;ei:is to ].v. : i-[y :;eijn;o.ii'ie;i' n 'energies in which 
the idea of time is absent, we rc^urd .' an an auiuliaiy arbitrary euiLntity introduced 



e the independent 



Let P, F be the 



to represent the ir>:lc); client variable. If we wish t 
v:i: ia.ble, we write ( — s. 

The effect of these change;- may be exhibited ii 
positions in space of the moving point at 
the times (, t + dt, and Of, Of the positions 
of the axis of reference at the same times. 
If PM, FN be perpendiculars on Of, Of, 

01tf=f, ON=i + d£, MP=i), 

NP' = v + <h (A). 

Let P'M', PH be perpendiculars on (>t 
and P'M' respectively. The coordinates of 
P, P' referred to axes OJ, Or, fixed in space for a time dt are 

0M = f, OJK'-f+dg-fllty, MP = ij, jrP' = i; + dt| + f^ (B). 

These values of MM', V'H follow at once from Art. 223, but they may be 
obtained by projecting the broken line ON, NF on Of, On. If x be the angle the 
tangent PF makes with Of and da the are PP', we have taax = FBIPH and 
(do-) 2 = (P'H) 2 + (Pff) ! , and these by substitution from (E| lead to the same results 
;:.- bi'lV.ne. 




230. Many of the formula used in the d 



by resolving the a 
for the radius of ourvatui 
resolving the polar accelei 
result to r'/JB. The expri 

obtained in the same way. 



itial calculus ' 






. ent directions. For example, the formate 

a polar coordinates may be written down by simply 
ons of Art. 35 along the tajigenfand equating the 
ons for R in Cartesian moving and fixed axes rosy be 

s referred to rectaii- 



231. Examples. Ex. 1. The position 

ii-ulav ayes ',';;, (fa which move so that Q describ- 
a given curve .1 (,'J while Q'i is alv.ays a tangent f 
the curve. Prove that the component v 
and accelerations of P are 

U=s'+£'-i&, v=n' + ty': 

X=v'-up; F=i>' + uaV, 

where <p' is the angii'.iv velocity ui' c, and ij/' — s'jp. 

Deduce an expression for the radius of curvature of the space locus of P. 1/ 
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140 MOVING AXES. [CHAP. V. 

Ex. 2. A partide /' is atta.chetl to the extremity of a string of length I v.-hle-li 
is being wound on to a iixed curve alter t-l ic- manner of an involute. Prove that 
the component isccdeiarion; of P along ii.nd j:t-i-rji-jidii?iLlrii- to the straight portion ;; 
of the string 



where $' is the angular velocity of $■ Also 4>' = - if'/p. 

Ex. 3. Assuming the earth to be uniformly describing ti circle of radius a 
about the situ with velocity !.', and flic, sun to lie moving in si. straight line in the 
plane of the earth's orbit with a uniform velocity 1", prove that the radius of 

curvature at any point of the entlli's orbit iu space is ■ ,'■,,.,■■..■.,■' ' vrh, ''" : ' 
8 is the angle the line joining the earth and sun mates with the direction of the 
sun's motion. [Coll. Ex. 1892.] 

Ex. 4. A tine string wound round a circle has a particle P attached to its 

extremity ami the civt-ic is constrained to U:r,i mind in centre in its own plane 
with a uniform auguhn velocity u. The particle is initially in contact with the 
circle and has ;>, velocity 1* normal to the circle. If £' be the length of string 
unwound at the time i, prove that f-— n-u-C -r 'iaVl. 

Ex. 5. A particle F is attached by a rod FA without mass to the extremity of 
another rod All, a times as long, which .evolves about the other extremity B, the 
whole motion taking place in a horizontal plane. If 8 he the inclination of the 
rods, w the angular velocity of A U at the time t, prove that 

232. Oblique axes. The general method of finding the resolved velocities 

and accelerations of a point refer rod to moving axes may be extended to oblique 
axes. These extensions however are not of any great import unco because oblique 
axes arc seldom used in mechanics. 

Lot fjf. Or, be any two axes '.vhici: make angles H. ti with an ads O.r, fixed in 
space. These angles we sha'l suppose to be perfectly arbitrary so that the angle 
Jfj?; between tlio axes is uoi necessarily constant. See figure of Art. 228. 

Let l'<j represent any vector; u. i: its ctniipeueuts obtained by oblique resolu- 
tion at'.eording to the. parallclog.tam law. Let m. , t\, represent as before the rates 
of increase of the components of the vector in directions fixed in space but coin- 
cident ivi th the positions of 0£, {l-n at the time I, 

Let us resolve the vector in a direction perpendicular to (it,. The resolved 
parts of «j and i\ are dearly zero and r. sin [<■■>- if). Since 'fO'i'— tlO, jjOij' — dip, the 
resolution gives 

_[{u + du) f lnd0-[v-dv) sin ( $- 6 + *$ )}-[* sia (j>- fl)] 






"'((t" + St SI 



By resolving in a direction ]ioi pellicular to O-q we obtain it 

»,d.«-fl-.g + S-»-i)-.-.»- 
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If £, 7 are the oblique coordinates of P. the space velocities «, s o(P j 
similarly 



The advuntiwc of vcs : ol vine perpenai(;'.i'.i'.r;y to i),- and Oij is that only one of 
tin: components w, , c. . cr.ters into tin. resolution. W.: thn* oboain each indepen- 
dently of the other. If we resolve in the director:- Or., Qv, we obtain the values 
of Mj+UjOoafa-fl) and ■», + », cos j^-fl) and, from these, u, andr, can be obtained 

liy siiiving the eoaatiuns. 

These value* of ■«,, !.■, were first given by LI. \V. Wa'-i-i in tin; Math. Tripos of 
1861. 

333. Hyper-aeeelerations. It is seldom that we use hl;:iicr il::'fi:n;n;'! ! il 
coefficients with regard to the time than the second, Art. 21. When these are 
required the general theorem on vector* {Ai i, '>:>:',) vivas tin; components for differ- 
ential coefficients of any order. 

Let a, y be the coordinates of a moving point referred to fixed axes, then 

X. /l =d"vj<U", i'., = d":i;iti' 1 are the component* of the space liyiier-aeccleralion (if 

the n th order, Art. 31. Let Oi, 0>j be any set of moving axes, the relations 

between the space component* of two saeccssiv-o order* of acceleration are 

_dX K d$ _dY„ d$ 

**+ l - dt *"#' • +1 ~ dt + " dt • 



The reader may consult a Kote iS»r k* I'rinei/Ks tin la. Mtami'iue by Abel 
Transon, Litmvitle.'s Journal, vol. \. 1S45, to; 1 another mode of treatment. 

Es. 1. A point moves aloiv.; a carve with velocity k, prove that the components 
along the tangent ana normal ot the accolcralioi! ot tne tinra urder arc respectively 



Ex. 2. A point P moves along a curve with uniform velocity. Prove that 
tanSmJcotS' where S, B' are the angle-; the diameter of the parabola of closest 
contact and the direction of the hypr,r-aeae'.omtion make with the normal at P. 
fihov ii Uo that -Ai-i semi-iau:^ tectum cl lei* jiarabo'la is r. oo*' ■■!:. 



D'Alembertfs Principle. 

234. When a single particle moves under the action of given 
forces the equations of motion may in general be found by re- 
solving the forces in some convenient directions. In the case 
of a system of particles the mutual reactions must also be taken 
into the account; these are in general unknown and will have 
to be eliminated from the equations. It is important to be able 
to write down some of the results of this elimination without 
first forming the equations of motion of every particle. Various 
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142 d'alembert's principle. [chap. V, 

methods have been given to effect this either completely or 

partially. 

When in a statical problem, we wish to avoid introducing into 
our equations the mutual reactions of two bodies, we treat the 
two as one system. We resolve and lake moments for the two 
bodies as if iliey -were one. We may adopt, the same method in 
dynamics. 

235. In applying this principle t,o dynamics, it will be found 
convenient to use the term effective force. This may be denned 
as follows. When a particle is moving as part of a system, it is 
acted on by the external forces and the reactions of the other 
particles. If we consider this particle to be separated from the 
system and all these forces removed there is some one force 
which, with the same initial conditions, would make it move in 
the same way as before. This force is called the effective force on 
the particle. 

It follows that the effective force is statically equivalent to 
the impressed forces which act on the particle and the reactions 
of the rest of the system, but is different!// expressed. Let m 
be the mass of the particle, (.*'., y) the (.'artesian coordinates; the 
components of the force which must act to produce any given 
motion have been proved to be md-xjdL- and md-t/idt?, these then 
are the components of the effective force. In the same way if v 
be the velocity and \jp the curvature of the path, the tangential 
and normal components of the effective force are mdvldl and mv'-jp. 
See Art. 68. 

236. Considering any one particle of the system, we know 
that the resolved parts of the effective forces in any directions 
are equal to the corresponding resolved parts of the impressed 
forces and the reactions. It immediately follows that the effective 
forces on each particle, if reversed,, are in equilibrium with the 
impressed forces and the reactions. But, by Newton's third law, 
the mutual reactions of any two particles are in equilibrium. 
Making then any selection of the particles of a xyster,)., the reversed 
effective force* of those particles are in eipdlibri'tm with the external 
forces which act on them, excluding their mutual reactions, but 
indndiny the pvexsares (if any) of the remainder of the sj/stcn.. 
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ART. 238.] RESOLUTIONS AND MOMENTS. 143 

Some of the equations of motion may therefore be found (1) by 
equating the sum of the resolved parts of the effective forces in 
any convenient directions to the sum of the resolved parts of 
the external forces, (2) by equating the sum of the moments of 

the effective forces about any point to the sum of the moments of 
the externa! forces. 

The resolved parts and moments of the externa] forces may 
be written down by the rules of statics. The components of the 
effective forces in various directions have been found in the 
preceding articles. The moment about any point then follows 
by multiplying i.hal component by the length of the perpendicular 
from 0, Art. 6. 

If (a;,, «,), (,r. ; , ;'/■>) &c ;i.i'e the Cartesian coordinates of a system 
of mutually attracting particles whose masses are m„ m 2 &c, and 
if these are acted on by the external accelerating forces (X lt F,), 
(X t , F 9 ) &c, the equations of resolution and moments are 

*-(.J-»2)-*-<.r-*n 

where the 2 implies summation for all the particles. 



If however wo 
equilibrium w< 
together. Nov 
particles diatai 

tsiiit tlii? dries j 



Dynamical p: 



238. When the selected system of particles is a rigid body. 
the mutual distances of the particles composing it are invariable. 

It is proved in statics that the position of such a body in 
space of two dimensions can be defined by three quantities usually 
called coordinates. For example, these might be the Cartesian 
coordinates of some point and the angle which some straight 
line fixed in the body makes with some straight line fixed in 
space. Three independent equations of motion, free from mutual 
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reactions, are therefore necessary and sufficient to determine the 
position of the system at any time t. These three are supplied 
by the two resolutions and the equation of moments above 
described. 

It is proved in statics that a system of forces cau be reduced 
to a single force R acting at some convenient point and a 
couple G. The components of the force R are equal to the sums 
of the components of all the forces of" the system, and the couple 67 
is equal to the sura of their moments about 0. This is usually 
called Poinsot's method of compounding ibices. We shall now 
apply this method to find the resultants of a system of effective 
forces. 

239. A system of particles, rigidly connected, moves in space 
of two dimensions. The coordinates of the centre of gravity are 
(x, y), the angle which a straight line fixed in the body makes 
with a straight line fixed in space is (j> and the whole mass is M. 
It is required to prove that the effective forces of the whole system 



dP ' dt 3 



'■eni to two effective for 

centre of aravif'/, and an effec'ire c 

constant which depends on the form- and structvre of the body or 
system. 

Let m be the mass of any particle of the body, .v — x + t;, 
y — y + n be its coordinates. Then since Smf/Sfw, £mij/£m are 
the coordinates of the centre of gravity referred to the centre of 
gravity as origin, it is clear that ■£«<■£ = 0, "Zmij = 0. 

The sum of the resolved parts of the effective forces parallel to 
the axis of x is 

2m -j^ = ~- £■»«■ + ~ ( £«z£) = M-j-z. 
dt* dt ! rff v b/ dt 2 

The resolved part parallel to the axis of y may be found in the 

same way. These two effective forces are the same as tlie effective 

forces of a particle whose mass is 31 placed at the centre of gravity 

and moving with that point, in space. 

240. To find the effective couple we take moments about 
the centre of gravity. Remembering that £, i\ are the coordinates 
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of the particle m when referred to the centre of gravity, the 
couple is 

Since 2mf = 0, Xmn = 0, the right-hand side reduces to the first 
term. Let p, be the polar coordinates of the particle m, referred 
to the centre of gravity as origin, then %dn - v dg = pdQ. The 
couple is therefore 

We sfta/£ nolo introduce the condition thai the particles are 
rigidly connected together. When this is the case the dO/dt of 
every particle is equal to dj>jdt, and the length of every p is 
constant during the motion. For, let a be the angle the radius 
vector p of any particle in makes with the straight line fixed in 
the body, then 6 = <p + a. Though a may be different for every 
particle, yet its value does not change during the motion, hence 

da/dt = 0, and dSldt = dtp;dt. The effective couple is (Zmp-) -^ . 

241. The constant %mp* is called the moment of inertia of 
the system about an axis drawn through the centre of gravity 

perpendicularly to the plane containing the particles. 

To find the moment of inertia, of any system about any axis, 
we multiply the mass of every particle by the square of its distance 
from the axis and a.dd the results together. 

When the particles are so close together that they form a 
continuous body, the sum is an integral. Thus for a circular 
area of radius a and density /), the area of any element is p dOdp ; 
hence the moment of inertia about an axis drawn through the 
centre perpendicular to its plane is 

Imp" =ffD P d0dp . p 5 = D [ip<] . [<?], 
where the square brackets imply that the quantity is to be taken 
between the limits of integration. These limits being p = to a, 
and & = to 2tt, the moment of inertia about the centre is $Ma\ 

In the same way the moment of inertia of a rectangle whose 
sides are 2a and 2b about an axis drawn through the centre of 
gravity perpendicular to its plane is | M (a? + i a ). 
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The moment of inertia of a sphere of radius a about a diameter 
is I Ma\ 

The moment of inertia of a triangular area about any axis in 
the same as that of three particles each one-third of its mass 
placed at the middle points of the sides. 

242. The moment of inertia is of speciul importance in rotational motions, 
for, in a certain sense, ii measures the iiyne liiical [■ijinifioericc of the form and 
structure of the moving body. Thus all free bodies havhij; equal moments of 
inertia rotate with equal angular accelerations when acted on by equal couples. 
The translational motion depends on the muss and the position of the centre of 
"rarity, Arts. 'XI, 2U'J. 

243. Bnfliciencjr of tka equations. The equations of motion of a particle 



d& "' dC> 



= X, 



where X, Tare tho KecdcTiitiri" cynmoniut!: of the forces. Arts. 08, 7;!. We shall 
now prove that when the initial values of x, tj, ri.r-dt, ihjjdt are also Riven, these 
equations are sufficient to find .;■. y as functions of t. 

I'n prove this '.ve n:|uaec fno proposition 'oy ■:: more ^crierul thco:cm, the limit- 
ing ease of whieii is the pi-iii:ositir..n to hi, eHrahlkheii. Let t be any very small 
time which we she.11 attciivai;;:, replace by ..'■. Let ,r-^i (i), ;/ — -.!■■ [t) ; the equations 
may he written in the functional forms 

^(t + 2r)-2^(( + T) + ^([) = M W - 

where X, Y are known functions of <p (() and \ji (I). 

Representing the initial time by ( — 0, we suppose that the four initial values 

0(0), ,1.(0), *(7)-0(O), ^(t)-^(0) (2) 

axe given. Tutting t = in (1) we deduce the values of t>, ('It), -,y i2r) ; again putting 
t-r we obtain $ {St), •//{St}, and so on. Thus by a continual repetition of the 
process the values of 0(«t), ^(w) and therefore of <p (t), <p(t) can be found. 

That the solution of the two equations of motion of the second order leads to 
results which contain four nvbitvary constants (to ijc determined by the initial 
conditions) is also proved in treatises on differential equations; see Forsyth's 
Differentia!, liquations. Art. 173. 

244. On general and particular integrals. The Cartesian equations of 

motion of a free particle are 

a"=Z, y" = Y (1), 

where accent! denote differential cm. 11: ci cut* with iv;?ard to the time. These are 
usually solved by combining tbem together so as to obtain a perfect differential. 
We then have by integration 

F{x, y, *', y', t) = C (2), 



hen an integral is obtained in this manner there i; 
nothing to limit tin: initiel conditions. However the particle may be projected th 
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equation (2), after determining the proper value of <?, must be true throughout the 
whole motion. Such an integral is called a genr.ru.1 integral. An integral which 
is true only for special initial conditions is called a p artie vlar iutcjiralj 

345. If any equation such as (2) bo arbitrarily written down containing one 
arbitrary constant we may enquire irhul the ili/iiainiait problem is of which thai 
equation is a yenertd intiiyrtil. 

To answer this wo dittere.isfLalc (i>i ai.ii suiintit.utc from (1). We then have 

dx dy J dx dy dt ' ' 

Since the state of motion at any time ( may he taken as the arbitrary initial 
motion the quantities ..-, ;/. .r', ■;/ arc really arbitrary. 'I he forces X, Y must there- 
fore be sueli as to make (:{) an identity. 

To determine A', Y we differentiate (;!) partially with regard to any of the four 
letters x, y, x', >/, treating the others as constants. Supposing that X, Y are 
intended to be functions of x, y only, they are constants when we differentiate 
partially with regard to x', y'. In this way we may obtain, by successive differen- 

lillllOl:-. S0\'l!!-!)1 COUill hill- i;HCil COlj- !: ill i II:.; A". 1" ill tlk; rii'l lie 1 ; r C C . 

If these equations tead to in oon si .stent vuln.es of X, Y we infer that the given 
equation cannot be a general integral. 

It may also happen that all the equations to find A", 1' are identical, and in 
this case the forces X, Y are to a certain extent arbitrary. Bertrand has shown 
that this can happen only wiu:n ihi: mitral (2) has the form 



(V-A) 2 +/(|) = C (4). 



This therefore, when X, Y are functions of x, y only, is the only general 
integral which can be common to several livivonkal problems. lAuucille's 
Journal, 1852. 

Ex. 1. If x'--rij"'- 2f(.:c, !t) — C be taken as the general integral, prove that 
X^dfjdx, y=dfjdy. This is the equation of vis viva. 

Ex. 2. Prove that xy'^x'y — C with the upper sign cannot be a >;eneni] 
integral; but, with the lower sh;n, is a jreneral inie;.'iai when trie resultant force 
rends to the origin. 



The Principle of Vis Vivo. 

246. To investigate the -principle of vis viva for o, -ii/tdem of 
po.r! id '.':•. 

Besides the external forces which act on the several particles 
we must here take into account their mutual actions and re- 
actions. 

Let m be the mass of any one particle ; x, y its coordinates ; 
let X, Y be the components of all the forces which act on that 

10—2 
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particle. The equations of motion of that particle are 

-x, m d 2= 7 (1). 



$% „ d 3 y 

n ITU = ™ — = 



Multiplying these by dxjdt and dyidl respectively and adding the 
results, we have 

(dx d?m dy d 2 y\ ( „ dec „ dy\ ,-,-, 

"*(as + iJj-( z s + z I) w 

Summing this for all the particles of the system, we have 

*-(*S + 32M x S +y S) <» 

The right-hand side of this equation, after multiplication by dt, is 
the work done by the forces as the system makes a small dis- 
placement, Art. 185. 

Amongst the forces X, Fare included the unknown reactions 
on the several particles, but it is clear that we may omit from the 
right-hand side all the reaction.'! "■lack v.'O'/ki disappear in the 
principle of work in statics. 

When the remaining forces tire such that the work integral 

f%(Xdx + Fdy) = U+C (4), 

where U is a known function of the coordinates of the particles, 
the^c forces are said to form a conservative system. Art. 181. 

Representing by v the velocity of the particle m, the integral 
of (•]) becomes 

±%mti> = U + G (5). 

Let [/"„ be the same function of the initial coordinates that U is 
of the coordinates at the time (, and let v be the initial value 
of v. The equation of vis viva may also be written in the form 

£W-$SnWo a =P-tfo (6). 

247. The principle of vis viva is important for several 



(1) The principle is of general application. The forces in 
nature are such that there is a work function, and the unknown 

reactions, In general, disappear from the equation. 

(2) When there is only one way in which the system can 
move, that motion is determined by the principle. 
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(3) The principle gives a relation between the circumstances 
of the motion in any slated position of the system and those at 
the initial stage. When the intermediate motion is not required 
this is particularly important. 

346. The force function. The equation of vis viva can bo usefully em- 
ployed only when the integrations neeessary to obtain tin.' force function U can be 
effected. It is alsn important to ootid beforehand v-hal feoxes ?ud icaciion^ may 
in: omitted in i'onniii;; U:jl'. equation. 

The acting forces may be classified thus, 

(1) the external forces which act on the particles, 

(2) the mutual actions of such of the particles as are rigidly connected 
together, 

(3) the mutual attractions of independent particles, 

(1) the pressures due to any fixed carve or surf-ice or: which some of the 
particles are constrained to move. 

The external forces arc in general central forces tending to or from fixed points. 

follows from Art. 186 that, when each force is some function of the distance 
from the fixed point, the contribution of each to the work function can be 
integrated. 

Let ,',' he lire mnlaal action jjulvecii two purtiehis whos:- mHtaufai icons distance 
apart is r, and let R be measured positively v.iion the action tends to increase r. 

s proved in statics that the work of both the action and reaction is Rdr. 

It follows from this that the reaction between any two particles which keep an 
Invariable distance from each other throughout the motion disappears from the 
equation of vis viva, for in such a case (Jr=0. 

If any two independent particles repel each other with a force R which is a 
known function of their distance r, the contribution of t hi v force to the work 
unction can be mte;;raietl. 

// tut) i.iartide* are vjtiiwcted Ir-yet/ier ■'■;/ a <i;l'nt rttiii'J, oven if lienl. by piLK-ii:;- 
3r smooth pulleys, fixed or moveable, the work of the tension is - Till, where I 

the whole length of the string. If the length of the string is invariable the 
work is Hero. The action of an incxlcndbie string may therefore be omitted in 
equation of vis viva. If the string is extensible and the tension obeys 
Hooke's law, the corresponding work can be found by integrating - Till, see 
Art. 187. 

248. If one of the particles is eon it mined to move on a smooth fixed curve 
lelmie equation it f(x, y| = 0, let R be the normal pressure. The work of R is 
F, cos ih ; this is win because /;,. bein;.' iiie allele but -.'.''jini the. direction of R and 
the arc of the path, is Jtt. If however the. atrre. U itfielf emmtntined to move, the 
angle 4> is not ncccs-iank- a ri;;lii an^h: and the work may not be zero. Since the 
equation of the moving curve will contain t, this is usually expressed by saying 
that the aeometrieal ri'ititii.nt »rnst not e.e,i't:nn. I!i» tints erplie.ithj, if the. reueticms 
are to disappear. 

If the r.urve or mirfa.ee -i* I'ouali, the friction acts along the tan;;ent to the path, 
and the work is aero only when the particle in contact is not in motion. 
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250. Energy. Selecting some geometrically possible ar- 
rangement of the particles as a standard position, the work done 
by the forces as the particles move or are moved from any other 
given arrangement to the standard position is called the potential 
energy in the given position. 

Let the standard position be called 8 ; let the system move 
from some given initial position A and at the time t let its position 
be P. It has already been proved (Arts. 69, 246') that 

Kin. En. at P - Kin. En. at A = work A to P. 
But Pot. En. at P = work P to 8, 

Pot. En. at A = work A to & 
.-. Kin. En. at P + Pot. En. at P = Kin. En. at A + Pot. En. at A. 
It follows therefore that the sum of the kinetic and potential 
energies is constant throughout the motion. This sum is called the 
energy of the system, and it has jnst been proved, that the energy 
nfiii'.i ■■ii/xteiit. is constiui.t and equal to its initial value. 

This theorem is true whatever standard position may be 
chosen, but it will be found convenient to so choose this position 
that the system may finally arrive there. When this choice is 
made the potential energy represents the whole work which can 
be obtained from the forces as the system moves to its final 
position. 

251. As a simple example, let a heavy particle fall from rest 
at the ceiling of a room to the floor ; the kinetic energy after 
falling a distance z is \mrf = vigz. Let us take the floor (i.e. 
z = h) as the standard position, because the particle cannot 
descend any lower; the potential energy at the depth z is 
mg(k — z). The whole energy is therefore mgk, which is constant 
throughout the motion. At the ceiling the energy is wholly 
potential because the particle starts from rest ; on arriving at the 
floor the energy is wholly kinetic, all the available potential 
energy having been changed into kinetic energy. 

252. Degrees of freedom. If a system contain n particles 
free to move in space of two dimensions, its position can only 
be defined by the use of the In coordinates of the particles. 
There are evidently just 2» different ways in which the particles 
can be moved, all other displacements being compounded of these. 
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The system is then said to have 2?i degrees of freedom. If some 
of the particles are constrained to move on k given curves, or 
more generally if there are k given relations between the 2n 
coordinates, only 2n — K coordinates are necessary to fix the 
position of the system arid there are then 2n— k degrees of 
freedom. The degrees of freedom of a system, -may be defined to be 
the nwmber of coordinate* required to fix its position. 

253. Via viva of a rigid body. When some or all of the 
particles of a system are rigidly commoted together a simple and 
useful expression for the vis viva can be found. Let (x, y) be 
the coordinates of the centre of gravity, the angle which a 
straight line fixed in the body makes with a straight line fixed in 
space, and M the mass. The vis viva is then 

w^{(sy + (§)} + ».(f)\ 

where Mk & is the constant called thy moment of inertia of the 
body about the centre of gravity, see Art. 241, 

To prove this, let x = x + % , y = y + V be the coordinates of any 
particle m, then 

^(S)'=<MS)" +2 ( s »i)S + 4'(§)}' 

Since 2m£ = as in Art. 240 the middle term is zero. Hence 

*--M(S7 + (!)VM(D" + (S)l- 

This equation expresses the proposition that the whole vis viva 
of amoving system, whether rigid or not. -is equal to that of a particle 
of mass M 'moving with the centre of gratify together with the 
vis viva of the motion relatiee to the centre of gravity. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing 

(dfr +(*,)■- (&)■ - (d P )' + (,dgf. 

Remembering that dOjdt is now the same for all the particles and 
equal to dtpidl (Art. '240) and that dpUlt is zero, we find 

M(D"+(§)"HMS)'-»©'- 
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254. Examples. Ex. 1. An endle.-s light string of length 21, on which are 
threaded beads of mitres M. and m. passes over two small smooth pegs A and is 
in the same horizontal line and at a distant!!- :;part n, one bead lying in each of the 
festoons into which the string in divided by the pegs. The lighter bead m is raised 
to the mid-point of AB and then let go. Show that the beads will just meet if 

— t^a/ J_\ . [Math. Tripos, 1897.] 

We notice that only two positions of the system arc contemplated in the 
problem, via. (I) the. initial position in which the bead hi. lies in All, and (2) the 
position in which the bends are in contact. In Loth these cases the liinetic energy 
is zero. The principle of vis viva asserts r.hat thr. ci.-'iii-ie e,-' kinetic I'tteryy is eytu.il 
to the work. It immediately follows that the wort done when the system passes 
from the first to the second position is aero. Let z he the depth below AB at 
which the beads meet. Then omitting the tension, Art. 248, we have 
mgx + l^tx-^lP-aiy^O. 

We also have by geometry l.u' ! |o s - ,'-. Eliminating x we obtain the result. 

The circumstances of the motion when the heads m, M are at any depths y, jj 
bciow .1 /i may also be deduced from the principle. We have 

UmP+Mv^miry-hMg {v-*JlP-al)} (1), 

Since the mm of lengths joining m and M to A is I, we have the geometrical 
equation 

^(i«"+rt+V(4«'+»")=l P). 

Differentiating the second equation, wo hare 

jitli*i+ w+<*r° "'• 

Joining this to (1) we have the values of r, •■■' when ;.i and i; have any values not 
inconsistent with (2), 

E.r. 2. A particle of mass hi has attached to it two equal weights by means or 
strings pa-sir.!,- L -, V er pnlleys in the same hcriKonhil line and "s initially at rest half 
way between tbem. Prove that if the distance between the pulleys be 2a, the 

velocity of m will be zero when it has fallen through a space ,, , . 

[Coll. Exam.] 

Ex. 3. Two pails of weights; W, i<-, lire suspended at the ends of a rope which 
is coiled round the perfectly rough rim of a uniform eircular disc of radius a 
supported in a vertical plane on a smooth horizontal avis, ana the- pails can descend 
into a well so that when one comes up the other goes down. If the pails be 
allowed to move freely under piivit.y, and, when the heavier has descended u 
distance b from rest, a drop of water be thrown off from the highest point of the 
rim of the disc, prove that this drop will strike the ground at a horizontal distance 
x from the axis of tlie disc given by 

x'dW'+W+^^iU (JF-w), 
where W is the weight of the disc, and i, is 'no verfienl distance nbove the ground 
of the highest point of the rim of the disc. [Math. Tripos, 1S97.J 

The equation of vis viva gives 
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The theory of parabolic moiion gives x-et, and h = -!,rjfi. Putting a = vja and 
k"=ioP, we obtain the required value of x. 

Ex. i. Two small holes A, B are made in a smooth horizontal table, the 
distance apart being in, A particle of mass ,1/ reals on the table midway between 
A and B\ and a panicle of tuns* in hang* beneath the table, su-penued from M by 
two equal weighthss and jnctton = i L.ip strings, passing through the two holes, 
The length of each string is a (1 + sec a). A blow ,7 is applied to M in a direction 
perpendicular to AB; show that if J->2Hmaff tan a, 31 will oscillate to and fro 
through a distance 3u tan n. But if J 1 is less than this quantity and equal to 
iMm-iii (tan a - tau p'l, the ft: • tuner thriaigh which .1/ oscillates will be 
3»{p(j' + 2 )! i . where p = seca-se< 

The effect of the blow J is to communicate an initU 
mass .if, leaving m initially at rest. 

Ex. 5. Two particles .if, w. are connected by a strin 
pulley, the lesser mats in hangs vertically, and M rests i 
angle a to the vertical. M starts without initial ve'oci 
inclined plane vertically under the pulley. Prove that 21 

Zm (31 -vijh cos a. , . . „ ,-..,.. 

distance , ■ - „ ■ whore h is Hie height; or tin 

position of 21/, » is greater than .1/ cos a but less than .V. 

Ex. 6. Two equal particles connected by a string 
tube. In the civeum lore nee is a centre of Sorco vaiyiu; 
One iiarliele is initially at rest at its greatest distance 
prove tiiiit if r, *:' be the velocities with which they pass 
the centre of force, e - * ,, /i»_ l . fl -o a /c = i l 

Ex. 7. A thin spherical shell of mass 21/ is driven 
internal explosion, Prove that if when the shell has 
velocity of each particle be I', the fragments can ne\ 
mutual attraction unless V s <Mja. 

The attraction of a thin spherical shell on an elemei 
if half (he mass of the shell \yvrn collected at the centre. 

Kx. 8. Thiee equal and similar particles repelling t 
varying as the distance are connected by equal ir. 
if one string be cut, the subsequent angular velocity of eitiiei of the other strings 
will vary as . / ■■■= -■;- , 6 being the angle between them. [Christ's Coll.] 

Ex. 9. An clastic string of mass in mid modulus !■'. resi; mi stretched in the 
form of a circle of radius a. It is now acted on by a repulsive force situated in 
its een tie whose magnitude is ,;; (distance) '-. L'rove that 1 he radius of the circle 
when it nest comes to rest is a root of the quadratic r 8 - «■ = wt/t/AV. [Coll. Exam.] 

Ex. 10. A circular hoop ol radius l, without mass, has a heavy particle 
rigidly attached to it at a |ioiul distant c lium its centre, and its inner surface is 
constrained to roll on the outer surface of it Jixcd circle of radius ,i (!) being greater 
than a), under the action of a repelling force from tlie centic ot the hxed circle 
equal to p. times the distance. Prove that tic- period of sinnll oscillations of the 

iiojj will b 
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Prove that when e — b, all oscillations large or small have tho same period; 
and prove further that in the general case the hoop may be started so that it will 
continue to roll with uniform angular velocity equal to {/ifc/i't -n))-. 

[Math. Tripos, 1886.] 

The following is a simple (but not necessarily the shortest) method of writing 
down the equation of vis viva in problems of this hind. Having selected some 
independent variable to fix the position of tho system, say, the inclination 8 of the 
straight line joining the centres C, of the two circles to the vertical, we find the 
coordinates x, y of the particle in terms of 9 by projecting QC, CP on the vertical 
and horizontal. The vis viva, being the sum of m {dicjdt)- aud DiUlyidt'f, ;o!kswp 
immediately. Equating the half of this sum to the force function Jmji . $0 3 + C 
we have an equation giving dejdt in terms of S. 

It is then easily seen that, if the constant C be properly chosen, thevalne of 
dSfdt reduces to the constant given in the question, To find the small oscillations, 
we differentiate the equation of vis viva and reject the squares of 9. 

When c = L the path of the particle is an epicycloid and the oscillations large 
or small are, by Art. 211, tautochronous. 

255. Rotating field of force. When a particle moves in 
a field of force which rotates round the origin with a uniform 
angular velocity n, an integral of the equations of motion can be 
found which reduces to that of vis viva when n = 0. 

Let Of, O17 be two rectangular axes which rotate with the 
field of force, and let X, Y be the component accelerating forces. 
We then have by Art. 227 {£■) 



..(I). 



-n*% = X 

Multiplying these by d%\dl and drjjdt and adding, we find 
d£#( dr,d\, J e ii. *l\ Y d% „dr, 

•'■ \ {(I )' + ®H«-+*»-/w+w> » 

We introduce the condition that the field of force rotates by 
making X, Y such functions of f, 1? only that X = dUjd^ and 
Y=dU/dn. Then U is a function of f, ij only and not oft The 
equation then becomes 

±(tf-n*t*) = V+G (3), 

where v is the velocity of the particle relatively to the moving 
axes and r is the radius vector. 
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We may notice that if U be expressed in terms of the co- 
ordinates x, y referred to fixed axes, the expression will contain t 
also, except when the force is central and tends to 0. 

The equation, when written in the form (2), is a slight ex- 
tension of that given by Jacobi in the; Corn/tt^i limdus, Tome III. 
p. 59, 1836. 

If V be the space velocity of the particle, A the angular 
momentum about referred to a unit of mass, then 

V- - 2m A = v- - tV (4). 

The equation of Jacobi then becomes 

lV*-nA = U + C (5). 

To prove the relation (4), let p bo the perpendicular from on 
the tangent to the relative path. Since V is the resultant of v 
and nr, (the latter being perpendicular to r), we have 

V s = u* + nV +■ 2v . np, A = vp + nr 2 , 
the second equation being obtained by taking moments about 0. 
The equation (4) follows at once. 

An example of a rotating field of force is met with in 
astronomy. If the components of a binary star describe circles 
about their common centre of gravity, the force is always the 
same at the same point of the rotating plane. Jacobi's integral 
will therefore apply to the motion of a satellite moving in that 
plane, provided it is of such insignificant mass that the motions of 
the primaries are undisturbed by its attraction. 

256. When the particle moves in space of two dimensions and the licld of 
force rotatiE about ;: i^njcivljcula!' axis with a ■■, arable ;Li:!;i:!:ir velocity tj,' we may 
obtain an extension of the eqnatiims. 

We know that lilY-'.dt is equal to the sum of the virtual moments of the 
forces divided by dt, (Art. 246), hence 

±dV s ldt = Xu+Yv 

But dAI<lt = £Y -t/X by taking moments about the origin, hence 
1 dV* dA dV 

J*—*"*-* (6 >' 

where f/is a function of the movhi;: coordinates f. ii, :, When <p' is constant, this 
can be integrated and wr outaiu il:o equation (5). 

When a s;/si'tm- i\! jjiu rit'i.-s moving in a Kivon totali'i-; lield of force is under 
consideration, me have for each an equation similar to (II). Multiplying these by 
the masses of the particles and adding the produet.s, we have an extended equation 
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of vis viva. If 'iT be the vis viva, A the singular momentum of the system, (/ the 
i'o:ce i'liiiirtion. [.hi!! equation is 

T-$'A = V+C (7), 

where >jt' is the angular velocity n[ Uu: ijeld supposed to be constant. In this form 
we may omit from U all the actions and ieoc;.ioi:s v-hich disappear in the principle 
of virtual work. 

357. CorioliB* t&eorem on relative vis viva. A system of particles is 

referred to moving axes Of, Of. Supposing the system at any instant to become 
fixed to the moving axes, let u-i calculiim v.hal ivoubL l/n-n be the elective forces on 
the system. If wo apply these as additional impress! forces on the system, but 
reversed in direction, we may use liio equation of vis viva to determine the relative 
motion as if the axes were fixed in space. 

Let %, m„ <Ssc, be the masses of the particles; (X„ ¥,), (.Y 2 , If,), to. the 
components of the ;mprc.-.sed forces. Le: also ». ./ be the resolved velocities? of the 
origin, then, including those as explained in Ait. '2'17, the equations of motion of 
any representative particle m are 

-t-^ni«« + m-l 

where a^dipjdt. 

The left-hand sides of these eeuations measure the eomponoiits of the sij«;t»(.v 
/eiw* on the particle w, Art. 227. The corresponding components on an imaginary 
particle of the same ua^ w allnchcd to the moving i^cs ami momentarily coin- 
ciding with the real particle are found by tic-aiing <=, i; as constants. These are 



' dt di 



= X< 



{-^S+IH-? 1 



These we represent by A" M , 1". for the sake of brevity. 
Transposing these terms to the other sides of the equations of n 






1±- u ^l\^X-X t 



./ft. «\_ 

\^( E (it y 



=r-r„ 

These equations may also be uned to supply another jiroof of the theorem in 
Art. 197. 

Multiplying these respectively by tiijiit, </r : :<it and i:d;iing, we have, as in Art. 255, 

Summing this roprcsciitsitivc cqua^ou for all the particles find integrating 

»2-{(|)'+(g)"S-2JUi-i.)«+(r-rj*,i (4,. 

if the si^os rotate round a lixed origin with a uniform angular velocity, u is 
constant and p, q are zero. The equation of Coriolis then lake the simpler form 

ianiJ 1 =I7+£u s 2mr»+C (5), 



,GoosIe 



ART. 260.] CORIOLIS OS VIS VIVA. 157 

where r is the di.taii'X' o( j,'io pn-tiHi: m. trom thts uriyhi and r is -lis velocity refri- 
timely to the ares. For a single particle iliis is the same as Jaeobi's integral. 

If the angular velocity u is not uniform and p, q not zero, the system of 
additional forces (X$, Y„) is not conservative and tho integration in (4) cannot be 
effected except in special cases. The equation is however still important, for the 
first step in the integration of the equations (1) must be to eliminate the unknown 
reactions, if any such exist. Now the e:[i-.u.tion (i) is fn:o from all tho reactions 
which would di.-i;L!j!K::ii- in I hi; rii in: !]■■!(■ i.i I vi.'i'.iCiV •vorl. . and liiaL uli nation therefore 
supplies us at oueo '.villi o:il' ic-n!t at Icait of the elimination. 

l.'oi' tho purposes ot' this proposition the forces measured Ijy A',,, )', are called 
il- r t'oixpx t'j nui'.iiiii f,wrr. When tin: (ui;:iii of coordinates is tixed, these iake tin: 
simple form 

*..--f-4". '.— -+«£ m- 

This theorem is duo to Goriolin ; sec the Jonniul Ptilijtctiw.itptr, 1S31. 

S5S. Laisant's theorem. &r. A particle moves under the action of a force 
whose Cartesian components are jY = -t>" -, l' = v n ■ , where v is the velocity. 
Prove that the equation of vis viva is u"- 1 = (2-ji| U+O. 

See the Bulletin de la Socie.ta ilathematiqiin, 1893, vol. scxi. 

Moments and Resolutions. 

259. The equation of Moments. If P, Q are the com- 
ponents of the force on a single particle resolved along and 
transverse to the radius vector, it is clear that Qr is equal to 
the moment of the forces .about the origin. Representing this 
moment by M, the transverse polar equation of motion becomes 



d_ (,d6\ . 
n dt\ di)~ 



M (1). 



260. When a system of mutually attracting iw.iii.cles moves 
under the action of external forces we have by adding together 
the transverse polar equations of each particle 

s »'!('- = fH« w 

If B be the attraction of m, on m B , the reaction of m s on fl^ is 
— R, and the sum of the moments of these two must disappear 
fi'om the nght-hand side. If then the external forces are such 
that their resultant passes through the origin, we have 2ilf=0, 
and therefore by integration 

*-■*-* »• 
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where H is a constant. This equation expresses the proposition 
that when a si/stem of mutually attracting particles moves under 
the action of externa/ forces such that the sum, of the moments 
about a fixed point is zero, the sum of the angular momenta of all 
the particles about that point is constant. For example, if any 
number of mutually attracting planets move under the influence 
of a fixed sun, the sum of their angular momenta is constant. 
See also Art. 93. 

Since x dy — y : dx = )" d$ (Art. 7), the equation (3) of moments 
when written in Cartesian coordinates takes the form 

K-i-'s)-* w 

261. Rigid system. When a system of particles is rigid it 
is useful to have an expression for the resultant angular mo- 
mentum about the origin. Let (x, y) be the coordinates of the 
centre of gravity, <j> the angle a straight line fixed in the body 
makes with a straight line fixed in space, and M the mass. The 
angular momentum, of /Ac whole mass is then 

where Mk % is the moment of inertia, about the centre of gravity. 
See Art. 241. 

To prove this, let (x, y) be the coordinates of the particle m, 
then x = x + ^, y = y + i). Remembering that %m%=0, Xmn = 
as in Art. 239, we find by substitution that 

*-(-J-»S)-«->(»2-»2)+*-(«3-'3)- 

Since dxjdt, dyjdt are the components of the velocity of the 
centre of gravity, the first term is the moment of the velocity 
of a particle of mass M placed at the centre of gravity and 
moving with it. The equation therefore asserts that the angular 
momentum about any point is egual to that of the whole mass 
collected at the centre of gravity together with the angular mo- 
mentum round the centre of gravity of the relative motion. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing l-dr/ — i)d%= p ! dd. The second 

term then becomes Sm/r-i-. Remembering that dOjdt is the 
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same for every particle and equal to d6 : dt (Art. 240), this term 

becomes Mle ! ,-, 
at 

It follows that, when a rigid body is acted on by any forces 

whose moment about the origin is G, the equation of moments is 



H*f-sS)+^fF 



iif l 

262. Ex, 1. A particle moves in a field of force defined by the fore* function 

Show how to find the coordinates r, 8 in terms of the time. 

The force transverse to the radius vector is Q = dUjrdB. The equation of 
moments therefore Ijcconie-s 1( j r- ■ ■ \ — •;. . Mnliiiiiying by rddidt, the inte- 
gration can be Lita.cieil and we find 

(^)'*»« («• 

This integral is equivalent iu a result given by 



The equation of v 



©■♦'©■-™ 



KlimiiiaLiiii! i/S/» ,f iiy the help of (1) we arrive at an equation giving dtjdr as a 
function of r. The determination of ( in terms of r has thus been reduced to an 
iiiLi ;rra;ioii. 'Hie relation between t'i and /■ may then be fVirj'ii fmin (1) by another 



Ex. 2. A pavtiele is pkeeil at rest ai the point £ = 0, r = a in a field defined by 
[/-„! "l?. . Show by writing down the equations of vis viva and momenta that the 
path is a circle. 

263. The equation of resolution. If a system of particles 
moves under the action of external forces, we have by resolving 
parallel to the axis of tc, (Art. 236), 

where X is the typical accelerating force on the particle m. In 
this equation we may omit the mutual attractions of the particles, 
for the action and reaction being equal and opposite, these dis- 
appear in the resolution. 

If any direction fixed in space exist such that the sum of the 
components of the impressed forces in that direction is zero, we 
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can take the axis of x parallel to that direction. We then have 

SmX = 0, .'. Sm~=i, 
at 

where A is a constant. This result is the same as that already 

arrived at, and more fully stated, in Art. 92. 

264. Summary of methods of Integration. When the 
system of particles moves in a given field of force the equation 
of vis viva in general supplies one integral of the equations of 
motion. If the system has only one degree of freedom, this 
integral is sufficient to determine the motion. 

When another integral is required, there is no general method 
of proceeding. We usually search if there is any direction fixed 
in space in which the sum of the resolved parts of the forces is 
zero, or any fixed point about which the sum of the moments is 
zero- In either of these cases an additional integral is supplied 
by the methods of Arts. 263 and 260. The first case usually 
occurs when the acting force is gravity, the second when the 
force is central. 

When these methods fail we have recourse to some artifice 
suited to the problem. Suppose that we have some reason for 
believing that a particle describes a certain path, we constrain 
the particle by a smooth curve. If the pressure can be made 
zero by the proper initial conditions, the constraint may be 
removed and the particle will describe the path freely, Art. 193. 

265. Examples. Ex. 1. Two particles, of masses m, M, placed on a smooth 
table, ate connected by a string of Sevcjth <i i>, which p : .^. -■■■■* through a fine ring 
fixed at a point on the table. The p,irticliis Lire projected with velocities V and 
]' perpendicularly to the poUions of the suing attached to them, and the initial 
lengths ace respectively a and b. Find the motion. 

Let (r, 6), (p, 4>) be the polar coordinates of m and 31 at the time t. By the 
principles of angular momentum and vis viva, we have 






Wi- )v,ivt'. (ilso the :.'eo!nctriciil equation 

r+p=a+6 (3). 

i'.ciiUTiiitnig j>, 9, tj>, we find 

"'•" _...,„,.„„ 



<«♦■ *(£)■♦=??< 
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3n this differential equation, the variables eau bo sqjii.ru ted :uid tlius i can be 
expressed in terms of r by an integral. The integration cannot be generally 
effected. 

1.1 1 Lie system oscillate, the extreme positions arc determined by putting tlridl -0. 
We tb ns have 

"™ + (^r ( " [ " +M '" ) - <■>■ 

Since the left-hand side in positive when >'=0 and r-a + b and vanishes when 
r=n there is a second positive root leas than a + b. This second foot may be 
proved to he greater or lews than it according as mU s jn is greater or less than 
MV 2 jb. These values of r determine the extreme positions of the system. We 
notice that if V be very smali, the second root is very nearly equal to a+ b. 

If V—0 the particle M arrives at the origin, but the appearance when r—a + b 
of the singular form U/0 in the equation (5) is a warning that the motion changes 
its character in this case. In fact- if the third tern on the left-hand side of (4) is 
i i'liiiivcd, the vi ~.t;<:L\,y of arrival at is finite instead of being iufiniii-ly gre:-.t. 

To find the tension T of the string, we use the radial equation of motion for 
one of the particles. This gives 
tPr 



dt 1 r \dt) hi' 

I liferent iatiiifl (■l.j '.re find ih-iilt in terms of rand after si 



The siring thcrer'iiro does no: become slack. 

lix. 2. Two particles whose masses are in the ratio 1 : 2 lie on a smooth 
horizontal table, and are competed by a string tbr.t passes through a small ring in 
the table: the string is stretched and the particles arc equidistant from the ring: 
the lighter particle is llien projected at right angles to its portion of the string. 
Trove that the other pa:ficlt: will strike the ring with naif the initial velocity oi 
the first particle. [Coll. Ex. 1S96-] 

Ex. 3. One A of two particles of equal me-s, without weight, ami connected 
by an inelastic string moves in a straight groove. The other fl is projected parallel 
to the groove, the string being stretched. Trove that the greatest tension is four 
times the least. [Coll. Ex.] 

Reduce A to rest, then B is acted on by T and T cos 8, the latter being parallel 
to the groove, where t) is the aredc Al' makes with the groove. The particle Ti now 
describes a circle, and the normal and tangential resolutions give the angular 
velocity and the tension. 

Ex. 4. Two particles m, 21, are connected by a string, of length a + b, which 
[insses through a hole in a smooth table; M haugs vertically at a depth 6 below 
tin; lioie, in- is projected l:er:/oi;.>L'._y ami peiper.dieiiiarly to the slung with velocity 
V from a point on the tabic distant it from the hole. Prove that if M just rise to 
the table, mV*{2ab + b ! )=2Mgb {«+&)■. Prove also that if M oscillates, 

■mV 1 + 2Mga > 3 (M hfrVtyrffi. 
What is the motion if mV* = Mga'! 

H. D. II 
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Ex. 5. Two untnlt spheres i>f masses m- and i»i are fixed tit the ends of a 
weightless rigid tod ,45 which is free to turn about its middle point O; the heavier 
sphere rests on a horizontal table, the rod milking an i;n;;!c ;lQ"with it. If a sphere 
Of mass ?« falling vertically with velocity ■« strike the lighter sphere directly, prove 
that the impulse which the heavier sphcie ultimately gives to the table is 
•'-imt (l-l c), where c is tin; coefficient of restitution between the two splieres, the 
table being perfectly inelastic [Coll. Ex. 1893.] 

At the first impact we take moments for the two panicle* m, ?.n; about O to 
avoid the reaction at 0. We therefore iin.ve !inn;'ii.= I!<i cos a, ro(u'-i*} = - 11 where 
a = 30°. At the moment of greatest compression the velocity of approach of the 
centres is zero, .'. »t' = v'cosa, and ll-—iv>tt. Since the complete value of It is 
found by multiplying this by 1-1 e, the velocity of cither end of the rod after impact 
is !%itcosa(l + e). The balls ;■■.■ and '2m rotate with the rod round <) through some 
angle, and 2m finally hita the table with a velocity »', Taking the same equation 
of moments as before R , ocosa=3i«u'i', .: R' = $mu (1 + fl). 

£i, ti. One end of a string of length I is attached to a small ring of mass w 
which can slide freely on a .smooth horizontal wire, and the other end supports a 
heavy particle of mass «;.'. If this particle he held nisplaecd in the vertical plane 
containing the g roov e, the string being straight and then let go, prove that the 
path of m' is part of an ellipse whose semi-axes are (, litij(m I m'), the major axis 
being vertical. [Coll. Ex. 1890.] 

Only the horizontal lesi./ution and the geoiuct! ical equation are required. 

Ex. 7. A rectangular block of wood of mass H i.s free to slide between two 
smooth horizontal planes, and in it is inserted a smooth tube in the shape of a 
quadrant of a circle of radius a, one of the bounding radii lying along the lower 
plane, and the other being vertical. A particle of muss vi is shot into the tube 
horizontally with velocity I', rebounds from the lower plane, and leaves the tube 
again with a relative velocity V, prove that 

where e is tiie eoeiUcicuf ot' resiiituiijn I'm- ice lower plane. [Coll. Ex. 1895.] 

Ex. 8. If in the ease of Ih'ec equal particles ;iie units eic so chosen that the 

energy integral is 1 [v L " + v..- r *■?') — — + - — t- -, where r i3 is the distance 

between the particles whose velocities are r, and f.,, and if r is a positive constant, 
the greatest possible value of the angular momentum of the system about its 
centre of inertia is WC 2 *")- [Math. Tripos, 1893.] 

Ex. 9. Two equal particles arc initially at rest in two smooth tubes at rigin 
angles to each other. Prove that whatever be their positions and whatever their 
law of attraction, they will reach the intersection of the tubes together, 

[Coll. Eat. J 
Ex. 10. Three mutually attracting panicles, of mioses ih, , nu, -m.,, are placed at 
rest within three lixed smooth tubes O.c, Oil, Oz at rigid angles to each other. The 
attraction between any two, say m,, m,,, is pm^iar.r' where r s is the distance. If 
the triangle joiuir.;; the particles always remains similar -.:< its initial form, prove 
that the initial distances satisfy the equations 

Hl a + IM 3 ■ - HI, Htj-f-m, - J« 2 _ Wlj +MJ a -!ll 3 ' 
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266. Koiibla answers. Ex. A cube, of mass M. constrained to elide on 
a smooth horizontal table, has a lino miic A CB cut through it in the vertical plane 

through its centre oi gravity, the o\t:cioi!ics A . .'; bom;.' on the same horizontal 
line and the tangents at .!, /; hori/.ontal, A particle, of muss m, is projected into 
the tube at A with velocity I". dcdacc analytically frerr: the equations of linear 
momentum and vis viva that the verify oi emergence a! ii is also V. 

Let u, v be the velocities of the- cube and particle at emergence. The principle^ 
leforred to give 

Mb + t»v = m V, ihP + ™ ! =i»V ! , 

These give two solutions, viz. (1) w-0, v=V, and (2) « = 2»»r/S, w = (hi- Jtf)r/S, 
where S — m-\-M. To interpret llicso we notice that there are two Sets of initial 
conditions which give tins same linen:- momentum and vis viva. These are 
determined by the vnlucs of a. e just written down. We have therefore really 
-jilved two prolf.oius i : .i:d nave thus ob'.ained two results. 

To dLetmgr.b-h the solu'ions, we invcst.';"ate the intermediate i notion.. Let I' be 
nny point in the tube and let p be the tangent of the angle the tangent makes with 
the horizon. If », v now represent the horizontal velocities at P. the same two 
principles give 

Mti + mv = mV, Mv? + m (p* +.j>V s ) =mK 3 , 
where x'=v - u is the relative velocity. These give 

V t ,r/, ,ilf+m\" i ') 

<"-;««„!" J '( 1+ *' r ) !■ 

Mow «= F initially when ii - .(!, heuec the tadical must have Hie positive sign and 
must keep that siijn until it vanishes. On emergence therefore, when p is again 
zero, V — V. The negative sign of the vaaica' evidently gives die initial conditions 
of the other problem. 

267. Bodies without mass. Ex. 1. A heavy bead is free to slide along a 
rod whose ends move without friction oo a liovi^outal circle; prove that when 
the mass of the rod is neyiigil^c eo?r.;iaiei.l '.litli that of the head, the bead will, 
ivhen started, continue to slide along the md with an acceleration varying inversely 
as the cube of its distance Iron, the middle point. [Math. Tripos, 1887.] 

The reaction between tho rod and the jiart.iclc is zero because the rod has no 
mass. To prove this, let It be the reaction, M (he mass of the rod, then, taking 
■ iiomenb about the centre O oi the chclc. we have Mn' : d'j.;'il! ■■-■■■ l!>i, where u is the 
angular velocity oi' the rod. II.cucc J.'--0 when il/=0. 

The particle P, being not acted on by any horiiouital force, describes a sLraigdiL 
line in space with uijji'oi m velocity b. if x be the distance of J' from the middle 
point I? of the rod; «, c, the perpendiculars limn. on the fial.ii and on the rod, we 
have &+tfi=OF=a*+lW. 

This gives (fir/dt 2 = i a (« 2 - c s )/^. 

Ex. 2. A rigid wire without mass is ferined into an are u! an eipiiangular spin- 1 
and carries a heavy particle fixed in the pole. If the convexity of the wire be 
placed in contact with ;i p.iic.e'ly reugli liorixoni.a! plane prove that the point 
of contact will move with a uniform acceleration equal to y cot a, where a is the 
angle of the spiral. [Math. Tripos, I860.] 

11—2 
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308. Equation of the path. Let P, Q be the resolved accelerating forces 
acting on the particle respectively along and perpendicular to the radius vector. 
Let P be regarded as positive when netinfi toward* the oriijin. The equations of 

d? \dt)- r ' rdt\ r dt)-V (1 '- 

To find the path wo eliminate t. The second equation, after multiplication by 
r'dd/dt and integration, as in Art. HC2, becomes 



(t*~\*=&+2jQtWB p). 



For the sake of brevity we represent the right-hand side by H"*. Putting also 
u = \jt, we find <W/dts=HtA We then have 

*■ 1 da dff_ „du 
di~ "JfidS dl~~ ~ dJ' 

Snbr/.itutins; in the iirst equation of motion 
Replacing S 1 by its value given in (2), 

{^)(^!»4P,4. <»■ 

Thy- vj Litpttt ?>■'.-.■ iliji'innitial e.quaiioit of the ■/»>,tli of th.e partir.le. The forces 
P, Q being given in terms of the coordinates w, 6, of the moving particle, this 
equation, when solved, will determine it as a function of 9, and thus lead to the 
equation of the path. To find the motion along the path we use equation (2). 
Substituting in thnt conation thf \;\':v,p or' c in terms of >) we find by integration the 
time t at which, the particle- oceupiisi- any p;!u : n position. 

The polar dilTtivmia". cqaati;.u; of !l c path cannot be integrated except for 
special forms of the forces P, Q. If ( L ) -l\ the equation takes the form 



..(4). 



This can be integrated when P is a function of « alone, a case which is considered 
in the chapter on central forces. It ean also bo integrated when P=ti 3 F(0), the 
ir:«tIiod of s(.i1i;e::>u Im/iiij; ihat -hown in Art. 122. 

When P=tf>F(d) the equation is linear. If one solution of the differential 
equation is known, Bay u=$ [8), the general integral may be determined by substi- 
tuting u = z<p[e). After integration we find z = A + B \[<t> (0)] -2 <W. 

269. When P=;i s F{0), Q=tt s /'(B), the differential equation of the path takes 

the linear form 

(S+«)(»+W«IH-/'mS|-»M"-« !«■ 

The various eases in which this equation 'can be integrated are enumerated 
in treatises on Differential Equations. 
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By multiplying the equation by Llie propta lai/Lor vc can make the left-hand 
Bide a perfect differential. Conversely choosing any factor, we can find the relation 
between P and Q that thin may *■>■> the in-opoi iny.ijii'ating factor. If we wish 
i/ie relation between 1\ Q to ha indtqntitdent «/ tfe iWjimZ conditions, the terms 
coutaiiimg «.- as a factor must bo iiffiie a per:'eet diliivruiitial independently of the 
remaining terms. The coefficient of !i- is -rj,-!-" and this is made a perfect 
differential by either of the factors am d or cosfl. The remaining terms must 
therefore also become a perfect differential by the same factor. The condition thill 

L^ + j¥~ + jVm is a perfect differential is N-~ + ^ = 0, and the integral is 
known to be£ — + I M — — 1 u. 

Mullipiyim; cijuatiun {!>) by shit), the product is a perfect differential if 

which reduces at once to £=A3 +8ootfl Q (8). 

The integral, since/' (S) = Qjit J , becomes 

(*-+a/|j») (.in»g-.o.«.) - J.in»„.C (7), 

where C is a constant. Tins is a linear eipiii'.k.ii ..■!' the iir.^t order and can be 
integrated a second time whiai (,)/«■■ is ^ivc:i as a function of S. The dutentdiut tioti 
of tin: piilli. *•.'!)! therefore he. red need, to inte-jrutinii ic-lii-n the- rahuion (li) in tutiilit'd. 

In the same way, if we multiply (5) by cusfl, we find that the product is 

a perfect differential if ~i = Ta a " 3 taa9 s ■■ "*( 8 ^ 

ujid the integral is (V+2 lp<») (eoBfl^+BinSw) - ?oos9u=C' (9), 

which is linrar and can he integrated a second time. 

Aiio;"i(jr case in which the integration of (3) can be effected may be deduced 
from Art. 262. The equation (3) is 

de\_ \\de) + "fj~# de + u* u ' 

If then - i =f(v) + 2l^de, the integral is 

k? + 2 (Qdel {(^Y+A =2 ("/(«) «du+2u" {Qde+c (io). 

270. Em. 1. If P~ui>Ff6) and Q = PtB.n8, prove that «=J sine is a par- 
ticular solution of the linear equation (5). Thence obtain the general integral 
by putting u-zsia8, where z is a function of which is determined by solving 
a linear equation of the first order. 

Ex. 2. A particle moves under the forces 

P=jra i, (3 + 5eos20), § = ^ii 3 sin20; 
prove that an integral of its motion is 

»e*.l-.«..U, li(d»-* ..>* + «. W.I.O. 
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ui'Uin also a similar integral if 

[Coll. Exam. 1892.] 
Ex. 3. If the Cartesian accelerating forces .Y, ¥ are unrestricted, prove that 
the differential equation of the path is 

where A is a constant depending on the initial em-:iitions. 

Prove also that the determination of y as a function of x can be reduced to 

integration when bull: A", Y are functions of x only. 

Ex. i. If ,Y ami V.-'y are functions of .;.■ only, the differential equation of the 
pjLtli is linear. Prove that it can lie integrated wher. V --</■■'■■ , and that the first 

integral is {A + SjXdx)^- -Xy = G. 

Y dX 

" > ~ Tfr + 
and that the first integral is 

{A + 2fX&)!e^_-(A + 2jXdx + xX)y = C. 

Ex. 5. Prove that the Cartesian equations of motion can he completely 
integrated when tin; fores function satisfies 

&U_&U_ <PU 
dx'' dy' J dxdy ' 

To prove this we notice that U=^(y + ax) + if'{y + a'x), 

where a, ft' are the roots of a 5 - uti — l. We then clia:i;;o rim vaviLiMss to ^~y + ax 
and ij—y + a'x. The new coordinates £, ij are also rectangular. The equations 
of motion become 'l-S-Jdt* — rji ■.}), (p5j/(i( a = it'(jj), which may be solved as in 
Art. 122. 

Ex, 6. If the direction of the acting force is always a tangent to the direction 
of motion, as in the ease of a resisting medium, prove that the path is a straight 
line. Consider the resolution along the normal. 

Ex. 7. If the direction of the force is always perpendicular to tlni path, prove 
that the velocity is constant. 



Superposition of Motions. 

271. A particle is const t ain ml to describe- ;i fixed curve. When 
projected from a point A with a velocity % under the action of 
any forces the velocity and pressure at any point P are v, and R,. 
When projected with a velocity w^ from the same point A under 
a second system of forces the velocity and pressure at P are i> s 
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and P 2 . When the particle is projected from A with a velocity 
u such that u? = u 1 * + ii a s l and moves under the action of both 
systems of forces, the velocity and pressure at P are v and E. 
It is required to prove that 

if- = v^ + vi, R^R 1 + R l . 
To prove this we write down the two equations for each of 
the three types of motion. Representing for the sake of brevity 
the normal components of accelerating force by JVi, JV a , JV, + JV a , 
we have 

v* - u, 1 = 2 /(X.tfce + Y4y), «i s /p = &i + fi *M 

v* - u * = 2J(X. 2 dx + Y4y), v?jp = N S + RJm, 

jf - m* = 2 J[(Z t + X a ) dx + ( F, + F s ) <fy) , w'/p - Ji + JT, + fi/m, 

the limits of integration being id ways* from the point A to P. 
The results follow at once by subtracting from the third 

equation the sum of the other two, 

272. The following corollary will be found useful. 

A particle can describe a curve freely under the action of 
certain forces, the velocity at some point A being w,. If the 
particle is now constrained to describe the same curve the velocity 
at A being changed to u 2 , then the pressure at any point P is 
Gjp, where p is the radius of curvature at P, and C is the 
constant m (uf — m, s ). 

To prove this we notice that when the velocity at A is u 2 and 
the forces act on the particle, the pressure is Pn = 0. If the 
velocity at A were u' and no forces acted on the particle, the 
pressure at P would be mu'^jp. Superimposing those two states 
and putting a' 2 — u.f — u*. the theorem follows at once. 

273. We may also deduce the following theorem duo to Ossiim Bonnet, If a 
particle can freely describe ihe same crave under two different systems of forces, 
the velocities at some point A being respectively k, and n., , then the particle can 
describe the same nath under bot.li system:- oi iiacs provided the velocity at A is «, 
where I! s =« 1 2 + U;-. Since any point miiy be [alien a-- ilie point of projection this 
relation between the velocities holds at all points of the curve. Lioavilh':: 
Journal, Tome is. page 113. 

274. The following example of Ossian Bonnet's theorem is important. It 
will he shown in the chapter on central forces that a particle P will describe an 
ellipse freely about a centre of force in one focus fl 1( whose law of a' 
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«-,.■' j- , : ', provided the velocity of projection at any point A is given b 



*(H)- 



The same ellipse can also lie described about a centre of force in the other focus 
).L, whose law of attraction is u.Af.r pt.o\v\k\i the vovocih c-._, Sill-: the correspond ini: 
value. It immediately follows that the particle can describe, (lie ellipse freely about 
both centres of force acting simultaneously, provided (1) the velocity v at any. point 
A is given by 

— (HMH)- 

1 bisects externally the angle between the 

According to this mode of proof both the centres ol force should be attractive . 
for it is evident that an ellipse could not be freely described about a single centre 
of repulsive force situated in either focus. But the law of continuity^ allows thai. 
this limitation is unnecessary. Supposing p.. and ii. : to have arbitrary positive 
values, it has been proved that the equations of motion of a particle moving freely 
under both centres o: form; become- salisin-d wjn-ji :his value of s- is substituted :u 
them. The equations contain only the first powers of ,u, and /i a (see Art. 271) and 
can be satisfied only by the vanishing of the coe:licioi:ts of tjic--;e quantities. They 
wili therefore still be satisfied if wo change the siyiis of either ju, or /ig. 

In the same way we may introduce other changes in to the- theorem, pruvide-d 
always we can obtain :i dynamical interpretation of the result. 

375. Ex. 1. Prove that a particle can describe an ellipse treely under the 
action of three centres of force ; one in eaoh focus Gitracr.iug as the inverse square 
and the third in the centre attracting as the direct distance. Find also Uie velocity 
of projection. 

Ex. 2. Particles of masses w, , m.,, ,vc. projected from the same point in the 
same direction with vc]ocir.;os u s , «,, Ike. under the action of given forces F,, F 2 , 
&c. describe the same curve. Show that a particle of mass M projected in the 
same direction with a vo.ooity i" under the simultaneous action of all the forces 
Fj, F 2 , &c. will also describe the same curve, provided 

Ossian Bonnet, Note iv. to Lagrange's tific.aniqtte. 

Ex. 3. A bead is projected along a smooth elliptical wire under the aetion of 
two cent-res of force, one in each focus, and attracting inver.se'jy as the square of 
the distance. If TP, TQ be any two tangents to the ellipse, prove that the pressure 
when the bead is at P : pressure when the bead is at Q : : TQ 3 : TP 3 . 

Initial Tensions and radii of Curvature. 
276. Particles., of given masses, are connected together by in- 
elastic rods or strings of given lengths and- are projected in any 
given manner cons isle id -with these eon sin ants. It is required to 
find the initial values of the tensions and the radii of curvatures of 
the paths. 
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The peculiarity of the problems on initial motion is that the 
velocities and directions of motion of all the particles are known. 
It will thus not be necessary to integrate I'm. 1 differential equations 
of motion, for the results of those integrations are given. 

Supposing that there are n particles, we shall require besides 
the 2m equations of motion a geometrical equation corresponding 
to each reaction. 

To show how the geometrical equations may be formed, let 
us suppose that two particles ■m 1 , m. 2 are connected by a rod or 
straight string of length I. The component velocities of the 
two particles in the direction of the string being necessarily equal, 
their relative velocity is the difference of their component velocities 
perpendicular to the rod; let these be V lt V 2 . If be the angle 
the rod makes with some fixed straight line, the geometrical 

equation is I ^= V a — V,. 

The simplest method of obtaining the relative equations of 
motion is perhaps to reduce m, to rest. To effect this we apply to 
both particles (1) an acceleration equal and opposite to that of m,, 
and (2) an initial velocity equal and opposite to that of m,. The 
path of m 2 being now a circle whose centre is at m, and whose 
radius is I, the relative accelerations are those for a circular 
motion. (Art. 39.) 

Let X lt X. : be the components along the rod of junction of all 
the forces and tensions which act on My m? respectively. We 
then have (Art. 35) 

,/j»y_ (F,-7 ,y x, z, 

\dtj I ftbi m, 

In this way wo may form as man)- equations as there are re- 
actions. By .solving these the initial values of the reactions become 
known. 

If the angular accelerations of the rods are also required, let 
Y u Y s be the component forces perpendicular to the rod which 
act on m,, «v Then 

4?=^-5 <2) . 

dtf nis m, • ' 

277. To find the curvatures of the paths. v:a refer to the equa- 
tions of motion in space. The velocity and direction of motion of 
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each particle being known, we may conveniently use the tan- 
gential and ii urinal resolutions. We thus have 2n equations of 
the form 

m ?-N, „*-r (3 ), 



where JV, T are tinea:' functions of the forces and tensions which 
act on the particle m. 

These reactions having been found by considering cho relative 
motion, we substitute in (I!). The first of these determines the 
radius of curvature p of the path of m, and the second the tan- 
gential acceleration, if that be required. 

When any one of the pur lick* is constrained to describe a given 
curve, the initial pressure of that curve is one of the unknown 
reactions. This pressure will, be determined by the normal resolu- 
tion of (3) since the radius of curvature of the path is the same 
as that of the constraining curve. 

278. If some or all the partief.es dart from rest, the liquations 
of relative motion are simplified, for we then have <p' = where the 
accent denotes djdt. Since however the direction of motion of a 
free particle at rest is not given, the tangential and normal resolu- 
tions are then inappropriate. We can however use the Cartesian 
or polar resolutions lit space. Since d' = 0, the polar resolutions 
reduce to r" and rO" which are very simple forms. We must 
however bear in mind that if we require to differentiate the 
equations of motion this simplification must not be introduced 
until all the diffei'eutiati.ons have been effected. Art, 281. We 
may also use Lagrange's equations, when the curvatures and not 
the tensions are required. These modifications of the general 
method are more especially useful in Rigid Dynamics and are 
discussed in the first volume of the author's treatise on that 
subject. 

278. Examples. Ex. 1. Particles are attached to a string at unequal 
distances, and placed ill the form of an anc'.ased polygon on a smooth table. The 

particles are then s«i m :uoo:::ii wiviion;. iji:pac;.= and are aclod on In' any forces. II. 
is required to find the initial tenuous and curvatures. 

Let ABGD &a. be any con^M-ivf! povtio'.es, ar.d let the tensions of AB, BG,&c. 
be 2',, T 2 , &e. Let the given forces be F„ F 2 , &c. and let them act in directions 
making angles a, ,8, &e. with AB, BC, &o. Let ^dft/iK, LdQ.Jdt, &c. stand for 
the known different: of the velocii;^ oi' [he eansec'.iHw: pjirticli ;- resolved perpen- 
dicular to the rod or string joiniii;' them. 
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The particle B being reduced to ; 
along CB, r.j/m ; along CB, r,/m. 2 parallel I 




'., B, C, tfcc. are the internal aindes of the polygon. The second resolution 
may be omitted if the angular accelerations of the several portions of string are 
not required. 

An equation, covre-HiniiiiliiiLi to the lirst of these , can he written down for each 
of the « particles, beginning at cither end, except the last. We thus form (n - 1) 
equations to find the (n- 1) tensions. 

To find the initial ratlins of curvature of th<; path in apace of any particle <■ 
we resolve along the normal to the path. Let the directions of motion of the 
particles be AA' , ill!', Ac. and lot v,, v. : ,&c. bo the velocities of the particles. Then 

™ sV = T, sin DCC -f T., .sin BCC - /■'.. sin f DOC - y). 
ft 

If the particle :;i. is initially ;il rest, e^ — i) a:ul the lasi equation 'ail- L<> dclci- 
mine p 3 . The initial tensions may still he deduced from the first equation. The 
initial direction of motion of the pa:iiclo ooineides with the direction of the 
resultant force and is therefore known when rim iiiiiial tensions have been found. 
The tangential acceleration in also known for tin; Fame reitsou. The determine lion 
of the radius of curvature requires further consideration. .ffW^v/. ^ 8 * 

Ex. 2. Heavy piuiicles. whost' masses ho;dnnin.-: at the loive-d are m l , m„, Ac, 
are placed with their connecting strings on a smooth curve in a vertical plane. 
Find the initial tuitions. 

In this problem i.he are iieU'een ;i:iy tivo panicles loinaiiis constant, so that 
the tangential accelerations of all the strings are equal. Let this common accelera- 
tion be/. Tallin;-; nil ike psinicSon as one system, tlui tension, tin not appear in the 
resulting equation, we have therefore 

(m ! + m~ + &c.)/=-m,s;sinf 1 -m 2 srsinf s -&c., 
where ip„ f 2 , Ac. are the angles the tunjrents at the particles make with the 
horizon. 

Considering the lowest particle, we have 

*h/= -m^ Bin. -M-^. 
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172 INITIAL TENSIONS AND CURVATURE. [CHAP. V. 

Considering the two lowest, 

(m, + vu) f=-m lS sin f j - m^ sin f t + T„ 

and so on. Thus nil tin.' lensiuns 'i', , 7'.,, ito. have been found. 

If any tension is negative, that string i^iiu.„iifi I f :y become? slack, We also 
notice that the initial tension? aye i i : ■ 1i.-j.h- i -lu i ■ i j T oi the velocities of the particles. 

To lind the Initial reaction'., we use the nornml resolutions. I: i: bo the initial 
velocity of the particle m, we thus find — = - mg cos \j/ -f K. 

Ex. 8. Three equal particles are connected by a string of length a + b so that 
i a, b from the other two. This one is held fixed and 
cles about it with the same angular velocity so that the 
hat if the particle that was held fixed ie set free the 
■t the string are altered in the ratios 2a + o : 3a and 
[Coll. Ex. 1897.] 

.■tides tied together by three equal threads are rotating 
y. Prove that if one of the threads break, the curva- 
neotwly become 8/5, 6/5, 3/5ths respectively, of their 
[Coll. Ex. 1892.] 
> particles are fastened at two adjacent points of a closed loop of 
•eight which hangs in equilibrium over two smooth horizontal 
parallel rails. Prove thai when [he short piece oi' siring bchvcei: il;e particles U 
cut the product of ii'.e icns ; o;is before :..:;d aiiur ihu eullir.;; is equal to the product 
of the weights of the particles. [Coll. Ex. 1896.] 

Ex. 6. Two particles of equal weight lire connected by a string of length i 
which becomes straight just when it is vertical. Immediately before this instant 
the Upper particle is movie;; Jiormmlally with velocity Ji/I, and the lower is 
moving vertically downwards with the same velocity. Prove that the radius of 
curvature of the curve which (lie- apixr pailiele be;:ins to describe is ,i % /j/. 

[Coll. Ex. 1897.] 
Just alter the impulse the upper particle begins to move in a direction inclined 
tan -1 1/2 to the iioii/.on. 

Ex. 7. Two equal particles A. !!. are connected by ti siiin^ oi Jutiijl'i I, the 
middle point V of w'uich is held at test en a smooth horizontal table. The particles 
describe the same circle on the table with the same velocity in the same direction, 
and the angle AGE is right. The point O being k 'leased, prove that the radii of 
curvature of tin i.i pains just after the .-'triuL; becomes li.eiit are "i^'ilji and infinity. 
Ex. 8. Four small smooth rings of cqunl iiia"s arc art a c bed at oai-.a: inferva;-. 
to a string, and rest on a smooth circular v. i:e who to piano is vertical and whose 
radius is equal to one-third of the length of the string, so that the string joining 
the two uppermost is horizontal, and the line joining the other two is the horizontal 
diameter. If the string is cut between cue: of the oxireme particles and the nearer 
of the middle ones, prove that tbo tension in the horizontal part of the string is 
I m in ei Palely diuilrii-ihod in the ratio 9 : 5. [Coll. Ex. is:,;'i. | 

Ex. 9. Six equal rings are attached at equal intervals to points of a uniform 
weightless siring, and the extreme rings arc free lo slide on a smooth horizon tul 
rod. If the extreme rings are initially held so that the parts of the string 
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attached to them make angles o with the vertical, and then let go, the tension in 
the horizontal part of the string will he instantaneously diminished in the ratio of 
cob 2 a to 1 + sin-a. [Coll. Ex. 1889.] 

Ex. 10. Three particles A, S, G are in a straight line attached to points on a, 
string and are moving in ji plane with equal \-elooJtioK at tight angles to this line, 
their masses being m, m', m respectively. If B come in contact with a perfectly 
elastic fixed obstacle, prove that the initial radius of curvature of the paths which 
A and C begin to describe is £«, where AB=BO=a. [Coll. Es. 181)2.] 

Tilt: ii:ii'ti(;L II rt.-bounds with velocity v. By considering the vdalivc motion of 
A andB we have iv 2 ja — Tjm. By considering t!l,! space motion of ,i, v*lp=Tjm. 

Ex. 11. A tight string without mass passes through two smooth rings A, B, 
on a horizontal table. Particles of masses p, q respectively are attached to the 
ends and a particle of muss m io a point between .1 and B. If m be projected 
horizontally perpendicularly to the string, the initial radius of curvature p of its 
path is given by (m+p + s)/p=.p/<i-g/&, where 0A = a, OB^b. [Coll, Ex. 1893.] 

Ex. 12, A circular wire of raass M is held at rest in a vertical plane, on a 
smooth horizontal tabic, a smooth ring of muss .■;. being supported on it by a string 
which passes round the wive to its highest poult and from there horizontally to a 
fixed point to winch it is at I ached. If the wive he set. free, show that thin pressure 
of the ling on it is immediately diminished by amount -,..''' ...'.:', . , win-re 6 :-, 
the angular distance of the ring from the highest point of the wire. 

[Coll. Ex. 1897,] 

Ex. 13. Two particles P, P' of masses j«, -,«■' respectively are attached to the 
ends of a string passing over a pulley A and are lielil reflectively on two inclined 
planes each of angle a placed hack to back with their highest edge vertically 
Under the pulley. If each string makes an angle :i with the plane, prove that the 
heavier particle will at once pull the other of! the plane if 

m7m<2 tana tan j9~l. [Coll. Ex.1896.] 

Ex. 14. Two pavtld-os of masses in, 1-1 ace attached at the points B, C of a 
string AUG, the end A being fixed. The two portion.-. All. ISC rest on a smooth 
horizontal table, the angle at B being a. The particle M has a velocity communi- 
cated to it in a direction perpendicular to DC. Prove that if the strings remain 
tight, the initial radius of curvature of the locus of ,1/ is a (1 + n sin 2 a) , where 
»=3f/m and BC=a. (V. A, l?£, 2*. *• [Coll. Ex. 1895.] 

280. To find the initial radi.un of curvature vAen the particle 
starts from rent. In this problem it may be necessary to use 
differential coefficients of a higher order than the second. Let 
x, y be the Cartesian coordinates of a particle, then representing 
differential coefficients with regard to the time by accents 



which takes a singular form when the component velocities as", y' 
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are zero. Putting u=x'y" — y'x", we have after differentiation 
vl = x'y'"-y'x'" > 
u" =a;'f -y'aF + d'y"'-y"af", 
u'" = x'tf - yV + 2 («V - y V*> 
For the sake of brevity let the initial value of any quantity be 
denoted by the suffix zero, thus x" represents the initial value 
of x". Using Taylor's theorem and remembering that #,'=0. 
y '= 0, we have 

»y - i/V = H«*V - V V) ** + J (*V - *W) ( s + &c. 

Similarly («'* + y' 2 ) 1 = «' 2 + ifc'") 1 ^ + &c 

If the particle start from rest the initial radius of curvature 
is therefore zero. But if the circumstances of the problem are 
such that ic"y<i" — &'o'"'l/a" = 0, the radius of curvature is given by 

afyf—aifyt" 
This is the genera] formula when the axes of &', y have any 
positions. 

If the axis of y be taken in the direction of the resultant 
force #„" = 0, and if we then also have x"' = 0, the expression for 
the radius of curvature takes the simple form 

If Y„ be the initial resultant force on the particle, X the trans- 
verse force, the formula when X ri — 0, X,,' = may be written 

The cori'esponding formula for p in polar coordinates may be 
obtained in the same way. We have when r (r"8'" — r'"8") — 
initially, 

^TL+J^l = 3j *8"' + 6r"W + rr'ff' - r*V, 
P 
where the letters are supposed to have their initial values. If the 
initial value of r" — 0, this takes the simpler form 
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281. Let n particles P J} P s , &c. at vest, be acted on by given 
forces and be connected by k geometrical relations. To find the 
initial radius of curvature of the path of any one particle P we 
proceed in the following maimer, though in upvdttl caws a simpler 
process may be used. We differentiate the dynamical equations 
twice and reduce each to its initial form by writing for all the 
coordinates (x,, y,), (it 2 , y 9 ), &c. their initial values, and for 
(*i' f Vi)> & e - zero. We differentiate the geometrical equations 
four times and reduce each to its initial form. We then have 
sufficient equations to find the initial values of x", x'", * ,tv , &c, 
R, R', R", &c. where R is any reaction. Lastly solving these for 
the coordinates of the particular panicle under consideration we 
substitute in the standard formula for p. 

This process may sometimes be shortened by eliminating the 
tensions (if these are not required) before differentiation. We 
thus avoid introducing their differential coefficients into the 
work. 



282. Shorter Methods. We can sometime* simplify tln» e:«o metrical rela- 
tions by introducing subsidiary ir'.iantiae^, say 8, ij>, &c. In this way we can 
express all tlie coordinates (.;-,, ;/,), ittr. in terms o: 0, ,p, ite. by equations of the 

x=f{0, -p, Ac), y=F(8, <t>, &o.) (1), 

where $,<p, &a. n-a. independent rar'ahb^. Sn':i.-li:;i'i:j;: ii: :hc dynamical equations 
and eliminating tlic reactions, we have Za-K equations of the second order to 
determine 8, ih, &e. in terms of (. These el! m! nations -may be avoided and tin- 
rtvutox shortly in-ilti'ic tUnrn h\i rein.-/ Lur.nutass equations. Lagrange's method is 
described in chap. vu. it, 3 "3- t> , 

These equa^ons, lunvevi.! obtained, con^iin 0, 0', S"\ 4-, if', tp", &C. and by 
differ mi tirmon vru imu (bid :sh many hi;:hei diltorolilial i:qu!itions ax an; required. 

Since 6', #', &o. are Kero, wb find by d i ITthi't- n tis'i lion 
•"-/!»• + /##" + .... 

^'"=//"+V"+..., 

where suffixes as usual indicate psrlkl dilierential eoetlicicuts, thus f e — dfjA8. 
There are similar expressions [or the di'Te-ventinl uoeljicients of y. Substituting in 
!lie sl::i:daid lorn: f"j. .-.,. m: jbiain the required radius of cuivature. 



■e that if the paitid lui'i'f-retiliul eoeilieients f e , f^, . 



283. We n 

the initial valu< 

8. <j>, &C, than the second, and these are yiveii Jit. onee. by tin: equjilions of motion, 
Since p=8j""/a h ] when the axis of y is taken parallel to the resultant force on 
the particle, the ladius of citrMUtn- can then be fauud iritkoiit di.ijr.ren.tiati.iiy the 
equations of motion. 
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te-f Mj.t dtp , 

the geometrical meaning of the equations /,=0, 4 = 0, &c. clearly is that dxjdt=0 
for every geometrically possible displacement of the system. The point, whose 
initial radius of curvature is required, must begin to move parallel to the axis of y 
however the system is displaced. 

284. Examples. Ex. 1. A particle is placed ai vest at the origin and is 
anted on by forces X, Y parallel to the axes. If X, Y are expanded in powers of t 
and the lowest powers are X=/t, Y=g, show that the path near the origin is 
y»=nvp and that the radius of curvature is zero. If X=ift', Y^g, the path is a 
parabola whose radius of curvature is %-//. We notice that in the first of these 
oases A" is finite, in the second zero. 

Ex. 2. A particle is at rest on a plane, and forces X, 1' in the plane begin to 
act on it. If these forces are functions of the coordinates x, y only, prove that the 
initial radius of curvature of the path is 

[Coll. Ex. 1895.] 

This result follows from Art. 280. 

Ex. S. Two heavy particles art! attached to L'.vo points 7>', O of a string, one' 
end A being fixed. Prove that if the string AUG is initially liovi/ontid, the initial 
radii of curvature of the paths of B and C are equal. \S &£•/>' J 13, **t/*- 

Prove also that if there are it particles on [lie horizontal string, all the initial 
radii of curvature are equal. If AB, BC were two equal heavy rods, hinged at 
B, and having A fixed, prove that the initial radii of curvature at IS and C are 
unequal. 

In this problem we see beforehand that it will be unnecessary to liiiTcrentiate 
the equations of motion. Take the angle; 0, <;>. which the strings make with the 
initial position ABC as the independent variables, Art. 283. 

Ex. i. Two heavy particles P, Q, are connected by a string' which passes 
through a smooth fixed ring 0, the portions 01', OQ of the string making angles 
e, 4., with the vertical. If the masses m, ,1/ of P, Q, satisfy the condition 
?<s cos = Moos </>, the initial radi'i;- of cm \av.ne of tie path of P is given by 
M+m 3in a a = ain a g sin s # 
M p ~ !' 1-t ' 

where r = OP and ( is the length of the string. 

Take the polar equations of motion, eliminate the tension am) rii'l'enusiiiLtc 
twice. We thus find the initial values of 6", i J ', r iv ; since ?" = the polar formula 
for p is much simplified. 

id's. 5. A uniform rod, moveable about one end which is fixed, is held in a 
horizontal position by being passed through a small ring of equal weight; show 
that if "the ring is initially ;li i'ie midiik point of the ro;i, when it is released 
the initial radius of curvature of its path is I) Mines the length of the rod. 

[Coll. Ex. 1887.] 

Taking O as origin, the polar eii nation of motion of the pin :.:clo t.'io«'s that the 
initial values of r", r'" are zero, while that of r™=g6" + 'lr6" 2 . Taking n 
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about 0, Art. 261, we have -r ■ [(JKfc' + mr 1 ) e'] = (Ma + mr)g cos 8. This gives the 
e radius of curvature follows bj the 

Ex. 6. Three particles whose masses are in-,, in.,, in s are placed at rest at the 
corners of a triangle ABC, and mutually attract tad: othia- ivi-tli forces which vary 
according to some power of the distance. If m,»i..<:I''.. , uh<n.,'i P, . m^W, are the 

i'orCL':;, pixivi- iiiiiL tin; initial radius of curvature p of the path of C is given by 

??=-n V (flin^{-«t i F 1 s +iii 1 i',(f , ,-Fi)-i , F 1 '} 

+ m,ftsinfl{-m 3 F^+m 2 F 3 (F ] -F a )-CF a '{, 
where 0, ^ are the angles CA, CJI make with the resultant force on C, 
F^dFJda, F^=dF^db, 
P = (m s + m 3 )nF I + iM 1 (F 3 ccosB + F,,!>eosC), 
8 = {%+m s ) ftFj+m, (F 3 c cos 4 +F,acos C), 
and It is the resultant force an '.*. 

l)i:d:ici: l.lin; iiLii initial rudii of curvature of tin; ihri.T path* ale infinite when 
the triangle is equilateral. 



Small oscillations with one degree of freedom. 

285. The theory of small oscillations has already boon dis- 
cussed in the chapter on Rectilinear Motion so far as systems 
with one degree of freedom are concerned. In this section a 
series of examples will bo found showing the method of proceeding 
in eases somewhat more extended. 

The particle, or system of particles, is supposed to be either 
in equilibrium or in some given state of motion. A slight 
disturbance being given, we express the displacements of the 
several particles at any subsequent time t from their positions 
in the state of equilibrium or motion by quantities x, y, &c. 
These are supposed to be so small that their squares can be 
neglected. If required, corrections are afterwards introduced 
for the errors thus caused. 

We form the equations of motion either by resolving and 
taking moments or by Lagrange's method. By neglecting the 
squares of the displacements these equations are made linear in 
x, y, z, &c. They are also linear in regard to the reactions be- 
tween the several particles. Eliminating the latter we obtain 
linear equations which can in general be completely solved. The 
solution when obtained will enable us to determine whether the 
b. d. 12 
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system oscillates about its undisturbed Mate or departs widely 
from it on the slightest (list-urbane:*;. 

The principle of vis viva supplies an equation which has the 
advantage of being freo from the unknown reactions, but it has 
the disadvantage that its terms contain the squares of the velo- 
cities, that is, the terms may be of the order we neglect. Being 
an accurate equation, it may sometimes be restored to the first 
order by differentiating it with regard to * and dividing by some 
small quantity. Generally the solution is more easily arrived at 
by using the equations of motion which contain the second 
differential coefficients with regard to t. 

2S6. Examples. Ex. 1. Two particles whosa masses are in, m' are con- 
nected by a string which passes throuf/h a small hole m a smooth liofinontal table. 
The. particle in' hangs vertically, while, -in is projected on the table perpendicularly 
to the string with sue.li a vc kiciiy that m' is stationary. If a small disturbance is 
given to the system so tiiiix m' makes; verticiil is^cil Jilt i< >]i«, prove that the period is 
-J— where c is the moaii radius vector of the path of m. 7 ' ' ' ' 



V m s 



Let r, 6 be the pcJav cni-iiiliniil.es ol in, .-.- thi: dcptl: of m', I the Longi.li of the 
s-ring and V ija: tension. Thi: equations of inoJioa after tin. 1 ili--ruiijar.ci- are 



"C-y 



The second equation gives i-<!6jdt - !i, where It is a, constant whose magnitude 
depends on the disturbance. Eiimma»ing .7', s and dSfdt we find 

,. dV mft* 
(W>3p- ? = — '*■ 

Let i*=e + | where e is a constant which is as yet arbitrary except that the variable 

.;■ is so small thai its square can be neglected. 

,.(i s ? iW„ ii* , 

Lot us now choose e. to be such that 'hi: righ'.-haud sale of the equation is aero ; 
then mW—m't?!). Substituting for h we find 



for any long time or for the period of oscillation. It follows 
an radius vector of the path of m after the disturbance. This 
le same as the radius of the circle described before disturbance; 
r not depends on the nature of the disturbance given to the 

istuibanee he describing a chele of radius a with 
eh being ibe tension of (he string; and the angular 
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momentum of m is mVa. If the disturbance lit given by it vertical blow B ap- 
plied to the particle in', tins reacts on )« by an impulsive tension, and, the moment 
of this about being Kern, the angular momentum of in is unaltered. In this 
ease we have h — Va and we find e = «. If the disturbance be given by a transverse 
blow 13 applied sLt m. the velocity of in is changed to !' ; where V- V — Bjm. In 
this case « ■■- l' ; u and c is not equal to a. 

J&e. 2. A particle of m 
strings each having the sam: 
displaced parallel to this lii 

Eg. 3. A heavy partich 

whose modulus is three tin- 
displaced in a direction ma" 
released. Prove that the particle will oscillate in. an are of a small parabola 
terminated by the ends of the latus rectum. [Math. Tripos, 1897.] 

Ex. i. A straight rod AB without weight is in a vertical position, with its 
lower end A hinged to a fixed pointy and a weight attached to the upper end U. 
To B are attached three similar elastic strings equally stretched to a length k times 
their natural length and equally inclined io one another, their other ends being 
.attached to three iixed points in the horizontal plane ■.'.icou-.'ii /.>'. Show that, when 
the strings obey .Huokc's- law, the oondh.kni fur slaoilily of equilibrium is that the 
weight must not exceed thai which, when suspended by one of the strings, would 
cause an increase of length equal to -S{2- 1:1:) AB, Show that, when this condition 
is fulfilled, the system can perform snail vibration." parallel to any vertical phine. 
[Math. Tripos, 1888.] 
Ex. 5. A smooth ring P can slide freely on a string which is suspended from 
two fixed points A ami !'• not in the same: horizontal line. Vi P he disturbed, find 
the time of a small oscillation in tin; veilicai plane passing through A and B. If 
The the time, {Tj2r)*g = J (■n-')"/(i , + -r'){(f + -i'') , -4e ! }*, where r, r' are the distances 
AF, BP in equilibrium and AB=2e. 

Ex. 6. A rod of mass 31 hangs in a horizontal position supported by two equal 
vertical elastic, strings, modulus \ and natural length a. Prove that if the rod 
receive a small displacement parallel to itself, the period of a horizontal oscillation 

i,2,g + f) 4 . [Coll. Si. 1897.] 

Ex. 7. A particle of mass m, is attached to an elastic siring stretched between 
two points fixed in a. smooth hoard of mass M, and the board is free to slide on a 
smooth table. Prove that the period in which the particle oscillates is less than 
it would be if the board were fixed in the ratio 1 : V '(1 + ™W. [Coll. Ex. 1895.] 

Hcdue.c the board to res:. 

Ex. 8. A ring of mass urn is free to slide on a smooth horizontal wire, and a 
string tied to it passes through a small ring vertically below the wire at a depth h, 
and supports a particle of mass at. Prove that if the first mass be released whin 
the upper part of the string makes an angle a with the vertical, and if S be the 
inclination after a time i, the equation of motion is 

h (« + sin^e) Id8jdtf= z.,7 cos ; H (see a - see 0). 
Prove hence that the small oscillations about the position of equilibrium will be 
svjichroi:cu= with a simple pendulum of length iih. [Coll. Ex. 1896.] 

12—2 
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Ex. 9. A crane is lowering a heavy body and the chain is paid out with a 
uniform velocity V. Prove that the small lateral oscillations of the body are 
determined by 



where r is the length of the chain at any time and its inclination to the vertical, 
the weight of the chain being neglected. 
Also if S-Jt—ij, 2Jip' = xV, prove thai 

This eauaiioii can In:- sc.'.ved by the use cf Viuw.'J:, i\n:cr-i<.in>-. fjeo Oruy and Hath™*' 
Treatise on Jlcssel's Functions. [Coll. Ex. 1895.] 

Bar. 10. A gravitating solid of revolution is eni by a plsee perpenliou'.ai' to 
the axis. A particle U fiiHt.-ncrd by ;l line hViin.n of length f to a point in the prolon- 
gation of the axis, so that when the string if; pcriicndiculai. :■<! the plane section 
the particle just doc- not touch tin: plum; ;::; its centre <). Assuming the conditions 
such that when the particle is sLi;;liJ.y <.Lisru;bod tiio r.iotion is that of a simple 
pendulum, prove [hi.- the time T of a .snmJI o.hcsi lotion is >.;kon by l\2wjT) t = B + ^IR' 
where E is the force exerted by the solid on a itniL mass id and It' is the space 
variation of the force a'. 0. taken outside the solid, along the axis. [Coll. Ex. 1892.] 

Small oscillations with two or more degrees of freedom. 
287. Oscillations about equilibrium. A particle is m 

equilibrium under the action of forces X, Y which, are given func- 
tions of the coordinates. A slight disturbance being given, it is 
required to defer mine whether the particle oscillates and the nature 
of the motion. 

Let a, b be the coordinates of the position of equilibrium. 
a+x, b + y, the coordinates at any time t. Wo shall assume as 
the standard case that x and y are small throughout the motion. 
Solving the equations of motion we shall express x, y in terms 
of t. By examining the results we shall determine whether and 
how nearly the subsequent motion follows the standard form. 

We shall suppose that the forces X, Y can be expanded in 
integer powers of jf, y, viz. 

X = Ax + By, Y = B'x + Cy (1), 

where we have rejected the higher powers in our first approxima- 
tion. There are no constant terms because X, Y vanish in the 
position of equilibrium. Taking the mass of the particle as unity,, 
the equations of motion are 



dtr 



-•Ax + By, ^ = B'x + Cy (2). 
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To solve these we let $ represent djdt, 

.-. (g» _ A)se- By - 0, - B'a + (S 2 - 0)y - . ..(3). 
Eliminating ?/, we have the two forms 
j S 2 - A, - £ I 

- b\ s t -cr~ 



= (8 a -,l)a. (4). 



The first of these is a differential equation with constant co- 
efficients. Its solution can be written down by the usual rules 
given in treatise.-; on differential equations. The solution contains 
four arbitrary constants, and the value of y follows from that of x, 
without the introduction of any new constants. 

The usual method is to assume as a trial solution ai = Le mt , 
Substituting we arrive at the biquadratic 

m i -(A+C)m* + AC-BB' = (5); 

.-. m s = I [A + C ± </[(A - Of + *BB'}]. 
Assuming that no two roots are equal, let the four values of m 
be + m, + n ; then 

m = L,e mt + L,e-" lt + M,e nt + M,e~' ir (6), 

where i,, L. : &c. are four arbitrary constants and the values of m 
may be real or imaginary. 

It is at once obvious, if m be positive or of the form r + pt/ — 1, 
where r is positive, that the value of a: will become large by efflux 
of time. It is therefore necessary far an oscillatory motion that 
all the real roots and the real parts of the imaginary roots of the 
determinantal equation- (/>) should be negative. 

Since the sum of the four roots of (5) is aero, some of the real 
parts must be positive unless the four roots are of the form 
±p*j — 1. /( is therefore necessary for an oscillatory motion that 
both the roots of the quadratic (3) should be real and, negative. 
The algebraical conditions for this are, that both (A - Cf + iBB' 
and AG — BB' should be positive and A + C negative. 

As our solution represents the motion only when x and y 
remain small, it is unnecessary for us here to consider any case 
except that in which the roots of (5) take the forms m' =— jj b j 
n? = — q\ The motion is then given by 

x = L sm(pt + a) + M sin(<^ + /3)} , ? , 

y = L' sin (pt + a) + M' sin (qt + ff)] 
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where BL'=-(p* + A)L and BM' = — (q* + A)M. The quantities 
p 2 , q s are the roots of 

( 1 F + A){ 1 f+C)~BB'='0 (8). 

388. If B, B' have the »ati\e -iian, (he root;: of the quadratle IS) ore separated 
by each of the values p- = -A, p 2 — - C. To prove this, it ir» sufiicient to notice 
that the left-hand side of that equation is positive when p-= ±oo and ia negative 
when ji- has eii'm-r of [he separating values. 

It is also sometimes useful to notice that the roots cannot be equal unless the 
two separating values A and C are equal and that the, equal roots are then 
p 2 — - A— ~C. If AC- BB' — O the biquadratic jB) has two equal zero roots, 
though the roots of the same equation le^arded as ;t ijuadratie are unequal. 

289. To find the four arbitrary constants L, 31, a. 3, ice. soke (lie equations (7; 
with regard to the trieiououietriot!. term*. We thus find 

By + tf> + A)x= fr-f) Mmn{qt + p)S w ' 

Putting t-0, we at once have the values of L sin a, Mump in terms of the 
initial values of the coordinates, lhlicreti-^i'.ioe. '-',- Jtli. rnmird to I. and issrajii puttine; 
f = 0, we find L cosh. JIcos/3 in terms of the initial velocities. 

290. Equal roots. The case in which the equation (5) has equal roots has 
been excepted. This occurs when either (A -C) 2 + 4BB' = or AC-BB'=0. 
When B, B' have :lio h;-u:io ;-u;i: the nist alternative requires A — C and either /.' or 
B' equal to aero. In the second a Itemative the ( imarion lias two zero roots. 

Excepting when both B and B' are zero, the solution of the dynamical equation-; 
(2) is known to contain terms of the form \J,t -! /.') (■■■-. If hi is positive or zero 
(or lias its real part positive or /.ceo), thin term will increase indefinitely with ,'. 
If however the real part of m is negative and not xeio, say equal to -r, the maxi- 
mum value of Lie-" is Lire. Since L is so small that its square can be neglected, 
this term in the solution will always rciiiain small e\eept when r also is small. 
The existence of equal roots in the determimudal ■ -jiiadon to) dors not therefor,: 
necessarily inqily tint! !i,e iKciiin'ion becomes targe. 

291. Before disturbance tin- p;:iticle /' wn;~ in equilibrium at the origin under 
the influence of the forces X, Y given by (1) Art. 287. When AC=BB', the 
equations A' = 0, Y—0 are satisfied by values of .v, y other than zero. These lie 
on the straight line Ax + By = 0. The dynamical sitiuiikanee of the condition 
AC=BB' ia therefore that there, are other positions of equilibrium in the immediate 
neighbourhood of the origin. The roots of equation (8) being ji- = 0, q s — -A- C, 
the values of .r, y take the form 

x - L ( ( + L 9 + M sin (qt + §) , 

By=-A(L x t+L i )-CMain(qt+et). 

The first terms rc-prusuut a uniform motien alon^' the Line of equilibrium. 

while tbi? frieononH'trieal terms l epresent an oseiiia'.ion in the airoetiou By— - Cx. 

Whether the particle will travel far or not along the line of equilibrium will depend 

on the nature of the forces whur. r, ii become large. 
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292. Principal oscillations. Let the type of motion be 
that represented by such equations as (7). By giving the particle 
the proper initial conditions it may be made to move in either 

of the ways defined by the following partial solutions 

x = L 8in(p* + a), y = L' sin(pt + a) (10), 

x = M sin (qt + &), y = M' sin (qt + 0) (11). 

Each of these is called a principal oscillation and all the modes 
of oscillation included in (7) are compounded of these two. The 
dynamical peculiarity of a principal oscillation is the singleness 
of the period. 

Tin- miliuiiui [1(1) is sometime!' ickon as the trial solution instead of the 
exponential used in obtaining (5). Practically we then begin the solution by 
finding the principal oscillations and finally combine these into the general 
solution (7). 

The paths of the particle when describing the principal oscil- 
lations are the two straight lines 

Ly = L'x, My = M'x (12). 

In each oscillation the ratio of the coordinates, being equal to 
L'jL or M'jM, is constant throughout the motion. We have by 
(7), using the values of p* + q s , p 2 q^, given by the coefficients of 
the quadratic (8), 

L'M'_ (p' + A)(</> + A) _ B' 

TM~ B> ~~B U '' 

It follows that when B, B' have the same sign, the ratios L'jL, 
M'jM have opposite signs. In one principal oscillation, the co- 
ordinates x, y increase together; in the other, when one increases 
the other decreases. 

We also notice that when F = B, the two straight lines (12) 
are at right angles. 

The directions of these rectilinear oscillations may be obtained without inves- 
tigating the motion. The lines must be so placed that i! the particle be displaced 
along either, the perpendicular force must be zero. The lines are therefore 
given by 

Xy-¥x = 0; .'. By 2 + {A - C) *y-B'a3=0. 

These lines are real when {A- C)- + Vlli' is positive. This condition is 

satisfied when the roots of the determinants! equation (5) are real or of the form 

293. When the coordinates are such that only one varies along 
each principal oscillation, they are called principal coordinates. 
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Referring to the equations (9), wc see that if we put 
B V + {<f + A) * = & By + (p> + A)x = i), 
%, i) will be the principal coordinates. This transformation of 
coordinates is always possible, so long as p'' and <f are real and 
unequal. 

We may also discover the principal coordinates without previously ti;uhi_<! tho 
values of p\ q*. We deduce from the equations (2) 

*( i+w=u+ «,(. + !i« ir ), 

by using an indeterminate multiplier X. IE now we write [B + \C)I(A+\B')=\, 
we see that k^-Xj will ;m ;l trii;(m!i-.i:o',ri('!ii fu tuition with ono period. We have a 
fiuadiatie to find \; representing the roots by A; , A.., the priricij.ia] courditiiitus are 
%—x + \,y, ij — .1! ■: \.j/, or any multiple* of tbi.w. 

294. Conservative forces. When the forces which act on 

the particle are conservative, the solution admits of some simplifica- 
tions. Let E/"be the force function, then, since dUnlw and dUjdy 
vanish in the position of equilibrium, we have by Taylor's theorem, 

(7= Di + i(A«l , + 2&By+CV)+ (1). 

It follows that the equations of motion are 

% = X-A, + B S , tl=r=B. + C, J (2). 

Comparing these with the former values of X, Y, we see that 

If we turn the axes round the origin we know by conies that 
the equation (1) can be always cleared of the term containing the 
product xy. Representing the new coordinates by £, t), let the 
expression for U become 

n=v, + iu'i' + cv) + (3), 

where A' + 0' = A + C, A'C — AG— B*. The equations of motion 
are then 

3-^ s- c '' <*>■ 

The motion is oscillatory for all displacements or for none 
according as A', C are both negative or both positive. If A' is 
negative and C positive, the motion is oscillatory for a displace- 
ment along the axis of £ and not wholly oscillatory for other 
displanemente. 
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The level curves of the field of force are obtained by equating 
U to a constant ; in the neighbourhood of the position of equili- 
brium, these become the conies 

4a; 2 + 2Bwy + Gf = N, or A 'f + Cy = N. 
The lines of the principal oscillations arc the directions of the 
principal diameters of the limiting level conic, and the periods 
of the principal oscillations are proportional to the lengths of the 
diameters along which the particle moves. 

295. Tlie representative particle. The investigation of tin: sniiill usdlla- 
fions of a, particle in a given field of force has a. more extended application to 
dynamical problems than appeals at first sight. Suppose, for example, that a 
system, consisting of several particles c.onneeted together by geometrical relations, 
has two degrees of freedom. Let the position of this system be defined by the 
two coordinates x, y. The equations giv'iiij! ii'.e small oscillations, nffer tlie elimi- 
nation of the reactions, take the form 

^-Ax + By, ^g- 



+ Cy, 



because the squares of .-■ snd i/ are neglected. It II — J!' these are the eq-.iations of 
motion of a single particle moving in the field of force defined by 

(/-[/,= J. (Ax* + iBanj + Cy-) . 
The investigations given in Art. 2\y2 and Art. 2'.)i iLp|jIy therefore to both problems. 
To exhibit the motion of an oscillating system to ilio eye. we take lis eoori'd- 
nates x, y to be aiso tho Cartesian eooi.dhiales ot' an inia<_"ir.aiy particle which 
moves freely in the field of force U. We represent by ii figure tlie level conies, the 
path, of this representative particle, and sketch t'ne positions of the principal 
oscillations. The special peculiarities of the motion will then become apparent in 
the figure. 

296. Test of stability*. Let the field of force in which 
the particle moves be given by the function U. Since dTJjdx and 
dlljdy vanish in the position of equilibrium, U must be at that 
point a maximum or a minimum. In the neighbourhood we have 

U-U = $(Aa? + 2Bxi,+ Cy>) + ... 
If AC — B- is positive, U is a maximum or a minimum for all 
displacements according as the common sign of A and G is nega- 
tive or positive, and if AG - B* is negative, U is a maximum for 

* The energy teat of the stability of a position of equilibrium is given by 

Lagrange in the Mr ami que AvnlijVqv?.. He gives both this proof and that in 
Art. 297. The demonstration for the general case of a system of bodies has been 
much simplified by Lejeunc-Pivichlet in Crcll/s Journal, 1846, and Lioaville's 
Journal, 1847. See the author's Jiiuid .D : :iii<nnia-:, vol. r.; the corresponding test 

lor the stability oi a state of motion is in vol. n. 
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some and a minimum for other displacements. It follows from 
Art. 294 that the motion- of the particle, when disturbed from its 
position of (xjuiUbrium, will be, wholly oscillatory if U is a real 
maximum at that point. The particle will oscillate for some dis- 
placements and not for others if U has a. stationary value, and will 
not oscillate for any di.xpl.orement if U is a real minimum. 

We have here assumed that all the coefficients A, B, arc 
not zero. When this happens the cubic terms in the expression 
for U govern the series. The equations of motion (2) of Art. 29JS 
will then have terms of the second order of small quantities on 
their right-hand sides. 

Besides this if AC — B 1 = 0, the quadratic terms of the ex- 
pression for U take the form of a perfect square, viz. (Ax + ByfjA. 
In this ease the forces X = dUjdx and Y=dUjdy contain the 
common factor Ax 4- By so that there are other positions of 
equilibrium in the neighbourhood of the origin, see Art. 291. To 
determine the motion, even approximately, it is necessary to take 
account of the powers of w, y of the higher orders. 

The geometrical theory of maxima and minima has a cor- 
responding peculiarity, for it is shown in the Differential Calculus 
that further conditions, involving the higher powers, are necessary 
for a maximum or n 



The following investigation shows how far this correspondence 
extends. 

297. Let a particle be in equilibrium at a point P a whose 
coordinates are x 6 , y , and let U=f(x,y) be the work function. 
Let the particle be projected with a small velocity v, from a point 
P,, whose coordinates are w,, y l7 very near toP„. The equation of 
vis viva gives (Art. 246) 

+ -*S + *(U-Ud (1), 

= V + 2(fT-Pi) (2), 

where *" = tf + 2 ( P" - U,) (3). 

Let U be a maximum at the point P„ for all directions of 
displacement, then U, < U and v„- is a small positive quantity. 
As the particle recedes from i J „. U,- — U increases, but the equation 
(2) shows that the particle cannot go so far that U — U becomes 
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greater than the small quantity lr„'. The equilibrium is therefore- 
stable for displacements in all directions. 

Let U be a minimum at P for all directions of displacement, 
then as the particle moves from P the difference U —U„ increases. 
So far as the principle of vis viva is concerned, there is nothing 
to prevent the particle from receding indefinitely from I\. 

Let U be a maximum for some directions of displacement 
and a minimum for others. The particle cannot, recede far from 
P„ in the directions for which U is a maximum, but there is 
nothing to restrict the motion in the other direction.-;. 

398. Ex. A particle P is in equilibrium under the action of a system, of 
fixed attracting bodies situated in one plane, the law of attraction being the 
inverse sth power of tin; distance. I. 'rove that, if «■> I, the equilibrium of F cannot 
be stable for ail dis|.ihico!ueuls in thai plant?, though it may be stable for some and 
unstable for other displacements. If k ■= 1, the (.rjnilibrinm cannot be unstable 
lor all displacements in that plane. 

To prove this let in, be any [jaiticlo of the atu.ae.'.iu:;; T.a?-, coordinates /, i: ; 
let a, y be the coordinates of P. The potential of jBj at P is by definition 

U, = — — , where )■- is the distance of w, from 1'. We Ihen find by a partial 

(«-!)'■" 
differentiation 

<PU t m^ _ (k- 1)1)1, 
dx* + dy* ~ ,.«+! ' 

Wurrnuirifr this L'oi ail tue is: nicies of the uttiiiet/nj.' masis and writing U — ZIJ,, we 
find 

d?U #U m 

Tie.- j:;r;ii:-l]([;ni side is [josilive or negative accord in;; as k>1 or jt<1. 

Taking tlie equilibrium position of P I Or the origin and the urine; uai directions 
of motions for the axes, Art. 294, we see by Taylor's Theorem 

where A' =&Vj&£; G'-ffVldy*. It is evident that V cannot be a maximum for 

all displacement.-; in the plane of '■:/ if .(' ■ C" is positive and cannot lie a minimum, 
for all displacements in the plane if this sum is negative. The result also follows 
from Art. 996. 

299. Barrier curves. It is clear that this line of argument 
may be extended to apply to cases in which there is no given 
position of equilibrium in the neighbourhood of the point of 
projection. Let the particle be projected from any point P t with 
any velocity v, in any direction. Throughout the subsequent 
motion we have 

v- = v? + 2(V- IT,), 
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where U is a given function of ee, y and If, is its value at the 
point of projection. 

If we equate the right-hand side, of this equation to zero, we 
obtain the equation of a curve traced on the field of force at 
which the velocity of the particle, if it arrive there, is zero. 
This curve is therefore a barrier to the motion, which the particle 
cannot pass. 

If the barrier curve be closed as in Art. 297, the particle is, 
as it were, imprisoned, and cannot recede from its initial position 
beyond the limits of the curve. Some applications of this theorem 
will be given in the chapter on central forces. 

The right-hand side of the equation will in general have 
opposite signs on the two sides of the barrier. When this is 
the case the particle, if it reach the barrier in any finite time, 
must necessarily return, because the left-hand side of the equation 
cannot be negative. 

If the right-hand side of the equation have the same sign on 
both sides of the barrier, that sign must be positive, and U must 
be a minimum at all points of the barrier. The particle is 
therefore approaching a position of equilibrium and arrives there 
with velocity equal to zero. The particle therefore will remain 
on the barrier, see Art. 99. 

The barrier is evidently a level curve of the field of force 
and, as the particle approaches it, the resultant force must be 
normal to the barrier. Just before the particle arrives at its 
position of zero velocity, the tangential component of the velocity- 
must be zero, for this component cannot be destroyed by the 
force. The path cannot therefore touch the barrier, but must 
meet it perpendicularly or at a cusp. 

300. Examples. Ex. 1. Two heavy purtie]«K of musses m, ,u\ are uliadieil 
to the points A, B of a light elastic string. The up put extremity is fixed and 
the string is in equilibrium in a vertical position. A small vertical disturbance 

U*iri{r given, lind the oscillations. 

Let x, y be the depths of m, ■»«' below 0; a, b the nnstretclitd lengths of OA, 
AB, E the coefficient of elosauity. The ^nations of motion reduc-e to 



IK E\ 
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To solve these we put 

x-h = Lsin(pt + a ), y -k = M S m(pt + a) (2), 

the constants !>., k bein;; mtiodcice::! to ram:-: fl'.e rij.-ot-liaml sides of the equation 
of motion. Since ,r = A, j/ = fc malic d 5 .i7<J! 2 -0, d-ij!<lt- = Q, these constants are th 
equilibrium values of a, j. We then find 






..(3). 



Out! principal oscillation is given by {'!) and the other by using instead of _)>-, 
the other root of the quadratic. It follows thiil in one Oscillation the two particles 
are always moving in '.lit: saini: careciions, that is both are moving upwards or both 
downwards. In the other when onc'moves upwards the other moves downwards. 

Ex. 2. Two heavy parti cleg, of musses w, V, are el Hacked to the points A, B 
of a light inexleusiblij string, the uppi l 1 extremity 6 1 being fixed. Prove that the 
periods of tlic small laterd i;sciilalions are 'l-jv an:l '1-iriq ■.'.'hero p and q are the 
roots of 

and OA=a, XB = 6. Prove also that the magnitudes of the principal oscillations 
in the inclinations o: the tipper end lower s'.rings ;:o tin- vm^iiiul are in the ratio 
(g-bp'*)/ap 2 . Show that in one principal oscillation the two particles are on the 
same side of the vertical through and in the other on opposite sides. 

Ex. 3. Two particles M, m, are connected by a fine string, a second string 
connects the particle m to a fixed point, and the strings hang vertically; (1) m 
is held slightly pulled aside a distance ft from the position of equilibrium, and, 
being let go, the system performs small oscillations; (2) M is held slightly pulled 
aside a distance J:, without disturbance of m, unci being lot go tlie system porforms 
small oscillations. Prove that the angular motion of the lower string in the first 
case will be the same as that of the upper string in the second if Jtfft=(JT+m)h. 

[Math. Tripos, 1888.] 

Ex. 4. Three iieacis. the manses of whkii are in, >»■', m", can slide along the 
sides of a smooth triangle ABC and attract each other with forces which vary as 
the distance. 1'iinl the positions of equilibrium ami prove thai if slightly disturbed 
the periods •iTr'ri of oscilhclion arc given by 

(p 2 -o)(2. a - i 9)(j.*-T)-m'm"(p ll -o)0O8^-m"m(^-jS)o0B»B 

-.ra!'(p--y)cos 3 t'-2)«TO'i«"cos^cos£cosC^O, 
where a, (3, y represent m" + m', m+m", m'+m reapeetively. 

Ex. 0. A particle /' of 'uiit mass is pliiced Jit the centre of ji smootii clrcu'ar 
horizontal table of radius a. Three strings, uH>iulied to the particle, pass over 
smooth pulleys A, B, C at the edge of the table and support three particles of 
masses m, , vi„ , »i. ; the pulleys being so placed that the particle P is in equilibrium. 
A small disturbance Lein;; given, prove that the periods of the oscillations are 
2«7p, where 

I p' + ff'M p^ + gja 4jii 1 »i E m J 
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Ex. 0. A heavy particle I' is suspended by a string of length / to a point A 
which describes a horizontal circle of radius u with a slow angular velocity ». 
Prove that the two periods of the oscillatory motion are 2ir/n and 2ir v /Z/<j. 

SOI. Particle on a. surface. Ex. 1. A lie; ivy particle rests in cquinei mm 
on the inside of a- fixed smooth surface a: a point U. at which tlir surface lias only 
onp tangent plane. The vurrndc being slij'hl ly disruriied, it is required to find the 
oscillations. 

'I'akiiij; tin: point as origin and fjio tangent plane as the plane of x.y, the 
equation of the surface may be written 

.=i(rf+V) + ..„ 

where the axes of a, j; are the tangents lo lite pi'iieipu! scctlmis and 1/n., 1/6 are 
the radii of curvature of those sections. ]'Jy the principles of ^olid geometry the 
direction cosine-' of the norma', a: any p.ihii .'' i !■:■ c o n ;■:■ (ax, bii, l.j when the squares 
of x, y are neglected. The eiprations of motion are therefore 
(Kb t , dhi „, (P* 

'if--""' "■m"-' a >- - w — <*•*"■ 

Since a is of the second order- of small quantities the third equation shows that 
R = mg, and the other two become 

If (i and 6 are positive, that is if both thi' ptineipni scejious are concave up- 
wards, the motion is oscillatory and the two periods of oscillations are iirj^ag 
and 'ivly/bg. The jiarticle, by definition, performs ;> principal oscillation when its 
motion has but one period. This occurs when 

(1) x=0, y = Bma( / Jbgt+p), (2) y=0, s=AOa( tl /agt+ t i). 
The directions oi these oscillations are tne Langcnls k; the principal sections. 

Ex. 2. A particle rests on a smooth sari'aeo which is made to revolve with 
uniform angular velocity w about the vertical normal which passes through the 
particle. Show that tin; equilibrium is stable jl) if '.lie curvature is synclastic 
upwards, and ..j docs not lie between certain limits, or i'2) if the curvature is anti- 
elastic and the downward prinoipai radius is greater than the upward principal 
radius, and w exceeds a ccuant limit. Find the limits of a in each ease. 

[Math. Tripos, 1888.] 

'.faking us axes the tangents to the principal sections, the equations of motion 
(Art. 227) reduce to 



d** , _ dy <Py „ _ dx 

To solve these we put x=L sin (pt + a), y = L' cos (pt + a). We then obtain a 

ipLa'halic for i° and tin ratio L'jL, 

'['he path of the particle relatively to the moving surfaci' whim performing iue 
principal oscillation defined by either value of jfl is the ellipse I ,' ] + ( j-, J =1. 
The two ellipses are coaxial. 

302. The insufficiency of the first approximation. In forming the 

equations of motion in Arts. 287, 2!)-.l, ive have rejected the squares of x and y. 



,GoosIe 



ART. 304.] ABOUT STEADY MOTION. 191 

But unless the extent ol' the oscillation is indefinitely small, the rejected terms 
have aome values, and it may be, that they sensibly aii'cct the results of the first 
approximation. See Art. 141. 

BOa. To find a second approximation we include in the equations (2) of Art, 
287 the terms of the second order. We write these in the form 

-£^ + (S 5 -C) W = >>V2K.r;/-K ! ;y2( l '" 

Taking as our first approximation 

*-£ mnipt + ^ + M sinfof+fll .„. 

V =L'*m{}>t + a) + M'zm(qt + p)( w ' 

ivi: sidistituio tin -i: in ill-- rk.-hl.-'nind sides of it). 'I'i'.e i-q nations fate the form 
(S>-A)x-By=SPidn^t-{-fil) 

-B'x+{S>-C)y=SQ an{U+ii)f l >' 

where \ may have any one of the values 0, 3p, 2j, pi q aud F, Q contain the 
squares of the small quantities L, M, L', if'. To solve these equations, we con- 
sider only the specimen term of (:■!) and assume 

X = Lsin{pt + a)+M sin(?( + 0) + .fi rin(M+,»}1 

j=X'du(p( + «) + Jlf'«iiife(+« + B'fliii(Xt+rif v '■ 

We find by an easy substitution 

ll(X 1 + A) + BR'=-P, B'R+R'W + C)= -Q; 
T ._ -P(k* + C) + QB PB'-Q(\* + A) 

(\* + A) QJ + C)-BB" Qfi +A }tia + c)-BIf 

It appears that It, It' are very small quantities of the second order, except when 
.\ is sucli ti;at :.lic common rler.omina'.or i- sma'-' : and in this rase it, It' may 
become very great. Tin: root:; of the donomiualoi- an: X- = p'\ X- — q^, and the 
denominator is small when X is nearly equal to either p or q. This requires either 
that one of the two frequencies ■>, q should 'oe small or that one should be nearly 
double the other. 

If for example >i is nearly equal to 'iq and ihc- numerators of It, IV, are not 
thereby made small, tliti terms defined by \-p - ■:/ and \ = % will considerably in. 
Iluenee the motion, ti:.e oinci: terms piodue:;i : ; a:.; pei eepriblc effect, [f p — 'iq exactly 
the denominator is zero a; id both I'., It' take ialinitevaiues. '1'hc dynamical meaning 
of the infinite term is that the expressions {2) do not represent the motion with 
sufiioicnt accuracy (except iniiia'Vi to be a iir.M approximation. The corrections 
to the si: expressions are found to become inf'nitt: and if we derive a solution we 
must seek some other first approximation. Cf Jvf, . 13 f- 1^^ •? fM.iAf- 



304. Oscillation about steady motion. Em. 1. 

multiple star describe cncles about their centre of gravity with a uniform 
angular velocity «, the several bodies always keeping at tile same distances from 
each other. A planet I', of iiuiipiijU'inir inn**, fiecly describes a circle of radius a, 
centre O, with the same ane viler velocity, under tae atu action o: the other bodies. 
It is required to find the oscillations of P when disturbed from this state of 

Let i'=a(I+.r), 9 = nt + y be the polar coordinates of the planet P at any 
time t. Let the vork funcficu in the vcvo'.'-in;.' Old of force be 

U- U^AaZ + Be't) + i(Ax^ + 2Bxij + Cij s ) + &c (1), 
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al all points in the neighbourhood of the circular motion. Since that motion 13 
possible only in that p. id. of the field in wiiir-.'r. :.he force tends '.0 ami is cijiia! to 
■«-(!, it is clear that .-(„ — -n-11" and B =0. 

Snhstitnt'ji^ the values of r, 3 10 jjio polar equations 

<i(* **\dt^ ads' rAVdt/ rdj, ( '* 

wo find the linear equations 

<<t*5' - aW _ j) s _ ( 2 , ( 2 ?[S + _b, j, = 1 

(8<ftiB-.fl)tf+(<« !! -£7)y = 0| l '' 

A principal o.-.iulh.tion is thein'ore given by 

jr^lcospi + X'sinpt, y-Mca&pt-i-M' sinpf (4), 

gaVL' - BL - SaVL^^E' 

~~ cPp 9 +C ' " a s p 2 +G "" ^ '' 

[aV + .l+o% 5 )(aV + C)^B^4<i'f(y = (6). 

The pitth of tin: paitielo when dcMailiiti,- a principal osoiUatinn relatively to 
its undisturbed path is the eonic 

( a Y + A+ a W)^ + 2Bxy + ( a ^+C)y*=%^ <£*+£'=) (7), 

the ratio and direction* of the aves being independent of the disturbance. In the 
limiting ea.se in which « = the eonio reduces to two straight lines. 

When the multiple star has auo conKtitventt A, B, whose masses are iff, iff', the 
planet P can dcsciibc a cji-culsj 1 o:bi; only when M-r' sin A.1'0 — ;U'p' _ *sin PPO, 
where p = AP, p' = ISP and the law of force is the inverse i-lh power of the distance. 
Since is the centre of gravity of J/. .1/' this proves tiiat either the angle APO is 
aero or p=p\ except when k= -1. The planet P must therefore be either in the 
straight line AU or at ihe corner C of liio equilateral triangle jtBC 

When the planet P is in the straight line AB at a point C such that the sum of 
the attractions of ,1 and B on it is equal to »- . (JC, i:ie p.b net eau describe a circle 
about with the same periodic time as A and ii. This motion is unstable. 

When the planet V is at the third corner C of the equilateral triangle .IPC, the 

eirculaj' motion is slake when • ■■-■■, - > a I j— — 1 . 

These two results may be obtained in several wttys. 'Putting p, p' for the 
;s of Pfrom the two primaiies the work function is 



M' \ 



Expressing this in terms of r, 8, and expanding in powers of x, y, including the 
terras of the second order, the values of A, B, C in. equation (1) become known. 

Tito peviou.-s are then given by (ii). 

Instead of using the work function, we may determine the forces dUjaitx and 
dli'jrcly by resolving ine altiaeimiis of the prim.-jies along and perpendicular to 
the radius vector of P. II::, :■■:.■.■ > 'nod but (hi nthtinti'/iit' th-.'-i (!>■■: tv.il;- of itttlculiUi-ng 
the terms of the snoini ord,'r tintMiiim :uini:et!i.;.o;ni. 

Lastly, we may use the Cartesian equations referred to moving axes which 
rotate round with a uniform angular velocity n, 0(1 being the axis of £; 
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FINITE DIFFERENCES. 



ART. 305.] 

In all these inctbods, r.iic- as ft, nipt ion that the mass! of the planet P is insignifi- 
cant compared with that of either of the attracting bodies greatly simplifies the 
analysis. It does not seem necessary to examine these cases more fully here, as 

the results and the method of pioceedin: 
t: on si ii hi. i'.| further o: 



'.nod :.[' rroeoouiim v hen li 



t example the attracting 
■iranged that the field of fores is represented 



maries either coincide or are 
y 17- U e =±A l p + $AaP; prove 
that other circular orbits in the immediate neighbourhood of the given one are 
possible paths for the particle P, Art. 291. Prove also that after disturbance the 

osei'"ation of J.' about the lue.uit rin:Uiiii- /)«.'/: is r;ivoii by 

z = Xcos(p( + o), py= ~2nLshi{pt + a), 
where p s =3n 4 -- .'i/c-, the oscillation having only one period. 

Em. 3. Two equal centres of force ti, s', whose attraction is /iji", rotate round 
the middle point O of the line of junction with a uniform angular velocity w. 
A particle in equilibrium at is slightly i.i^tui.bo 1. prove thai the periods of the 
small oscillation are given by (j*+l«P-ffl (p a + " s - k(3) = *"V where jS = 3^6" " l and 
SS' — 2b. Thence device the condition- tiia; the cqr.Ubrfam should be stable. 



Problems requiring Finite Differences. 

305, Em. 1. A light elastic string of length nl and coefficient of elasticity 
K is loaded with it particles each of ma.™ m. ranged at intervals I along it begin- 
ning at one extremity. If it be hung up by the other extremity, prove that the 

periods of its veitical oscillations will be given by the formula 

r ^~ ■ "*" 2« + 1 I ' Where 1 = 0, lp 2 - n ~ 1# ' [Ma ' h - T " P0S ' 187L] 
Let x K be the distance of the *th particle from the fixed end ; 1\ the tension 
above, T ,, that below, the pa? tide. We then have 

vas K "=mQ + T m+1 -T tt (1), 

and by Hooke's law for elastic strings 

'.''(r^- 1 ) ro- 

The equation of motion is therefore 

V-f-*K, + l-ta« + «._ 1 ) (8), 

where c'- = E!!.vi; Wc assume as the trial solution 

*«=»,( + *« ™(l*+*) {*), 

where h and X s are two functions of k which are independent of t, andj), e are 
independent of both k and '. Substituting we find 



■',,-u 



" 2ft ic J - 



1 



4 The solution is given at greater length than in necessary for this example, 
order to illustrate ilie various ease; which may arise. 
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To solve tilt lira', of those iincar oeiuaiiwi s or' di'Verc^ices we follow the usual rules. 
Taking X K =Aa K as a trial solution, where .1 and a are two constants, we get after 
substitution and reduction 

«-"+;--jf («). 

■■■ ■/'-V('-5H«'-» <"■ 

Let these -values of a be called a and (3. Then 

X^Aa' + Bp* (8). 

We notice that when either p — or '£■: the equation ■:<)) has i-i/iirtZ ruota, via. n = l 
or - 1. The theory of linear e,.| nations shows thai the terms depending on these 
values of p take a different form, viz, 

J-W + S«)(il)' (»). 

The complete value of jt may be written in the form 

+ 2 {Apa' + BpP") £&(& + <„) (10), 

where i implies s^oiemiion for ah existing values of p. 

We have jet to ex limine the conditions at the extremities of the string. The 
formula (2) does not express the tension of the highest Jthng unless we suppose 
that 3!,| = 0. Again t ho tonsie.n helow the lowest pavtielo mast ijc zero and this 
requires that T, 1+I -0. The equation (3'j will therefore express the motion of every 
particle from n — 1 to u—.» only if we make 

i„ = 0. « a+ i-a ll = I {11}- 

Sin.eo ;c. =0/or «(I I'rthws t>f ,', i'„ follows from (10) thi.it 

^0+^=0, A M =0, A p +Bf=0 (12). 

Since x a+1 -$ ll = I, we see in the same way that 

K-n-K + B^l, Ba,=0, A pa "™ + Bp8*" = A pa ." + B l fi" (13). 

Eliminating the ratio A V IB V wc have 

tt -+i-. f S»+i = H '.- i e- (14). 

If p>2c we see hy (7; that hotli a ai-d 3 uro real r.;.:!.;;;tive qnar.'.hic-s. The equation 
(14) has then one sale positive and the other negative, since the integers «, n -I- 1 
cannot be both even or both odd. Hence p must be less than 2c, letj) = 2c sin 9, 

hence a = cos W + gin 2S^ - 1, = cob 20 - Bin 20 J-l (IS). 

The equation (14) now gives sin (2n+2) =dn 2n0, excluding p=-0 we have 
ai + l-r p M+l* 

2n+12' 2e 2n+12 l '' 

where t has any integer value. It is however only nono.HKary to include the values 
( = to i=3i — 1. The values of indented 'oy , : = i.' and in - V are supplementary, 
while the values ol sin 9 indicated Ijy i — i' and i' + 2n-;-l are equal with opposite 
signs. The value i — n is excluded because the value p — 'h-. 1ms been already taken 
account of. 

The oscillations of the i.-th particle arc therefore given liy 

ie^H^+SCpsrnajfflamdJt+ep) (17), 

where H *" h K + A n+ B &> aa ^ C P ^=2A F ^/-1. 
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The value of h might "bo deter mined by solving: the second equation of 
differences (5), using the rules of linear equations adapted to that equation. But 
it is evident that in the position of equilibrium of the system, when there is no 
oscillation, every C p — Q, and therefore that position Is determined by ^ S = H |[ . 
Tr.is enables us to deduce lf K from the elementary vi/Jes of Statics. 

We notice that in equilibrium, T n = m;j, T, i _ 1 = 2uig, &e., T g — (« + 1 - k) mg . 
Hence by Hooke's law 

Adding then? for jill valacs of x from k—1 to k — k, and remembering that H = 
by (12), we find 



' r-. 



Tin: equation (1.7) shows that the motion of every particle is compounded of n 
principal or simple hnmouiu oscilk.tioi: 1 . The periods of these ate unequal and 
are represented by 2rjp where p has the values given in (16), 

Suppose the system to be performing the ];;inci;::u oseilhuion dc.lir.ed by the 
value of 0-Trj2y. By eon si tiering the signs of sin 2k£) in (17) we see that all the 
particles determined by k^7 are moving in the same direction as the highest 
particle, those determined by k> y but <:2y are moving in the opposite direction, 
those given by k>2^ but <.'dy are moving at any lime in (he same direction, and 

Ex. 2. A smooth c^eiihr cylinder is lixod with its axis horizontal at a height 
h above the edge of a table. A light string has ;: series of particles attached to it 
Over a part of its length, the pun-ides being each of muss m and distant a apart. 
The portion of the string to which she particles are iLttaohed !s coiled up on the 
table, and the rest is carried over the cylinder, and a mass 31 attached to the 
further end of it. The system is held so that the first particle is just in contact 
with the table, the free portions of the string being vertical, and is then allowed 
to move from rest; prove that if i: be the velocity of the system immediately after 
the reth particle is dragged into motion (na<h), then 

( n-l)gfl MP— [fc-l)rf 
3 ' (N + nmf 

K ni! [losing the -i: ing of particles to lie replaced by a tinil'orm chain deduce from 
the above result the velocity of the sysfeoi al'iev a length .v of the chain has been 
dragged into motion. If I be the length of the chain and p the mass, then, if I be 
less than h, the amount of eoei.gy limt, v:i'.\ have been dissipated by the time the 

chain leaves the table will be ^- ■ '* . [Coll. Ex. 1887.] 

If «„ represent the velocity required, we deduce from vis viva and linear 
momentum at the next impact the equation 

\M+( n + l)m)H\ +i -{M+nm}*v\=2 !la (M''-, i W). 
Writing the left-hand side $ («-;■ 1) --p (n), we find 0(n+l)-£(l) by summing 
from n — 1 to it. Remembering that u^O, this gives v K . The energy dissipated is 
found by subtracting the semi vis viva, viz. J (Jl/ + fi)u 2 , from the work done by 
gravity, vis. (M- i/i)lg. 

13—2 
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Ex. 8. A train of an engine and n carriages miming with a velocity «, is 
brought to rest by npidyimr. the braksis to the online alone, the steam being cut off. 
There is a succession of impacts bchveen tin; buffets of each Ciinlage and the next 
following. Prove that the velocity w of the engino ini:n(aiia.':ely :i ;'tor the rth impact 

is given by 

lM+ry„.)i{v -u)2=Ma.fr {2M+m(T-l)], 

where m is the muss of any ci- itjl:.h: : .1/ that of the- engine, a tho distance between 
the successive buffers when the coupling chains are tight, / the retardation the 
brake would producu in too engine alone. [Coll. Ex.] 

Ex. i. A heavy panicle falls? from rest at » ijiven tJtitr.dc h in a medium 
Whose resistance varies as tin; square of tho velocity. On arriving at the ground 
it is immcdlalrly ^ei'.cctcu t.pv.ao;!:' v. ill: i; coe'telci:;. of elasticity ■3. Show that 
tho whole space described from the initial position to the pi omul at the nth impact 

If «„ be the height described just aftei tho nth rebound, we show 

«*K«-i)=/PK-i)- 

To solve this equation of differences we put ■«.„=! + l/ie„. The equation then takes 

a standard form with constant coefficients'. The whole epaee described is found by 
bikini; the lcf'L^'ithm of the product u ii l n.-,...u n _ l . 

This problem was first solved by Euler i;i his Mtiahiint'cu, vol. I, prop. 58, for 
the case in which (3=1. An f-xtmipion by l>ova(;r.i : .1;Ym:.o."- r/f, ; /.-i Six-it-ta Italiaiia, 
1816, page l(i'2, is mentioned in Wahon's :Ja:hin:h'nl Pi\ihi,:in.-i, chap, II. page 247. 
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CHAPTER VI. 



CKN'JTLVr, VOIiCI-W. 



Elementary Theorems. 

306. To find the polar equations of motion of a particle 
■describing an orbit about a centre of force. 

Let the plane of the motion be the plane of reference and let 
the origin be at the centre of force. Let F be the accelerating 
force at any point measured positively towards the origin! Then 
by Art. 35, 

£-'©""'■ ?«(-»)- «■ 

The latter equation gives by integration 

? a de/dt = h (2), 

where h is an arbitrary constant whose value depends on the 
initial conditions. 

This important equation can be put into other forms of which 
much use is made. Let v be the velocity of the particle, p the 
perpendicular drawn from the origin on the tangent. Let A be 
the area described by the polar radius as it moves from some 
initial position to that which it has at the time t. Then (Art. 7) 

r*dd = 2dA =pds. 
Remembering that v = dsjdt, we see that the equation (2) may be 
written in either of the forms 

-I- T-«* (3) - 

The first of these shows that the velocity at any point of the orbit 
is inversely pro portio nal to the perpie-nJictdur dnnmi from the centre 
on the tangent. The second, by integration between the limits 
t = *„ to t, shows that the polar area traced out by the radius vector 
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is proportional lo the tune of describing it. We also see that the 
constant h represents twice the polar area described in a unit of 
time. Both these are, Newtonian theorems. 

We also infer that in a central orbit, the angular velocity iW-dl 
always keeps one sign and never vanishes at a finite distance from 
the origin. The radius vector therefore continually turns round 
the origin in the same direction. 

307. Conversely, we may show that it' a particle so move that 
the radius vector drawn from the origin de-scribes areas propor- 
tional to the time the resultant force always tends to the origin 
and is therefore a central force. To prove this let F and G be 
the components of the accelerating' force along and perpendicular 
to the radius vector. Taking the transversa! resolution, we have 

rdt\ dtj 
As already explained r-d£ = 2d A, and if the area A bear a constant 
ratio to the time, say A = at, we have at once r^ddjdt = 2a and 
therefore G — 0. 

308. If in is the mass of the particle, its linear momentum 
is mil and this being directed along the tangent to the path, the 
moment of the momentum about the centre of force is mv.p. 
The moment of the momentum is called Lite anmdar momentum 
(Art. 79) and we see that in a. central orbit the amjiAar 'momentum 
about the centre of force is constant and equal to mh. When we 
are concerned only with a single particle its mass is usually taken 
to be unity, and h then represents the angular momentum. 

309. To find the polar m{wdion of the orbit we must eliminate 
t from the equations (1). Let r = Xju, then, as in Art. 268, 

dr 1 dud$_ ,du 

dt~~tfd§~dl~~ 33' 

d"r_ , d*ud0_ ,, ^dht 

d?" h d8*dt~ hu dp' 
Substituting this value of dPrjdt* and the value of ddjdt = hi" 
given by (2) in ^- -r[^j =-F, v?e have 
d>u _ F 

dJ* +u ~hw 



..(•n 
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When the polar equation of the path is given in the form 
u =/(&) the equation (4) determines F in terms of u and 6. 
Since the attractive forces of the bodies which form the solar 
system are in general functions of the distance only we should 
eliminate & by using the known polar equation of the path. We 
thus find F as a function of u only. 

Strictly this expression for F only holds for points situated on 
the given path, but if the initial, conditions are arbitrary, the path 
may he varied and the law of force may be extended to hold for 
other parts of space. 

When the force F is given as a function of r or 1/% the 
equation (4) is a differential equation of the form ~^=/(w). 
This differential equation has been already solved in Art. 97. 

It is evident from dynamical considerations that when the 

central force is attractive, i.e. when F is positive, the orbit must 

be concave to the centre of force, and when F is negative the 

orbit must be convex. By looking at equation (4) we immediately 

verify the theorem in the differential calculus that a curve is 

dhi 
concave or convex to the origin according as , M -(- a is positive or 

negative. 

310. To apply the tangential and normal resolutions to a 
central orbit. 

Keferring to Art. 36 we have the two equations 

v ~ = -Feoa&, - = Fsin<6 (5), 

ds P 

where is the angle behind the radius vector when the particle 
moves in the direction in which s is measured. Writing drjds for 
cos <f> and integrating we have 

tf=C-2jFdr (6), 

where C is a constant whose value depends on the initial con- 
ditions. This equation is obviously the equation of vis viva, 
Art. 246. The integral has a minus sign because the central force 
is, as usual, measured positively towards the origin, while the 
radius vector is measured positively from the origin. 
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If we substitute for v its value hjp given by (3) and differentiate 

,;■ dedllCC 



F = 



4) m - 



This expression for the central force F is very useful when the 
orbit is given in the form p =f(r). 

311. Considering the normal resolution (5), wo have an ex- 
pression for v which is useful when both the law of force and the 
path are known. It has the advantage of giving the velocity 
without requiring the previous determination of either of the 
constants C or h. If % is one-quarter of the c hord of curvatu re of 
the path drawn in the direction of the centre of force we may 
write the equation in either of the forms 

iP = Fpdn4> = 2F x (8). 

This is usually read ; the velocity at any point is that due to one- 
quarter of the chord of curvature. 

When the particle describe a circle about a centre of force 
in the centre sin = 1 and p is the radius r. The velocity given 
by the normal resolution, viz. v'jr = F, is often called the jielocity 
in a circle at a distance r from the centre offeree. 

312. The velocity acquired by a particle which travels from 
rest at an infinite distance from the centre of force to any given 
position P is called the velocity from injlidty. Referring to the 
equation of vis viva (6), let 

F-i; .^.O + ii. 

Now u=0 when r = ao; hence, if n is great er than unit y, we 
have G—0. The vel ocity fVo m__n>fiiiii,v to the distance r = R is 

therefore given by v s = — ^ -g^-— . See Art. 181. 

I f n is less than unity the va!ue of G is infinite. Instead 
of the velocity from infinity we use the velocity acquired by the 
particle in travelling from rest at the given, point P to the origin 
under the attraction of the central force. In this case v = when 

r = R; hence (since n<l) C= J^-&^- The T elocity to the 
origin (where r = 0) is then given by if = ^ — — _K'~". 
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When the force varies as the inverse cube of the distance. 
i.e. F — /j.jr' i , we notice that the velocity in a circle and the velocity 
from infinity are equal. When the force varies as the distance, 
i.e. F — jir, the velocity in a circle is equal to that to the origin. 
When the force varies inversely as the distance, i.e. F = fijr, both 
the velocity from infinity and the velocity to the origin are infinite. 

313. The constants. The two constants k and may be 
determined from the initial conditions when these are known. 
Let the particle be projected from a point P at an initial distance 
R from the origin with a velocity V, let ft be the angle the 
direction of projection makes with the initial radius vector. The 
tangent at I' makes two angles with the ratlins vector OP, respec- 
tively equal to ft and tt — ft. When a distinction has to be made 
it is usual to take ft equal to the angle behind the radius vector 
when P travels along the curve in the positive direction (i.e. the 
direction which makes the independent variable increase). The 
angle ft is called the angle of projection. We evidently have 

h = vp = VR sin ft. J£F= /ifr", we have sj 2 = C + — ^ ~ - . 

It follows that, if n>l and the velocity from infinity is F,, 
C = F 2 - F, a ; if n < 1, G = F 3 + F = where V is the velocity to the 

origin, 

We may obtain another interpretation for the constant C 
Selecting any standard distance r = a, the potential energy at a 
distance r is 

See Art. 250. It follows that 10 plus t~^~- r * s equal to the 

whole energy of the motion. Hence hy taking the standard position 
at infinity or the origin according r.is n w greater or less than unity, 
we may wake {(! equal to the whole energy. 

314. When a point P on the orbit is such that the radius 
vector OP is perpendicular to the tangent, the point P is called 

When OP is a maximum the apse is sometimes called an 
apocentre, and when a minimum a pericentre. 
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315. Summary. As the formulae we have arrived at are 
the fundamental ones in the theory of central forces, it is useful 
to make a short summary before proceeding further. There are 
three elements to be considered: (1) the law of force, (2) the 
equations of the path, (3) the velocity and time of describing 
an arc. Any one of these elements being given, the other two 
can be deduce!.! by dynamical considerations. There are therefore 
three sots of equations; .firstly, equations (4) and (7) connect the 
force and path, so that either being known the other can be 
deduced; secondly, equation (6) connects the force and velocity; 
thirdly, equations (2) and (3) connect the path with the motion 
in that path. 

The equations of one of these sets are mere algebraic trans- 
formations of each other, any one being given the others can 
be found from it by reasoning which is purely mathematical. 
But an equation of one set cannot be deduced from an equation 
of another set in this manner, because each set depends on different 
dynamical facts. 

316. Dimensions- It is important to notice the dimensions 

of the various symbols used. The accelerating force F, like that 
of gravity, i.e. g, is one dimension in space and — 2 in time. We 
see this by examining any formula which contains F or g, say 
s = {-gt 3 or — F cos <p = cPs/dP. The force F will in general vary 
as some power of the distance from the centre of force, say 
F = fijr n where p is a constant which measures the strength of 
the central force. The quantity /j. = Fr n is therefore n + 1 dimen- 
sions in space and — 2 in time. The velocity v = dsjdt is one 
dimension in space and — 1 in time. The constant h = vp is 2 
dimensions in space and —1 in time. See Art. 151. 

317. Force given, find tne orbit. Ex. 1. The force being 
F=/w B (2(At> + l), 
a particle is projected from an initial distance a, with a velocity which is to the 
velocity in a circle at the same distance as J2 to ^/3, the angle of projection being 
45°. Find the path described. 

Putting a — ljc the dilic.YLiitial (;:i nation of motion is, by Ait. 309, 

,.ftPu \ 2(1. . 
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When w=e, the conditions of the question give ;-' ! = lFje and li=-vsm§jc where 
3in 3 j9=J, see Arts. 811, 313. We therefore have C-0, /i 2 = ,u. The equation now 
reduces to 

(rf«\ 2 _« 4 fchi 9 

u) "? ; "J?" S+ ■ 

Replacing h by 1,'r and measuring :' Iron] the iiiiLini radius O/l in such a direction 
that )■ and fl inoroase fogcthor, ibis lead; to r = a (1-1-0). 

From the equation rM0jilt = h, we infer that the time from a distance a to r is 

fir. 2. A particle moves under 11. e action o; a con mi! force ,u(« r '- £«%'), the 
velocity Of projection boun; {■'ijj.jtia*)*, and the angle of projection sia.- 1 ^. Prove 
that the polar equation of the path is 3a B =(4i a -a") (8 + Gf. [Coll. Ex. 1882.] 

Ex. 3. When tin: con-ral acoeierution is ,( (-rj :; -f <i-;( ! j and the velocity at the 
aps'..laJ eoisiancii ': is o;|i;nl to . s /u. : <f, prove thai iho oriiif is j--« en (mod V -'J.). 

[Coll. Ex. ISA?.] 

Ji'a. 4. The central force being F—'iini' (1 - d-v"), the particle is projected 
from an apse at a disiauec n. with a vdocitv v ',.-.!.''!. Prove that it will he at a 

"*& r "' 

■E<r. 5. A particle, acted on by two centres of force both situated at the origin 
respectively F—itu? and F'-p.'u s , is projected from an initial distance a with a 
velocity equal to that from infinity, the angle of projection being tan-'^/S. If 
the forces are equsi! a;, the point o:' projuciioo. tho path is oS = (r- a) J%. 

Ex. 6. A particle, acted on by the cental force F= i'-j'[0), is initially projected 
in any manner. Prove that Ijjo radius vceioj: can l;e l\ pressed as a function of 
if the integrals of cos Bf (0) and sin Bf (S) can be found. [Use the method of 
Art. 122.] 

318. Orbit given, find the force. Ex. I. A particle ihacriMs a givn-n 
Ci rcle about a centre of force on. the circumferemw.. It is required to find the law of 
force and the motion. Xetctoiij jir nldem . 

Let O ba the centre of force, C the centre of the circle, JP the particle at the 
time (. Let a he Lht; radius o( iue circle, OP:.- r. If o — 01" in: ihe perpendicular 
on the tangent, we have (since the angles OPY, OAF are equal) p=j s jSa. Hence 
using (7) of Art. 310, we have 

r.-W*.^-*** (i). 

If we suppose the magnitude of the force la lie j;ivcr at a uji.il of di si an to from 
the centre of force we write this in the form F= — : , where p. is a known constant 
sometimes called the magnitude or s tren gth of the fume. The constant h is then 
determined by the equation 

ShV=p. (2), 

The velocity at any poh;L 1' is found by Hie normal resolution, Art. 310, 

-=Ftm OPY=^ £-; .-. v = ./%. 4 (3). 

a i* 2a V 2 r- l 

By Art. 312 this velocity is equal to that from Infinity. 
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204 CENTRAL FORCES. [CHAP. VI. 

To find the time of describing any are AP, where A is the extremity of the 
diameter opposite to the centre of force, we use the equation 4 = £fii, Art. 306. 
Since the area A OP Is made up of the triangle OCP and the sector AGP, we have 

where S = the angle AOP. Substituting for h 



'•A 



(29 + sin20) (4). 



It appears from this that the particle w 
a finite lime obtained by writinij — \ir. The particle n 
velocity due to the hii'iaito force at that point. 

Let the force at all points of space aet towards the point and vary as the 
inverse fifth power of the distance from (). It is required to find tin: necessary and 
snjitc'eiU eonil itioii. Ilr:! ii piirlivlc pruji'el-rl j)i,;ii. n- [ii--,-ii paint P in « given diri'.rtioii 
PT with a given velocity V ni'i'j ilnscrihe a chr.h: pi/tHiiiy tkroitifh O. It is obvious 
from (3) that it is necessary that V- = } i p.\r i where r = OP; we shall now prove that 
this is also sufficient. 

Describe the circle which passe; through and touches PT at P. The particle 
which describes [bis circle freely su'.i.siies the given conditions at P. If then the 
given particle does not also describe the circle we should have two particles 
projected from I' in the same direction, with equal velocities, acred on by the same 
forces, describing dilrsrc-nr paths ; which is impossible; Art. 243. 

We notice that a change in the direction of projection PT alfeots the size of 
the circle described, but not the fact that the path is a circle. 

Ex. 2. A particle moves in a circle about a centre of force in the circum- 
ference, the force heiug at lit. ft! ive and equal to jo". Prove that the resistance of 
the medium hi wr.icb the particle moves ii : ".- jj (in 5) ;"sin 0, where cos = rj'An. 
Use the normal and tangential resolutions. [Coll. Ex.] 

E.r. 3. A particle o: iLiiit mass ue-cribes a circle about a so'ven centre of force 
situated on the circumference. If the particle at any point P is acted on by an 
impulse 2v cos cb in a direction making mi angle - ■ o '.vitii the direction of motion 
PT, show that the nc«- orbit is also a circle and prove that the ratio of the radii is 
cos 2f + sin 20 cot 6, where 8 is the angle OPT. 

Ex. 4. The force being F = iai'\ a particle wh.cn projected from a point V with 
an initial velocity V, equal to that from infinity, describes the circle i--2acos8; 
investigate the path when the initial velocity h V ij ;■•>■), where y is so small that 
its square cai: he neglected. 

Proceeding as in Art. 317, wc find 

The conditions of the question give 

where c = l/2<t and 8 — a initially. Putting « = csecS + CTj and neglecting the 
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Each sirlo being a pericc-i dit:crcni.:d, we thirl 

and n is determined from tie condition that ?j = when S-a; 

Putting u = l/i-, we have r= 2a cos (1 - ij cos 0), 

It has been assumed that cos a is nut. small, lIio point I.' mas: therefore not. be 
close to the centre of force. It easily follows that when 

the distance of the particle from the centre of force is of the order of small 
quantities neglected above. iX' 

Ex. 5. Any number of partioic;; are projoojou in all directions from :; given 
point F each witii tiie vdouioy iVom iniinily, ih« ccntrd force ben;;: t''=,u.?i s . Prove 
that thoir locus at any instant is {II fccin;: measured from OF) 

{i a + e a -2craoa0) i ( ■ „iVS + eV osfl-2CT ] _ 

sin 3 J 8m 7 s +c 5 ~2ci'oosS J ~ ' 

where OP — a and _■( it a con-staat depend n;-: on liie time elapsed. j/ 

319. JEs. I. ^ particle lieicrii.i- ■■■ ..■■,■■'.'.■■;.' ^ <.■■ ^.jj ■■■ »;:;,-'' : a under tin: 
action of a centre of force in the pole, -prove that 

F=£, k=riu«,y K » = *£. looiri^-r^-V, 

where t is the time of discribio!: iiic- ;oe Un; illicit by n !i ■ : ifl-ilii u'etores r , rj. Con. 
versely, a particle ijoiij;! pio-ci-tcd 1'ioni my point in ar.y ;iii ecrion iviil describe ;m 
equiangular spiral about a centre of force whose lav.- is l'—y,jr*, provided the 
velocity of projection is ^/u,.')\ i.e. is equal to that from infinity. 

Assuming p — rsinri we follow the same line of reasoning an in Ex. 1 of 
Art. 318. %/ 

Ex. 2. A particle acted on by a central force moves in a medium in which the 
resistance is it(vel.) ! , and describes an equiangular spiral, the pole being the 

centre of force. Prove that the central force varies as — r^ 1 '*™", where a is the 

angle of the spiral. [Math. Tripos. 18ti0.] 

320. Ex. A 2>artide describes the cvrre r"< — n cos nd -\-b sin n$, aiiih-r the. 
action of it centre o/ i'oire in the. oriyiu. Prove that 

a _ /j. 1_ £ 

" - m+l j** 1 * ? a ' 

We notiee (1) that tr.fi exponents of r are iudepe; icier:; or' n. ii) I hat, when m+ 1 is 
positive, the yoiocity :it any point i-, tlii.t due to infinity. Art. 312. 

Suopowii;;-: the iiLiv of force and the velocity of projection to lie given by these 
formula, let the particle be projected from any point F in any direction FT. The 



'■' — ..-m.<-< " r ~:i ' L '~'"-.. , t .rl»\-l "'" ; .... |^ 
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206 CENTRAL FORCES. [CHAP. VI, 

four constants ft*, n, a, b are determined by 



♦"»©'< 



s 



joined to the conditions that the envve must pass UiroujJi P and touch PT. 

We find that n 3 and — ^-n'R*™eo&$ have the same sign, where P = OP and 

£ is the angle of projection. When the sign of a- thus determined becomes 

negative or y.cro ihe curve obviously changes into 

where 4tt'Ii' = fl s -& s and 1" is the limit of In when 1: is infinite and Ji zero. 

It is useful to notice the following geometrical properties oi the curve. If p 
be the perpendicular on tlii? tangent, A the Jinglo tin: radius vector makes with the 
tansent 

m 1 » a « ! + u a m'-n 1 1 lS 

This example includes many i:i to resting cases. Potting ?n-2, n- = 2, we see 
that tl:i' lenini-calc- ol'.. ilermialh oould In 1 described about a centre of force in the 
node varying ;is the inverse seventh power of the distance. Putting m = n, we 
have the path when the force varies as tins inverse (3w-;-!j)Qi power and the velocity 
is that from infinity. Writing m = J, » = J, we find the path is a card i old when 
the central force varies as the inverse fourth power and the velocity is that from 
infinity. Writing m=l, »=1, the path is a circle described about a centre of force 
on the circumference. £f\ 4*4' $6&, V* 

331. Mx. 1. A partial; describes a circle about u ventre of force situated, in 
lU plane. It is ra/ttin'it t'ljind Hie line of force and the motion. 

Let O bo the centre of force, (.'■' the centre of the circle, a its radius and CO = c. 
Taking the equations of Art. 310, we have 

.=* v -=fZ ■ F.£Z V 

par a p» 

Since in a circle 2ap — r-- : ,-n- -('.', we can, by substitution, express. F and V in 

terms of r alono. We have 

where 8(i s A*=/t andii = a a -e a . When B = 0, the law offeree reduces to the inverse 
fifth power, and the velocity becomes the same as that found in Art. 318. 

If this law of force Lie supposed to bold throughout the plane of the circle, the 
values of p. and IS are given. In order that the orbit may be a circle it is necessary 
that the velocity of projection should satisfy the above value of v, i.e. should be 
equal to the velocity from inanity. The directum of projection being also given, 
the angular momentum .'.■ (Art. iil'-i) is also known. The values of a, and c follow 
at once from the equations given above and must be real. 

Newton, when discussing ibis probiem, supposes that fat comae of force lies 
inside the circle. It follows dial II is positive, and at no point of space Can either 
the force or velocity be infinite. 

When the centre of force is outside the circle, one portion of the orbit is 
concave and the other convex to the centre of force. We must therefore suppose 
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that the force is attractive hi the lirsf and repulsive in the other part. Writing 
B= -0% we have i' J — c*-uP, and therefore h is the length (if either of the tangents 
drawn from the centre of force to ilio ch.cle. and the force changes sign through 
infinity when the particle pussi s the cii clc whose radius is 6, 

Sylvester, in toe Phil. Man. ISliS, point.' oat that the resultant attraction of a 
cireubn plate, whose elements attract accotding to the law of the inverse fifth 
power, at an external point P situated in ils plane, is ■■-'■■ ,.,.„ where p. is the mass 

of the plate, b its radius ami ;■ the distance of F front the centre. The circle 
described, by P under the attraction of this [jlai.e cuts the rim orthogonally. 

Lot the panicle 1' be constiaiued to move on a smooth plane under the action 
of a centre of force situated at a point ('.' distant V from the plane, the law of 
force being the inverse fifth power. The component of force in the plane is 

F= .'',,„, , where r is file distance of I' from the projection of the centre of 

{r*+by 
force on the plane, Putting tl — b"', it- appears from whai precedes that, if the 
velocity of projection is equal to that from infinity , the paiii of the particle on the 
plane is a circle. The length of the chord bisected by the point is constant for 
ail the circles and e;p:al to 2i'. ^ 

Ex. 2. A particle moves under the action of a centre of force F—^u". Prove 
that all the circles which can lie described either pita, through a fixed point or have 
a fixed point for centre, 

322. Ex. 1. A pttrtkk move* mtri/r Hi-! ti.nt.ion of a centre of force ichosc. 
attraction is I' = '* r., and the. velocity at ami point is equal to Unit front infinity. 
It u required to find the path. 

The equation of vis viva (Art. 310) gives 

ti= = C-2JMr = C + ^jj (1). 

Wince this formula is independent of tiie path and it is given that v is zero when r 
is infinite we see that (.-' — 0. Substituting for ■■■ its value //,'«, the equation of the 
path becomes 

j- 2 + B = i> 5 , th 2 -p (2). 

The curve required is therefore such that a linear relaiion exists between p" and 
r 5 . There are several species of curves which possess this provioity distinguished 
iiom each other by tin: valui s of B and i. 

Ore such curve is known to be an epicycloid. S.ipposii.e the radii of the fixed 
and rolling circles to be n and b. we have at the cusp r — n, p — Q and at the vertex 
p and rare each equal to o + 2ft. We thus find 

The law of force and the conditions of projection being given both B and h 2 are 
known. If the foiee is altiRcnvo. /; negative, and .«;'/;-' less than unity, the path is 
an epic^loid, the values of a and 6 being given by (3). 

Changing the sign of b the epicycloid becomes a hypocyeloid and in this ease 
wo learn from (S'j that ," and u are negative. When tlicri tore the force is repulsive, 
and J! negative, the path is a hypocyeloid. 
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The remaining species are more easily separated by putting the equation (2) 
into the form p = ip, a result which follows at once from the identity fi=rdrjdp. 
Hi: ne. -untiring Uijli ,-; — ,<-i (i'vj/!''f- ■■■'"■'■■ LiiiTcrentiul Pi 1 11 .1 1 i i -i ? beconii.-s 



45 
if 

When (■ is :css lhac viiiily o; is uosw 
above. If ^ = l-i, we find 

s of # pass through the 



-(i-i)P=a 

Lve we easily deduce the cycloidal s; 






I- M cos m. 

If tile axis of x [Miss through Lho cusp, ivo lmvc /j — v.hen ui — G and p = a + 2b 
when p^=Jir. Hence L = a + 26 and jtf=0. 

When i is greater than unity we have the forms 

pal#"*+m~"*, p=I^+3f (5), 

where a 2 = f-l and the second form occurs when i = l. Since in any curve the 
projection of the radius vector on ihe inn; ;c-T!t '■'• tipiil-i; we tir.il by eleinsiiitiivy 



=i> a + 



Af) 






pity 



...(6), 



where is the angle behind the radius vector. Since tp — xfi-S, we can in this 
way express the polar coordinates r and in ibijis of lho subsidiary angle i/<. 

Substituting in (3) ivc !ind [hut <l« s Uf= B, so that X and M have the same or 
opposite signs according as the given quantity 7f is positive or negative. When 
D — 0, either X or M is zero, and since, by [6), tan ijJ is then constant the curve is 
an eciuiangnlar spiral . 

To trace the forms of the exponential spirals it is convenient to turn the axis 




of x round the o 


rigin bc 


that the equation (5) m 


y assume a symmetr: 


jil form, 


Wi; then havo 






o = Jc (/"**« ""*) . 




....CD, 


where the upper o 


r lower 


sign is 


o be taken accordi 


rg as B is positive or 


negative. 


When B is positiv 


e there 


is an a 


se whose position 


s found by putting p = 


r in (2), 


whence (i-l)r s = 


B. When IS i 


negative there is s 


cusp at the point determined 


byp=0, i.e. at I s 


= -B. 


These 


spirals were first discussed by Puisbua 


(with a 


different object in 


view) i 


Liouville's Journal, 1844 







By using a proposition in the theory of attractions we may put some of the 

[iroeeding problems in aiio'dic:' light. Ii may be shov.-i thai the resultant attraction 
of i! thin circnlai' rin;:, whose c-lc-iuc-ul:.- aLlr:;et according to the law of the inverse 
cube, at any point P in the plane of the ring is -■ a _ a a , where y. is the mass of 
the ring, c its radius and <• the distance of P from the centre. The plus or minus 
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:!0I) 



sign is to be taken according as P is without or within the ring, (see Townsend 
in the Quarterly Journal, 1879). The path of the particle P moving under the 
attraction of tint ring lias now been found provided the velocity of projection is 
equal to that from infinity. 

Again, when a particle P is constrained to move on a smooth plane under the 
action of a centre o:' force C situated at a distance .: from lIiu plane, the law of 



force titiuj: the inverse cobe, tin; 00:11 pon out of n ft motion in the plane 
where r is the distance of P from the projection of the centre of : 



oV* 



Ex. 2. If s be the arc AP of any fxxvi tacasniod from :i. fixer] point A. show 
that s(i- l)i'i differs from the projection of the radius vector OP on the tangent at 
P by a constant auanrity which is y.nm wilt 11 _1 is an apse. 

Ea;. 3. Show that the polar area traced ouL by a radios vector OP is equal to 
i times the corresponding polar aion of the pedal Thence show that the time of 
describing any arc is given by ftl = iJjA!i/'. 

323. Parallel forces. Ex. 1. J parti:-!'- describes a central amir, under the 
action of 11 force !■' tendinii alicaye in a. fh:ed direction, It is required, to find F. 
Let the conic Lo referred So conjugate diameters O.I, "(J; the ■oreo acting 




parallel to BO. Let the angle AQB = u, OA = a', OB = V. Let ON=x, PN=y be 
tlie coordinates of P. Then 

ri%/ir> = 0, d^/d( 2 =-F. 
The first equation gives # = .4(, where .lis the oblique component of velocity parallel 
to x. Henee A is the resultant velocity at B. We then have 



■=><*■-■* ■•3- 



« 1 



The component of velocity at rh;b! angles lo llio force is constant. 

s component by V, and rcmcinbcthi;: that tin- rrsuka-il v..-! of ivy 



ic the expression for the force becomes 
1 Vb'" 1 



.-'- sin- u f 



~ a-%- , 



It follows that the force, tending in a- airci) direction on which a < 
described varies hivei-nelu as the cube of the chord along which the forct 
result may also be obtained without difiiealty bv taking the normal resolution of 
force. Cf &(. . 4-tXj f*.23r t 

Ex. 2. If the tangent to the conic at V intersect the conjugate diameters i 
and U, prove that -he velocity at I' is v = Ax . TUja^. 

B. ». 14 



y 
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Ex. 3. A particle describes the curve tj = f(x) freely under trie action of a 
force F whose direction is parallel to the axis of ij ; prove F-A' ! ^yjdx\ 

Ex. i. Show that a particle can describe a complete cycloid_ freely under the 
action of a force tending towards the straight line joining tl.e cusps and varying 
inversely as the square of the distance. Prove also thiit the square of the velocity 
varies inversely as the distance. 

324. Ex. Two masses M, m are connected by a string which passes through 
a hole in a smooth horizontal plane, the mass m hanging vertically. Prove that 
J/ describes on the plane a curve whose differential equation is f/&xt4^i^ K ' 

\ + Mj dS 2 + "~M A«m*' 
Prove also that the tension of the string is -gr^<3+ ftV h [Coll. Exam.] 

Law of the direct distance. 

325. A particle is acted on by a centre of force situated in 
the origin whose acceleration is F=pr where r is the radius 
vector. It is required to find the possible orbits. 

Taking any Cartesian axes, we notice that, llio resolved parts 
of the force in these directions are fix- and /u,y. The equations of 
motion are therefore 

d 3 #/<2t a = — fix, d'-yjdt" = — /iy (1). 

"We observe that though the axes of coordinates are arbitrary, 
the equations (1) are independent; one containing only x, the 
other only y. We infer thai, the general principle enunciated for 
parabolic motion may also be applied here. The circumstances 
of the motion parallel to ami fixed direction are independent of 
those in other directions and may be deduced from the corresponding 
formula 1 - fur red Hi near -motion. 

Supposing that the force is attractive in the standard case, 
/j, is positive and the solutions of (1) are 

as — A cos *Jpt + A' sin \lfit, y = B cos J /it + B' sin ,/fit. 

As there is nothing to prevent us from using oblique axes, let 
us take the initial radius vector as the axis of x and let the axis 
of y be parallel to the direction of initial motion. If R and V 
be the initial distance and velocity, we have when ( = (J, 

x = R, d®jdt = 0; y = 0, dyjdt=V. 
These give R = A, = A', = B, 7 = 8 -dp. 
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The motion is therefore determined by 

x = R cos \Jfit, y = R' sin *J/d, 
where V=R'>J/j.. Eliminating t, we obviously arrive at the 
equation of a conic having its centre at the centre of force and 
R, R' for semi-c(m jugate diameters. 

If p is positive, the centre of force is attractive and the orbit 
must be at every point concave to the origin. The orbit is there- 
fore an ellipse. If ^ is negative, the central force repels, and the 
orbit, being convex to the origin, is a- hyperbola. Since the centre 
of the conic is always at the centre of force the orbit can be a 
parabola only when the centre of force is infinitely distant. If the 
force at the particle is then finite, the coefficient ft. must be zero. 
The finite changes of r as the particle moves about do not affect 
the value of fur. The force on the particle is then constant in 
magnitude and fixed in direction. 

When ft is negative, we put fi = — fi'. The solution of the 
differentia] equations then becomes 

m = %R (&'* + e-^'O, y = | R' (e^ - e-«*'<), 

vthere V= iR Vm' ar| d i — \/ — 1. It is evident that iR' is real. 

326. Since any point of the orbit may be taken as the point 
of projection, we deduce from the equation V=>JfiR', that the 
velocity v at any point P of the ellipse is given by v = sffiR' where 
R' is semi-conjugate of OP. If r be the radius vector of the 
moving particle this equation may also be written W = p.(a- + fr - r 1 ) 
where a and b are the semi-axes. !**•** ■? +r = * * 

Since vp = himdpR' = ab, we see that the constant h is h — \/u.ab. 

If the principal diameters tire taken as the axes of coordinates, 
we have a; = a cos tf>, y — bsm<j>, where <£ is the eccentric angle of 
the particle. It immediately follows that the particle so moves 
that <b ~ >Jftt. When <£ has increased by 2tt the particle has made 
a complete circuit and returned to its former position. The 
perio dic tim e is therefore 2ir/v>- It appears from this that the 
periodic time is independent of all the conditions of projection 
and is the same for all ellipses. It depends solely on the strength 
/j, of the central force. 

In general the tune oi' describing any ar c PP' is the ditto li.-uce 
of the eccentric angles at P and P' divided by ^/i. 
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When the orbit is a hyperbola we have 

x = %a {e* + e-*'), y = lb{e# - e"*'), 
where <p' is an auxiliaiy angle. It immediately follows that 
$ = \Jn't where fi is positive and equal to — fi. 

327. When the velocity Fand angle /3 of projection as well 
as the initial distance R are given, the semi-axes a, h of the conic 

described may be deduced from the equations 

„,„ h? V»R"si^/3 , ,„ „, V* 

a «6» = — = - - - ■ ! ■ & + js = & + _ _ 

IJ.fi. fi 

These give real values to a 2 and &-. The angle which the major 
axis makes with the initial distance is given by 

cos-B sin 2 # 1 . , n 6 s a' 1 — R i ,, 

a 2 If R- a? R- — b" 

Since V= >J/iR', it is evident that the problem of finding the 
particular conic described when R and V are given is the same 
as the geometrical.- problem, of constructing «■ conic, v:hen two semi- 
conjugate diameters it, li' are [liven in position and magnitude. 
This useful construction is given in most books on geometrical 
conies. 

338. Referring to the equations (1) of Art. 335 we see that the motion in an 

ellipse about a centre of lotto F. /ir is the re-uiiaur of two rectilinear harmonic 
oscillations alonp; two arbitrary directions O.c, Oy represented by 
X- -fix, 7= -ny. 

Tin; resultant of any number of rectilinear barluouii; o-o : .!!a'.i;u:s (pirformoii in 
equal times) alonjr arbitrary »i.;ai;;ht lines 0,-1 . OH, fa;, may be found by resolving 
the displacements of each along »"ii arbitrary axes am! confounding the sums of 
the components. The resulting motion is tiierefore an elliptic motion with O for 
centre. 

Ex. Investigate ihe conditions that the resultant ol' two rectilinear harmonic 
oscillations, of equal lu.-riuov, whose am ■prions niiiki: an angle 0, should be (1) a 
rectilinear, \2) a circular motion. Prove that in the first caFie their: angles or 
phases must be equal; in the second their amplitudes must be equal and their 
phases differ by w - 6. The radius is a sin 9. ^/ 

329. Ex. 1. If OF, 00 uro [-onjuKato fiiim-.r-iers or an e^ipsc, prove that the 
time from P to Q is one- qua iter of the w-holo periodic time. This follows at once- , 
from the fact that the urea I'D 1 .} is onc-'iuiirior of ihe a ion of the ellipse. J 

Ex. 2. Prove that in a hypeiijoUc orbit the time from the extremity of the 
major axis to a point who-* disiiuioe from that axis is equal to the minor axis is 
Ihe fin ne for all hyperbolas. y/ 
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Ex. 3. If the circle ol euivauirc at any point F of an ellipse cut the curve 
again in Q, and A is the e.-itremity of the major a.vis nearest to i 1 , prove that the 
time from <J to A is three times the time from J to P. 

Since ip=*]&t. Art. 326, the theorems in conies which, like this one, are con- 
cerned with eccentric angles may a: once he translated into dynamics. [/ 

£#. 4. Two tangents IT, '/'(? are drawn to an ellipse, prove that the velocities 
at P and Q are proportional to the lengths of tin- tangents. [l''or these tangents 
are known to be proportional to tin- parallel diameters.] ^/ 

330. Point to Point. To find this, directions in ichick a, particle must be 
^rejected from- a iiivcu -point !■' with a given velocity V, >o at to pans through another 
given point Q. 

Let r lt r s be the distances of P, Q from the centre of force 0. Let OP be 
produced to I) where D is swell that the velocity I' of projection at F is equal to 



■US./} . 





tiiat acquired by a particle starting from rest at D and moving to F under the 
action of the centre of force. Let OD = k. Then since V*=p(a 1 + &- rf), the 

sum of the squares of any two semi -conjugates of the trajectory is k". 

Bisect PQ in N and let ON=x, NP = NQ=y. From the equation of the 
ellipse, 



.-, a*-a*(i>P-y 3 +K I )+Jii'x*=0 (1), 

Since x, y, !; are given, this quadratic gives two values of a", showing that 
there are two directi ons of projection which satisfy the given conditions. 

Let these directions o:' nrojcciion from F intersect (j.V produced in T and I", 
then since a 2 ~ON . 07', the quadratic gives the positions of T and T. We also 
have OT. OT' = k\ am* ST.ST-=y\ 

The roots of the quadratic (1) are imaginary if x + y>k. Produce FO to F' 
where OP'^OP, the roots of the quadratic are imaginary unless Q lie within the 
ellipse whose foci are T, .1" and semi-major axis a' = k. This ellipse is the boundary 
of all the positions of Q which can be reaciu-.d hy v panicle jirojcelcd from P with the 
iiii-i'ii v.-hicUij. H is also the envelope of all the trajectories. " 

Ex. 1. If two dicks ho described having their centres at and N and their 
radii equal to k and y respectively, prove (1] that their radical asis will intersect 
ON produced in the middle point It of TT ; (2] that KT 2 is equal to the product (rf 
the segments of any chord drawn from R to either circle. 



• 
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Ex. 2. Show that the greatest range t - !'(,) on any straight line T'Q making a 
given angle 8 with OP = r [ is determined by (/,'-- j-^j/j—i- j'j cost*. 

Show also that in this case 02'=*-, and NT=NP=NQ. Thence deduce that 
the common tangent :i.i y :,■> the trajcetoiy a'.id tiio envelope intersects, the direction 
lit projection limn J' ;li right 'angles hi a point 7' which lien on the circle whose 
centre is and radius A. 

The lirst pail ioliows from tin- focal polar eetLattoa of tin: ellip-e and Lhc second. 
from known geometrical properties of the ellipse. 

331. Examples, Ex. 1. If the sun were broken up into an indefinite 
number of fragments, uniformly filling the sphere o; which the earth's orbit is a 
great circle, prove that each would revolve in a year. [Coll. Ex.] 

The attractions of a homogeneous solid -pheiv on the particle-i composing '.: 
are proportional to their distances from the centre. 

Ex. 2. A particle moves in a conic so that the resolved part of the velocity 

perpendicular to tin- focal distance is constant, prove that the three tends to the 
centre of the conic. [Math. Tripos.] 

Ex. S. A particle describes an ellipse, the force tending to the centre; prove 
that if the circle of curvature at any point /' cut the ellipse in Q. the times of 
transit from Q to P through A and !■' to Q through I) are in the same ratio as the 
times of transit from .J to /' and P to !■:, where .' and B arc the extremities of the 
major and minor axes and /' lies between A and B. 

Es. 4. A particle is attracted to a listed point with a force ,i. times its distance 
from the point and moves in a medium in which the resistance is U times the 
velocity; prove that, if the. particle ':■■ projected with velocity r at a distance a 
from the fixed point, the venation of the path when referred to axes along the 
initial radius and parallel to the direction of projection is 

/; Hiir 1 ioH\i\\-lr..\- - «;V) + "log ((■-/'.!- + ,<«r,''< : ~-- l':i , >/!iii-)--0. 
■where n a =,u - JP/4. [Coll. Ex. 1887.] 

Ex. S. Three centres of force of equal intensity aie situated one at each 
corner of a triangle ABC and attract according to the direct distance. A particle 
moving under their coiu'emo;! ii Uuence deverib'-s an e'.lipso which touches the sides 
of the triangle ABC. Prove that the points of contact are the middle points of 
the sides, and that the velocities ,at these print-, a.re proportional to the sides. 

[Math. Tripos, 1893.] 

Ex. 6. If any number of particles he moving in an ellipse about a force in the 
centre, and the force suddenly cease to act, show that after the lapse of (l/2ir)th 
part of the period of a complete revolution all flic particles will be in a similar 
ceucentrie and similarly situated ellipse. [Math. Tripos. 1350. J 

Ex. 7. A particle moves in an ellipse under a centre of force in the centre. 
When the particle arrives at the extremity ot the major axis the force ceases to 
act until the particle has moved through a distance equal to the semi-minor axis; 
it then acts for a quarter ol' the periodic time ir. the eiiipse. Prove that if it again 
ceases to act for ;lu: sanm time lih bofire, tite particle will have arrived at the other 
end of the major axis. [Art. 325.] [Math. Tripos, 1660.] 
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Ex. 8. An elastic string passes through a smooth straight tube whose length 
is the natural length of the string. It is then pulled out equally at both ends 
until its length is increasou by J'l tijr.es its original length. Two equal pcneoTiy 
elastic balls are attached to the extremities and projected with equal velocities it 
right angles to the string, and so as to impinge on each other. Prove that the 
time of impact is independent of the velocity of projection, and that after impact 
each ball will move in a straight line, assuming that the tension of the string is 
proportional to the extension throughout the motion. [Math. Tripos, I860.] 

Ex, 9, A point is moving in an equiangular spiral, its acceleration always 
tending to the pole S ; when it arrives at a point P the law of acceleration is 
changed to that of the direct distance, the actual acceleration being unaltered. 
Prove that the point P will now move in an ellipse whose axes make equal 
angles with SP and the tangent to Llio spiral al /', and thai the ratio of these axes 
is tan Ja : 1 where a is the angle of the spiral. 

Ex. 10. A series of particles whieh attract one another with forces varying 
directly as the masses and distance arc under the attraction of a fixed centre of 
force also varying direct];' as the- distance; prove tha'. if ■jl'.fi.v are projected in 
parallel directions ironi points lying on a radius vector passing through the centre 
of force with velocities inversely proportional to their distances from the centre of 
force, they will at any subsequent time lie on a hyperbola. [Math. Tripos, 1888.1 

Ex. 11. A particle starting from rest at a point A moves under the action of a 
centre of force situated at S whose magnitude is equal to ft . (distance from S). It 
arrives at A after an interval T and the centre of force is then suddenly transferred 
io some other point V without: altering its :i:a;:iiitudc. If the particle be at a point 
B at the termination of a second interval 7" equal to the former, prove that the 
straight lines SH' and AB bisect each other. If at this instant the centre of force 
be suddenly transferred back to its original position S, prove that at the end of a 
tliird interval T the particle will be at S'. If at that instant the centre of force 
ceased to act, the particle will describe a path which passes through its original 
position A. 

Ex. 12. If the central force is attractive and proportional to ■«-/((;«■ -cos Of, 
prove that the orbit is one of the conies given by the equation 

(cit + 0OB<?) 2 =a + &c0B2((> + t [ ). [Coll. Ex. 18%.] 
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216 THE INVERSE SQUARE. [CHAP. VI. 

The accelerating tension is Xr ,' mil--. ur (say). The path in space is tlitrofo Ir- 
an ellipse having a and b = h!<i!*jij. i'oi scmi-a.xcs. To livid the path relative to the 
rotating plane \vc ;;pp.i.v '° :,f: ' paillcii" a velocity «.■■■ wmi averse to ;■ huckmirds. II 
p' bo the perpendicular from the centre on tht- :t..-.ti-ta.nt of i- and ur, we have by 
lakin;-; moments nhout the centre 

Substituting for v- and f/. their values in elliptic motion we find 

This is a lineai relation ijriv.cei:- j ,l and //'■ and the. cine will be an epicycloid 
if the radii of the eorres pen dins circles are veal (Art. S22). To find the radios of 
the fixed circle, we put j/ = 0; this fives the radius r — a. To find the radius 
a of the rolling circle, we pa! p — r. and r — a-\ iv.\ this gives the reqairod valae 
of c. If t is negative the curve is a hypocyeloid. 



Law of the inverse sauare of the distance. 

332. A particle is acted on by a ventre of force situated w the 
crigin whose acceleration is F = jj.iv 1 where n is the reciprocal of the 
radius vector. It is reyvired to find the possible orbits. 

We have the differential equation (Art, 309) 



-0); 



d& h?v? 

.: « = | + -4coa(0-«), 

where A and a are the constants of integration. Comparing this 
with the equation of a conic 

lu=l+ecos(0-tx) (2), 

where I is the semi-latus rectum, we see that the orbit is a conic 
haviwj one focus at, the centre of force. We oho hare /).- — fil._ 

Conversely, if the orbit is a conic with the centre of force in 
one focus, the law of force must be the inverse square. To prove 
this, we fet (2) be the given equation of the orbit; substituting 
in the left-hand side of equation (1) we find F — /j,v-, where y. has 
been written for the constant h"jl. 

333. The velocity. The relations between the conic and 

the force are more easily deduced from the equation 
„ d I ft 
' p 2 



i dr 'i 
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the force being attractive in the standard case. 

.:»-*£ + C, 

p- r 




where is the constant of integration. The p and r equation o f 
an ellipse having a focus S nt the origin is 

i>" ~ r "■' 

where I — b~iti is the semi-latus rectum. Comparing these equations, 
we have the standard formulas 



• fil, C- 



1\ 



..(A). 



We change from the ellipse to the hyperbola by making the 
centre C pass through infinity to the other side of the origin S, 
we therefore put — a for a ; also b 2 becomes — b' 2 , the semi-latus 
rectum remaining' positive* and equal to b"*ja'. We now have 

If-pl, O-t, .-. f-l^(-+~) <E). 



In passing from that branch of the hyperbola which is concave 
to the centre of force to the convex branch, the radius vector r 
changes sign through infinity from positive to negative. Before 
comparing the equation of the orbit with that of the hyperbola 
we should write — / for r in the latter. Also since this branch 
is convex to the origin the force is repulsive and /j. is negative, let 
us put ji~ — jjf. Coi ii paring the formulas 



„ » V+o, '._? 



1 



yi ' pi 



M ( - -■ + -/ 1 ■ 



..(C). 



Ill the pavahola, « is infinite, and 

h'-pl, C=l), 
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21S THE INVERSE SQUARE. [CHAP. VI. 

All thesis fbrmuke .may be included in the standard form (A) 
of the ellipse if we understand tlii.it- on the concave branch of the 
hyperbola the major axis is by interpretation negative; on the 
convex branch, the radius vector being made positive, the major 
axis is positive while the semi-latus rectum I and the strength p, 
are negative. 

334. Construction of the orbit. When the velocity V 

and the distance R are known at any point P of the orbit (say, 
the initial position), we may determine the curve in the following 
manner. Let the force be attractive. The orbit is now concave 
to the centre of force and p is positive. . Comparing the formula 
(A), (B) and (D) and remembering that the velocity V } from 
infinity to the initial position is given by F 1 - = 2/*/.R, (Art. 312), 
we see that the orbit is an ellipse, parabola- or the concave branch 
of a hyperbola accordint: a.s the velocity is less than, equal to, or 
greater than that from infinity. We notice that this criterion is 
independent of the angle of projection at P. Let the force be 
repulsive. Since the path is convex to the centre of force the 
orbit is the convex branch of a hyperbola. 

335. Having ascertained the nature of the orbit we have 
next to determine the lengths of the major axis and latus rectum. 
Supposing the ellipse to be the standard case, we have by (A), 

1 2 F" 3 

- = — — — . We notice that the length a is independent of the 

angle of projection. If then particles are projected from the same 
point with equal rdacitien the Major a.,res of the orbits described are 
equal. 

If /3 be the angle of projection (Art. 313) we have p — R sin /3 
and h=Vp. The constant h and the semi-latus rectum I are 
therefore found from k = VR sin /3, A a = (d. 



336. The position in space of the major axis nary b 
various ways. Let S be the focus occupied by the centre of force 
and A the extremity of the major' axis nearest to S. 

We may find from the analytical equation of the curve 

Ijr = 1 + e cos &, 

where is the angle the initial radius vector SP makes with 8A, 



,Google 



AET. 337.] CONSTRUCTION OF THE ORBIT. 219 

We may also use a geometrical const ruction. The focus S 
and the tangent PT at P being known, we can draw a straight 
line PH so that SP, PH make equal angles with PT, the direction 
of PH depending on whether the curve is an ellipse or hyperbola. 
If the point H is then determined so that $P + PH=2a, where 
a has been already found, it is clear that II is the empty focus. 
If the curve is a hyperbola, these lengths (a« already explained) 
must have their proper signs. The position of the major axis 
is then found by joining 8 and H, and a being known the 
eccentricity e is equal to SH/2a. 



887. Ex. 1. The initial distance oi 


a particle from the centre of force 


aing j - , and the initial radial and transv 


evse velocities being V. and F s , prove 


lat the latus rectum 21 and the angle 


i) which the radius vector r makes 


I'll t k :ocior axis a:c :;!vei! In -,, — 


Vs 



Ex. 2. Prove that there are two directions in which a particle can be projected 
from a, given point P with a given velocity F, so that the line of apses may have 
a given direction Sx in space, and find a geometrical cons; rue tion for these 
directions. 

Since 1" is given, a is known. With centre P and radius 2u - r describe n 
circle cutting Sx in 11, W. The required directions 'iy.~i-.rx- externally the angles 
SPH, SPH'. 

Iict |S lie cither of the entiles tin:- direction of projection ai I' makes wiiti Sf, 
Art. 313. The quadratic yivinf; the two values of tan /J is 



where 9 is the tingle I'S.y. This follows from Ex. 1 by writing F 1 = FeOS/3, 
'"..— r sin ,8, The quadratic may also oc v. ciUeii in lite form 

twn(fl+,8) = Q-l)tan0. ^ 

Ex, 3. Three foeal radii SP, SQ, SR of an elliptic orbit and the angles 
between them are given. Mhow that tin; e'Jipticitv may be found from the equation 
t>A=aA', where A is Hie area 1'QR, A' the area of a triangle whose sides are 
■2SQ- . SE : - sin ><QS.H and two similar expressions. ■ [Math. Tripos, 1693.] 

Let 1", (/, I!' ha the points on the auxiliary circle which correspond to P, Q, 11. 
We first find by elementary conies the length of the side Q'R' in terms of SQ, SR 
and the contained angle. The result shows that the side Q'R' is equal to the 
cones ponding side of the triangle A' nftci multiplication by ajb. Since the areas 
of the triangles PQR, P'Q'R' are known to be in the ratio bja, the result follows 
at onee. S 

Ex. i. Two particles P, (.) describe the same orbit about a centre of force O. 
Prove that throughout the motion the ares contained by the radii vuc tores OP, OQ 
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Thence- deduce ihii.t if :i rini,' of meLeovs ( not art nuking t-ai-h other) describe ii 
closed orbit, the suiKviiiir distance between consecutive meteors varies inversely as 
the square of their distance from. 0. y/ 

Ex. 5. Two pjivticlt/H I', \> i.teeiiix- adjacent i ■ i I i : ■ I i ■ ■ orbits of small eecentj ieiiy 
in n([i!!i] times, the centre of force bian:;; in the- i'o;-;i» ijui Ibo inujm' uxi's coincident 
in direction. Supposing the particles to be simultaneously at corresponding 
apses, prove thai the an;:ie y which ('(,) make- with the line of anses is given by 
cot ^= - 3 eosec 'lid ■ cot y»f. una !imt when -i- is a maximum. 

338. Elements of an orbit. To fix the position in space 
of an elliptic orbit described abont a focus we must know the 
values of six const-aids, called the elements of the orbit. 

These are (1) the angle which the radius vector from the 
given focus to the nearer extremity of the major axis makes with 
some determinate line in the plane of the orbit, the angle being 
measured in the positive direction; (2) the length of the major 
axis; (3) the eccentricity; (4) a constant usually called the euoch. 
to fix the longitude of the particle at the time S = 0. This con- 
stant will be considered later on. 

To determine the plane of the orbit we require two more 
constants. Taking the focus as origin, let some rectangular axes 
be given in position. Let the plane of the orbit intersect the 
plane of my in the straight line Jf'SN. This line is called the 
l ine of node s, and that node at which the particle passes to the 
positive side of the plane of :.vy is called the ascending nod e. We 
require (5) the angle the radius vector to the ascending node 
makes with the axis of x, and (6) the inclination of the plane of 
the orbit, to the plane of Ay/. 

339. Point to Point. To project a particle with a given 
velocity V from a given point P so that it shall pass through 

uv.otlmr given point Q. 




Let r-uVs be the distances SP,^. The velocity at P being given, 
the major axis 2a is also known from the formula F 2 = fi, I J . 
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With centres P and Q, describe two circles of radii 2a — r u 2a — r 2 ; 
these intersect in two points H, H'. Either of these may be the 
empty focus. The three side,? of the equal triangles I'QH, PQH' 
are therefore known. 

There are two directions of projection which satisfy the given 
conditions. These directions are the bisectors of the supplements 
of the angles SPH, SPH'. Let ft, ft' be the angles of projection 
at P (measured behind the radius vector SP, sec Art. 313), then 
ft + is equal to the supplement of SPQ, and ft — ft' is equal to 
the known angle HPQ. 

The range PQ on a given straight line is the greatest fiossihle 
when H, H' coincide and lie on the straight line PQ. We then 
have 

PQ = PH+QH=4a- r t - r s . 
This equation requires that the semi-major axis should be one- 
quarter of the perimeter of the triangle SPQ. 

Since two consecutive trajectories whose foci arc in the neigh- 
bourhood of PQ intersect in Q, the locus of Q as the range PQ 
turns round P is the envelope of all trajectories from a given point 
P with a given velocity. Since PQ + QS = 4<t - r\ this locus is 
another ellipse having its foci at P andS. Each trajectory touches 
the enveloping ellipse in the point where the straight line joining 
P to the empty focus of the trajectory cuts either curve. 

340. Ex. 1. Prove thiil tlm scini-iuajor axis '-'■'■ t-if eccentricity e' and the 
semi -In tut l'uCLlisr. t" <':■[ U::: '.iivrlopiiif.' el ! j l ■ H-. ? ■ are jjiven by 

2a'=4a-r 1P e'^jJJ— , l'^2a{2a-r l ). 

Ex. 2. If the variation of gravity is taken account of and the resistance of 
the air neglected, prove tha! [he lease velocity v.- -ill ivluch a shot <irmi.il brf projected 
from the pole so as to meet the earth's surface at the equator is about 4J miles per 
second, and that the angle of elevation is 22 1 ". [Coll. Ex. 1892.] 

Ex. 3. If a particle when projected from P 1 passes through two other points 
R, I'., prove chut the Homi-lnlus ioc:i.n-: I is given iiv pith or of tin: (■■qu:'.M:ii , K 

lA — r 1 A 1 + r 1 A 2 + r. l A. 1 = 2r.i:f. :! sin a., sill ajSinttj, 

where r L ,r t , r„ are the distances SP V SP. 2t SI'.y, A,, A t , A 3 are the areas of the 

triangles PjSP,, P 1 SP 1 , ^SP..; a,, a a , a 3 the angles at the focus S and A is the 

area of the triangle P^P,. Prove also dint tlio nonei: elicit y is given fay 

^(2-i) 2 -2(J.seca)=-22(^ 2 seca lS eca 2 C0 S a a ). 

341. Time of describing any arc. The time of describing 

the whole ellipse, visually called the p eriodic time , can be deduced 
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at once from the formula A = \ht, (Art. 306). Putting A =Trab 
and h^^/jifja, (Art. 332), we find that the pe rio/lic f. une= - — a . ^/ 

It appears from this that the period is independent of the 
minor axis and depends only on the strength fi of the centre of 
force and on the length of the major axis. 

If n be the rmwi ^i^u\y^\e!'->i-;jty in the orbit, the mean being 
taken with regard to time, the period is 2irjn. It follows that 

342. To find the time of describing tr.ni/ arc AP of an elliiytic 
orbit. 

Let S be the locus occupied by the centre of force, AQA.' the 
auxiliary circle and QP,\ ! an ordinate. If A is the extremity of 
the major axis nearest to S. the angle ASP is called the true m 
anoma ly and is sometimes represented by the letter v, i.e. the 
angle ASP—- r,. The angle ACQ is the eeceutrie angle of P and 
in astronomy is called the evcri itrir ri/>'j//a'.>! ; it is usually repre- 
sented by «, i.e. the angle ACQ = u. Thus the true anomaly v is 
measured at the centre of force, the eccentric anomaly u at the 
centre of the orbit. 

"When the particle is a planet the extremities A, A 1 of the 
major axis are called Oieperiiieliai: and aph.elitm; when the particle 
is the moon the same points are called perigee and apogee. They 
are also called the ap.ve.i. Art. 314. 

Representing the time of describing the arc AP by t, and the 
mean angular velocity of the particle by n, the product nt is 
called the mean an-^nahj, and is generally represented by m, i.e. 
m = nt. To represent this angle geometrically wc let a second 
particle describe a circle, having its centre at S, with a uniform 
motion in the same period as the given particle describes the 
ellipse. The actual angular velocity of this particle is therefore 
n. If A and (/ are its positions at the times ( = and t = t, the 
angle ASQ' = nt 

The true and mean anomalies are the important angles in the 
theory of elliptic motion. The eccentric anomaly is introduced 
as an auxiliary angle because, by its help, very simple expressions 
can be found for the other two anomalies and for the radius vector. 
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ART. 343.] TIME OF DESCRIBING AN ARC. 223 

The difference between (.he true and the mean anomaly, or 
o - m, is called the equation of the centre , and is positive from the 
nearer apse to the farther and negative from the farther to the 
nearer. 

Using the geometrical theorem that the ratio of the area ASP 
of the ellipse to the corresponding area ASQ of the circle is 
constant for all positions of P and equal to bja, we have, if 
A = area ASP, 

A = - (area ACQ — area SCQ) 

Since4=£A(, te^pfrja, n 2 = mR this gives !,l*iu& J.M.39Z., 

nt = u-e$mu..S. (A). ^^ JV/j 

We may obtain this relation between u anil t without using any figure. Taking ' ' X 

the focus S for origin, we have 

hdt = 2dA — x'dy ' - y'dx'. 

Subsuming I'ov :,"' snil </' ivc obtain ( in terms of « by an easy integration, i/ 

343. To find the relation between the true and eccentric 
anomalies we notice that GS = ae, GN — x, SP = r=a — ex. 

,, 1 - co ...i + ^f- ( 1 +«K°-«) , 

ae — 3) (1 — e) (a + x) 

1 + cos v = 1 — = - ■ ■ — . 

Remembering that x = a cos u, these give at once 

J T ^ 8in|= V(l + e) sin|, J^ cos| = V(l - «) cos|; 

■'• tan l = \/r^ tan i (B) ' " 

Eliminating « between (A) and (B) we have 



y&. 



tan^-'Va-^T 



• 



'1 + ec 

The cx)!ri;isio:i for olio lion ii' !■ o-i*, ol ol if boi/Undo may also be found by 
integration. Since rHejdt = h, we have i = -r /,-,'- "*~oiii where /=l/e. But it 
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224 THE INVERSE SQUARE. [ CHAP. VI. 

^y" is known that f y - ^- g ~ jiti_\\ tan ~ 1 ( "JfZl tajt g) ' By difietentiat ' a S 

this with regard to /, the value oi I follows at once. 
Ess. Prove that r j-=tJ{aJ), and i 



344. Ex. 1. Prove that the mean distance of a planet from the sun is a or 
a (1 !■ ^c-) according as the mean is taken with teferoisco to the longitude or the 
time. [These means are respeotrrely frde/2i and frdt/T, where 2* is the periodic 
time.] */ 

Ex. 2. Prove that the mean value of r" with regard to time for a planet is 
_£l_ t ^~^" J^ (/'-I)-"', where /=1/ B and £ (n) = l . 2 . S...M. 

Ba. 3. The earth's orbit being regarded as a circle, prove that a comet, 

describing a paraliolie orbit in the s; j plane, cannot remain within the circum- 
ference of the eai ti.'s ijrbit longer than the i'!/:li-jth part of a year. [Coll. Ex.] 
Ex. 4. A particle in projected from Ihe earth's surlaee so as to describe a 
■f portion of an ellipse whose major axis is U times the earth's radius. If the 
direction, of projection make an allele of tiO ' with i,iie vertical, prove that the time 
of flight is |(8a/ff)*{tan-V8 + n/J} where » is the earth's radius. 

[Coll. Ex. 1895.] , 

346. Orbits of small eccentricity. The equations (A) and (B) of Arts. 342, 
343 determine tin: time of describing any gii"en ;ia:do i: in an elliptic orbit of any 
eccentricity, the e'ioa'.l:m ilii alviuiT u '.viion " is known while the equation (A) then 
determines t. The converse problem of finding the polar Coordinates r and v 
when I is given is usually i:-;i!>;l 'V^rj: J'Jj.'k!^ 1 - '- 1 '■'■'■' soUuior. ay which u and v 
are expressed in terms of t by scries arranged lis ascending powers of e will be 
presently considered, ft in enough hare to nutiee I eat in a planetary orbit, where 
i: is small, the value of u when t is given can be found by successive approxima- 
tion. The value of v then follows from (B) by using the trigonometrical tables. 

346. To solve iji (u-) — u- e sin u - ra = by Sow ton's rule, when m, i.e. lit, is 

given. 

Sappiish-v :; , «.. to b:: two saceO:-ive approximations to the value of a, that 

U.-U= ^("l> tit -Ml! 

where jn [ =« 1 -«siii »,. To find a first approximation we notice that u lies 

*" between m and mie, the upper or lower sign being taken aocording as m is 

<jt or >. We choose some value of u, lying between these limits, which is an 

integer number of minutes -o that its tLigonoirietrieal iunciians can be found from 
the tables without interpolation. By Fourier's audition to Newton's rule this first 
approximation should be such that («) anil qi" (■«) have the same sign. 

Substituting this (irst approximation for n t , the formula gives a second approxi- 
mation. Substituting agsLin this second -pj.u ozonation for ;,\, wo obtuin a third, 
and so on. When t is very smo.ll the first computed value of the denominator is 
sometimes sufficiently accurate for all the approximations roouired. See Encke, 
Berliner Astrnitnmisi'hi^ ,/nlirliurii, L-liH, Gauss, Tlicuria Jlvtiw .to., translated by 
C. H. Davis. Adams's Collected Works, vol. I. p. 289. 
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ART. 347.] TIME OF DESCRIBING AN ARC. 

Ex. Prove that if we choose H, = m + e aa the first approximation, the ei 
the value of n a is of the order <$. 

347- Ex. I. Z«wmer's nt-ic. If terras of the order e 1 can 



lilaisher remarks that if we replace the third term by -\ (e sin in) 3 (1 -ecosm) *~ 
the formula is correct when terms of the order if' are neglected. He also gives a 
series for it correct up to e". Monthly S,it.kes of the Astmnnmicnt SoriW;/, 1377. 

Ex. 2. Prove that cot ■» = cot m- ;-, - -, where 

l.'uttinp i! = iii-)-e on the niihr-luum side ol' '.he :irsl equation wc obtain an 
approximation for ootu whose error is of the order e 3 . Thia is Zenger's solution 
of Kepler's problem. He has tabulated the values of f{e) for the eight principal 
planets. Some improvement e: the -la/Hipd have been suggested by J. C. Adams. 
Both papers are to be fount] ii; ;!-.e Muiithijt Xu'.i '■■:■■; vf the Ait.ru/icnUciil lioukt;/, 
1882, vol. xui. p. 446, vol. xun. p. 47. 

Ex. 3. Prove the following graphical solution of Kepler's problem. Construct 
the curve of sines y = sin.?, measure a distance. 0."tf=m along the axis of x and 
draw MP making the angle PMx equal to cot" 1 e. If MP cut the carve in P, the 
iLljseissa o: P i~. the value of u. 

Tiii!-' method v. a-.' de^onlaid l:y -T. C. Adams at tin: mooting of the B. Association 
in 1848. It is also ;;iven by .See in the ,-(,<(f!i«r:!rt.'V«' \i>tit'.r>s, 18!.i5, who also refers 
to Klinkerfues and Dubois. Another graphical solution, using a trochoid, is given 
by Plummer, Astronomical Notices, 1895, 1896. </ 

Be. i. The equation w — aBin»=m has only one real value of u when m 
is given. 

This follows from the graphical construction. If the ordinate MP could cut 
the curve in a aecond point Q, move the strai.'/ht line' P<i parallel to itself until P 
and Q coincide. We should then have a tangent to the curve malting an angle 
tan^l/e with the asis of as. But if e<l this is impossible, for in the curve of 
sinc-i the !;re?.le:-v value of the angle is 45°. v 

Ex. 5. By using Lag-ange's theorem we may expand f{u) in a series of 
ascending powers of the eccentricity, the coefficients being functions of m. Prove 
that if the form of the function /(it) be so chosen that I he eoeI1'ic;ent of e s is aero, 
we obtain the aeries 

eotfi=coi m-«cosBCm-i--J-i.' :! sinj» + i6e., 
which takes a very simple form, when the cubes of e can be neglected. This 
equation is due to Bob. Bryan-., Attrvneuticnl .Votiinrs, ln%, 

Ex. 6. Prove that when e* Can be neglected 

sinJ(;i-)jt) = Jesinni+Je 2 3in2m + I s ie a sin3m + &<s. [R. Bryant.] 

Ex, 7. If 0' be the longitude of a planet seen from the empty focus and 
meaaured from an apae, prove that 

, =it! + ie ! ain2?(! + &c, 
the error being of the order e 1 . It follow .= that the angular velocity round the 
empty focus is very nearly constant. 

R. D. 15 
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226 THE INVERSE SQUARE. [CHAP. VI, 

34B. We may apply the method of Art, 342 to find the time of describing 
an arc of the concave branch of the hyperbola, TnJiing t-jio focus as origin the 
equation of a hyperbola may be written 

x' = ue-?^r+f-), y' = \w-f), 

where u is an auxiliary quantity anil / a constant which will be immediately 
chosen to be the base of the Napierian logarithms; 

.-. kdt-itlA-x'dy' - i/dx' -ab it (/*+/"*) - ll da. 
Since h 3 =^b 2 ja wo have, putting ^/u' = ?i 2 , 

n(= -u + esinhw (A). 

Again, us in Art. 343, we have «=Cff=g (J™ +/"-•); 

■■ °°" =^' ■'■ KV^K (B) ' 

where v = L ASP. IE we eliminate u, we have 

"'-'° e »/(.+i) + V(«-i)t«.i. + *""* " 1 + < « • ' 

lo find a geometrical intwprct.ai.ion for the auxiliary 4111111 tity », let us 
describe a reotimgttlar hyperbola having the same major axis and produce the 

oriii.'iate NF to cut the rectangular hyperbola in Q. Then tan QCN — tanhu. 

Ex. A particle describes the convex bianrii of the hypovlioliv, and /i= - ft' is 
negative. Prove 

Bt = « + eainh«, tan,- — ,/ ianh v , 

where «=X8P, /i'/n»=«". 

349. The time in a parabolic orbit may be more easily found 
by using the equation rWQ = hdt. 

Putting Ijr = 1 + eos v where I is the semi-latus rectum, and 
h~ = ftl, we have 

/g j _ f * _ Ufl + tan' I) ci to I 



= i(ta»| + itan.|). 



J 



This formula gives the time t of describing the true anomaly 
v = 4SP. 

If c be the radius of the earth's orbit,, and p the perihelion 
distance of the partic.e expressed n.v a fraction of c, we have 
I = 2pc. To eliminate /a, let T — 2tt */<?/(* "he the length of a year, 
Then 

If we write T '= 365'256 this gives I in days. 
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ART. 350.] euler's theorem. 227 

When a formula like this has to be frequently used we 
construct a table to save the continual repetition of the same 
arithmetical work. Let the values of {tan^u + | tan'^v} be 
calculated for values of v from to 180", with differences for 
interpolation. When p is known for any comet moving in a 
parabolic orbit, the table can be used with equal ease to find the 
time when the true anomaly is given or the true anomaly when 
the time is known. 

350. Euler's theorem. A particle describes a parabola- 
under the action of a centre of force ->,,i the focus 8. It is required 
to prove that the tint?, of describing an arc PP' is given by 

6 */ttt = (r + r' + kf ~(r + r'- kf, 
where r,r' are the focal distances of P,P' and k is the chordjoining 

p,p: 

Let x, y; x', y' be the coordinates of P, P', then since y- — iaw, 

£._(»-<).+(,,-:,•)., (s-jTJn- (^~)}. ' 

As we wish to make the right-hand side a perfect square, we put 

y + y' = 4a tan 8, y — y' — ia tan (1). 

We shall suppose that in the standard eases y is positive and y' 
numerically less than y; then 8 and <}> are positive, 

,-. & = 4a tan sec (2). "• 

Also r + r' = 2a + x + x' — 2a (sec 2 8 + tan s <£) ; 

.'. r + r' + k = 2a (sec 8 + tan <f>y) _ 
r + r — k = 2« (sec — tan <£) a j ' 
... (r + r' + kf-fr + r'-kf 

= (2af ({sec 6 + tan 0) 3 - (sec - tan 0) s j 
=.2(2a) 5 (3 + 3 tan ! + tan s 0) tan <j>. 
Drawing the oi-diuates PN, P'N', we see that 
area PSP' » APN - AP'N' + SP'A r ' - SPN 

- 1 by - «V) + £ (of - a) tf - i (« - a) y 

= fa.Han<£ |3tan 5 + tan ! <£ + 3]. 
Since the area PSP'= $ht = M(2a/i)t the result to be proved 
follows at once. 

15—2 



.Google 



228 THE INVEBSB SQUARE. [CHAP. VI. 

The arc PP' gradually increases as P' moves towards and past 
the apse. The quantity r + r' — k decreases and vanishes when 
the chord passes through the focus. To determine -whether the 
radical changes sign we notice that this can happini only when it 
vanishes. We can therefore without loss of generality so move 
the points P, P', that, when the chord crosses the focus, PP' is a 
double ordinate. We then have 

6 v>* - (2r + 2yf - (8r - 2yf = {(2a + yf ± (2a - yfWaf. 
Comparing this with the ordinary parabolic expression for twice 
the area ASP it is evident that the last term should change sign 
where y increases past 2a and that the double sign should be a 
minus. The second radical in Enters equation must be token- 
positively when the angle I'SV is greater than 180°. 

3S1. Ex. 1. If the ordinate P'N' cut the parabola again in Q'; prove that 
8, <j> are the acute angles made by the chords VI'', PQ' with the axis of y. 



Ex. 2. Show that there aic nvn parabolas which cat 


i pass 


through the given 


points P, P\ and have the same focus. Show also :oa; 


in vising Ruler's theorem 


to find the time P to P', the second radieal has opposite signs ir. 


■. the two paths. 


To find the parabolas we desuriiie two circles, centres 


P,P' and radii HP, SP'. 


These circles intersect in S and the two real common ta 


agents 


are the directrices. 


These tangents intersect on PP' and make ennui angles ■ 


with it 


on opposite sides. 


The concavities of the parabolas are in opposite dii 


taction 


3, and the angles 


described are PSP' and 360° - PSP\ If then one angle 


is giei 


iter than 180°, the 


other must be less. 






Ex. 3. A parabolic path is described about the focus 


. Sh< 


iw that the squares 


of the times of describing arcs cut off by focal chords 


are p 


raportional to the 


cubes of the chords. 






aS2. Lambert's Theorem*. If t it tin time of de: 


■criMnt 


t any arc PP of an 


ellipse, and k in the chord of the arc, then 






nt = (0 - Bin 4>)-{4f- sin 4f), 







where aai4>=i \/ T+ a * ' ain ** '=* \Z~V~ ' |A) ' 

Let II, it' be the eccentric anomalies of P, V, 

=4a»wn«i(w~ U '){l~««ooB»i(w+»0} (1), 

* This proof of Lambert's theorem is due to J. 0. Adams, ISritisIt AstociatitM 
Report, 1877, or Gtiiizcte'i JJ'gmVs, p. HO. Me also gives the corresponding theorem 
for the hyperbola, using hyperbolic sines. In the Astronomical Notices, vol. mx.., 
1869, Cayley gives a discussion of the signs of the angles <p, rj,'. The theorem for 
the parabola was discovered by Euler (Miscell. Berolin, t. vn.|, but the e: 
to the other conic sections is due to Lambert. 
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art. 354.] Lambert's theorem. 



=«- a .'-2« BOfi J( U+ «')Bml(»- lt ') (3). 

Hence we sec thai if a, and tiieieibie also h, arc given, then r -■,■ r', k, and t an 
functions of the two quantities u-u', and eeos J (»+«')■ Let 

.-. fc = 2<isin sin/3 (5), 

r+r'+fc=2a{l-0Q B (ft+a)} . 

nt = 2a-2smae0Sf3... . (8). 

If we put (3 + o = ^, p-a — ^i', the equations (6) and (V) lead to the expressions 
for sin J0, sin I </>' given above, ivbi'.e (isj when put into the form 

gives at once the required value of nt, 

353. Let us trace the values of if,, $ as the point !' travels round the ellipse 
in the positive direction beginning at a fixed point P } . We suppose that u increases 

The positive si;.n mil- 1)1:011 ?.;ivi!Ti to the square root /.-. Since k can vanish 
only when P coincides with P', and a begins positively, we see that both a and (9 
lie between and jt for all positions of P. The latter is also restricted to lie 
between cos _1 e and tt-cos -1 c. 

We have by ditVreiitsaiiug (4) 

d<f>=dp+da = i<iw{l + Pcosec^sinJ(« + u');, 
<^' = d/3-dtt= -i<Z«{l-e WBeepsm J («■ + »')}■ 

Siince sin- ,3=1;- sin- I (« + «') -I- 1 ■ e\ and e--=l, it follows that dip is always 
positive and dqi' i.lways negative-. It' ft. be the least value of /J which satisfies 
cos8 = eeosu', <p continually increases Erom p a to 2t-j3 and 0' decreases from 
ft to -ft,. 

When #=ir, r + r' + A = 4a, and the chord P'P passes through the empty 
focus H. Let it out the ellipse in Q. It follows that 4, is less or greater than r 
according as P lies in the arc P'Q or QP'. 

When <j>' = 0, c+> J -ft=0, and the chord P'P passes through the centre of 
force S. Let it cur- the ellipse in I!. Then 0' is positive or negative accord in:; as 
P lies in the are P'R or HP". 

The values of ip, ii me dele; mini d by the radieids (Aj. J'.acii of these gives more 
than one value of the an:;le, thus <■■> may be- greater or less than -a and 0' may be 
positive or negative. This imiliijjuity disappears (as explained above) when the 
position of P on tl e ellipse is l,i-ov, n. Thus sin <?, and sin <p' have the same sign 
when the two foci are on the same side of the chord PP' and opposite signs when 
the chord passes between (.lie foci. 

354. Ex. 1. Prove that the tune ,' of describing an arc P'P of a hyperbola is 
given by 

- <P + ij> -': sinh <p - sinh ip', 



VS- 
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230 THE INVERSE n th POWER. [CHAP. VI. 

- u$ /r + r' + k . ,4>' /r + r'-k 
where sine ( j - . / — , smh-^-= ./ — -7 , 

and h is the chord of the arc. [Adams.] 

Ex. 2. The length of the major axis being given, two ellipses can be drawn 

through the given points P, P' ami having 0110 focus at the centre of force. 

Prove that the times of tic-scribing these arcs, as given by Lambert's theorem, are 

in general unequal. 

To find the ellipses we desciibe two circle!; with the centres at P, P" and the 

radii equal to 2a - SP, and 2a - SP'. These intersect in two points H, 11', either 

ot which may be the empty focus, and these lie on opposite sides of the chord PP'. 

356. Two centres of force. Ex. 1. An ellipse is described under the 
action of two centres of force, one in each focus. If these forces are F t [r,) and 
F a (rj, prove that -3 -£- tVF,) = — 2 -j- (r,*yj. If one force follow the Newtonian 

law, prove that the other must do bo also. 

These results follow from the normal and tangential resolutions, 1 / 

JBa. 2. A particle describes an elliptic orbit vmdei the influence of two equal 
forces, one directed to each focus. Show that the force varies inversely as the 
product of the disLanccs of the jiariiclo from the foci. [Coll. Ex.] , 

Ex. 3. A partio'.e describes an ellipse under two forces tending to the foci, 
which are one to another at any point inversely as tin: focal distances; prove that 
the velocity varies as the perpendicular from the centre on the tangent, and that 
the periodic time is x («-■! b-)il:ni>, ;'.«, i;ii being the velocities at the extremities of 
the axes. [Coll. Ex.W 

Ex. 4. A particle describes an ellipse under the simultaneous action of two 
centres of force situated in the two foci and each varying a- (distance) -8 . Prove 
that the relation between the time and the eccentric anomaly is 

fd»y _ p_ 1 tl_ 1 

\dt) a »(l-««»») a + 



The inverse cn.be and the inverse n'" -/lo-wers of the distance. 
356. The law of the inverse cube. A particle projected 

in any given mariner describes an orbit about a centre of force whose 
attraction varies as the inverse cube of the distance. It is required, 
to find the motion*. 

* The orbits when the force V— wr were first completely discussed by Cotes in 
the Hiirinonia 3Ieit>-ur"r:im (1722) and the curves have consequently been called 
Cotes' spirals. The motion for l<' — p.n" when the velocity is eeua] to that from 
infinity is geiieraily given in treatises on this suirect. 'I.'lie paths for several other 
laws of force are considered by Legendrc {Thinr'u: des Vmictiom EUiptiq urn, 192r>), 
and by Stader (Crr.Uc, lH;12j ; see also l.\viey : s Ttvtmrt to the liritish Aazociatton, 
1863. Some special paths when F~/j.u\ for integer values of n from n — i to 
11 = 9, are discussed by G-vcor.hiU [Proeeaiitvp of t:,-.-> M'itheniotico.1 Society, 1SSS), 
one case when n — B, being given in Tait and Steele's Dynamics. 
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ART. 357.] THE INVERSE CUBE. 231 

Let attraction be taken as the standard ease and let the 
accelerating force be F=fiii?. We have 

&U _ F t* 

d0> khi* h ,v " 

■■•£+(>-$)•-* 

The solution depends on the sign of the coefficient of u. Let V 

be the velocity of the particle at any point of its path (say the 

point of projection), /S the angle and It the distance of projection. 

then h = VRsm$; (Art. 313). Let V l be the velocity from in- 
/2finity x then V 1 * = fi/R\ It follows that h? is > or </*. according t _ Y^ 

as Fsin/3 is > or <V 1 ; i.e. the coefficient of u is positive or % % ~(faA 
f- negative according as the t ransve rse velocity at any point is *■ ' 

greater or less than the velocity from infinity. If the force is 

repulsive the coefficient is always positive. 

Case 1. Let h?>fi, we put 1 —/*/&' = »*, then n<\ or >1 

according as the force is attractive or repulsive. The equation of 

the path is (Art. 119) 

u = acosn($ — a). 

The curve consists of a series of branches tending to asymptotes, 

each of which makes an angle irjn with the next. 

When the curve is given the motion may be deduced from the 

following relations (Art. 306), 

Also by integrating d$;dt = hu 2 , and putting a = 1/6, wo find that 
the time of describing the angle $ = a to 0, i.e. r = 6 to r, is given by 

tanjt(# — a) = -j- , r- — o 1 = ,, ■ 

y ' V 6 s 

357. Case 2. Let ■ /j. be positive and > If, we put 1 — /*/A 2 = — m". 
The equation of the path is then n = Ae na -vBe~ vB . The values 
of the constants j!, £ are to be deduced from the initial values of 
u and dujdS. Two cases therefore arise, according as A and B 
have the same or opposite signs. In the former ease, u cannot 
vanish and therefore the orbit has no branches which go to in- 
finity; in the latter ease there is an asymptote. If we write 
= l + a and choose a. so that Ae n °- = + Be - ™", we may reduce 
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232 THE INVERSE «. th POWER. [CHAP, VI. 

the equation to one of the three standard forms 

where 2n.a = log(+ BjA), a = 2V{± -45), the upper or lower signs 
being taken according as A, B have the same or opposite signs. 




The third case occurs when 5 = 0; the orbit is then the equi- 
angular spiral already considered in Art. 319. 

When the curve is given the motion may be deduced from the 
following relations 

where C is determined by making ( vanish when r has its initial 
value and b = 1/a. 

! When A and B have the same sign the two branches beginning 
at the point #i = 0, i.e. = a, wind symmetrically round the origin 
in opposite directions. When A and B have opposite signs the 
two branches begin at opposite ends of an asymptote, whose 
distance from the origin is y = ljan, and then wind round the 
origin. ' As the particle approaches the centre of force, the convo- 
lutions of either branch become more and more nearly those of 
an equiangular spiral whose angle is given by cot ij>— ±n, the 
upper or lower sign being taken according as = ±<x>. The 
particle arrives at the pole with an infinite velocity at the end 
of a finite time. 

358. Case 3. Let fi be positive and = IP. The orbit is 

When the path is known the motion is given by 

A 2 = /i, if — fi (w s + a% ttJn = br> 
where £ is the time from a distance r to the centre of force and 
b= 1/a. We notice that, the radial velocity is constant. 
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ART. 360.] A VELOCITY FROM INFINITY. 233 

. Beginning tit the opposite extremities of an asymptote the 
two branches wind round the origin and. ultimately when 6— ± x 
cut the radius vector at right angles..' If OZ is drawn perpen- 
dicular to the radius vector OP to meet the tangent at P in Z, 
we may show that OZ is constant and equal to l/o. 

3 SB. Ex. The motion for a force F=f{v) being known, show how to deduce 
that for a force 1 — j' (u) -.- uu'' and [rivi; a frt.-oj":iC:tvie;s I iirLijfpio'avi.vi. [Newton.] 

The diEeieniuLl conations are 



tz + d^vJM d A- hu * 



These may be reduced to the forms used when ?=/(«) by writing eS-0', 
ch=V, where e^ — X - iijK'. 

To construct the p;;lh ■( -- <;> l.r.B), when it=0 (S) is known, we make the axis of x 
together with the latter curve revolve round the centre of force with an angular 
velocity dwjdt, where c$ = 8-u. The axis of x therefore advances or regredes 
according as e is less or greater than unity. 

360. Law of tne Inverse ntb power. It is required to find the path of a 

particle, when the. central fores F=/ni'\ See Art. 320. We have 
<Pu F _/i n _ 2 

■■■-■M(3M -&-*♦• » 

except when «=1, for then the right-hi;nd shit; takes a logarithmic form. 

The integration of this r-Qiiation can be rednced to elementary forms when 
C=0; this requires that n>I for otherwise a 2 would be negative. The equation 

then shows that at ererii point oj' the orbit the. vebir-itit -is equal to timt from infinity. 
Art. 312. 

If V be the velocity, II and 3 tin; distance and an(;le of projection, we have 

FI =^i (IT' 1 ' h=rR<£*fi < 3 >- 



Representing ,,,.'_,< -^ sj - *„ b J ,: ' l ~K we have 



h ft. 2 (h - 1) 



rt = *d8 (3), 



where the Upper Or lower sign is to be taken aceosdinj; as du A itl is initially negative 
or positive, i.e. according as the atij.d;.! ;i is asatc or olxv.se. 

To integrate this put en-.-.-* where k is to be ehosen to suit our convenience. 
Taking the logarithmic differential we find du/u^Kdxjx, and the integral equation 
(3 1 becomes 
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THE INVERSE f! th POWER. [CHAP. VI. 



We now see that if we put s (n - 3) = - 2 the ii 
o\n- this supposition is i :ii ] j o ; j I L ■ 1 o if » = 3. We find 

Conversely, when the path is eivtin, we have 



IL appears that the omit iv-.ki s dilieren;. t'o.'.ms a;>:Oidlne; as «;» or <:3. In the 
former case the curve has a series of loops with the origin lor the common node 
and r —c for the maximum radios vector. In the latter ease the ourve has infinite 

hi iiMthe.-, iind r — t: for Lhe minimum radius vector. 

361. If the force is repulsive, we write F= -/a'«™. We then huve 

If O=0, we must have n-=l. 27i<; velocity at every point is equal to that from 
rest at the centre of uiree. l.'roeecdin'; as bct'oro, we have 



362. Ex. The law of attraction being F = w»", show that the time ( of 
ileseubin|i a loon is. 

where the limits are 6=0 to ir/(*-S) ana 2(«-S)ji = »+l, {n-3)q = (n-l). The 
integrations can be effected when ti-3 = ±4/i and <i-p = ±t where i is any integer, 

363. Examples. Ex. 1. Prove the folio win;/ p'oiik'trical properties o\ lhe 

curve (i-/e)*=ooBmfl (Art. 320}, 






where is the angle the radius vector makes with the tangent, and r', 6' are the 
coordinates of a point on the pedal ourve. 

Since equation (1) of Art. 360 becomes p*—- — ^ — r*" 1 when G — 0, the 

second of these geometrical results enables us to write down the equation of the 
required path and thus to :i void the integration of (3). 

Ex. 2. A perpendicular 01" is drawn from the ovi^in em lhe tangent hit J 1 
to the lemiiiscate r- = n-eos 'ID. It' the locus of 1" be described by a particle under 
the action of a central force tending to 0, prove that this force varies inversely as 
OF 13 ' 3 . [Coll. Ex.] 

Ex. 3. A paiticie is rt.-.iwriliLjij: the curve (.■.■'c'p-cos inO under the action of 
the central force F=iat n , where m=l(w-3). Prove that, if the velocity at the 
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point 9=a is suddenly increased in the ratio 1 to 1 + 7 where 7 is very small, the 

subscq uent path is 

(eosro fl)' + ™ cotmg 7 / [eww ^Jd 

(sinmflj T m + *£* / (sin mOf : 

(COS WW] *" 

where the limits itrc fl = to o. 



s fifth power. The equation (1), Art. 360, has the form 






This can be reduced to elliptic integrals a- explained in Cayley's Elliptic 
Function*. Art. 400, or (iitenliill, The Eliijiti- Functions, Art. 70. 

Tin: iriuigrntioti i:::n lie el':'ecte-d in two case? : (1) vlien velocity l .J.' pro'ectioi is 
equal to that from infinity, and (2] when the initial conditions are aueh that 
A 4 = 2jkC7. In the latter case the i:i;:Ut hand side of 1T1 is a perfect square. 

Ex. 1. Prove that the integration when fc 4 =8/*C leads to the curves 
tanh(ey N /2)=r/e or c/i-, which have a eonrmor. BBymptotio circle r = e where 
c — ^/nlk. Prove also that the velocity I " ot vreiecLion i- niv. n (Art, 313) by 

7» sin" = Br" {l±V(l~8ia*ft}. 
where I" is the velocity from rest a; infinity , and Ltic upper or lover sign is to be 
taken according as the puth is outside or inside the asymptotic circle. 

Ex. 2. Prove that, if the central force F^p.u"', the inverse of any path vi-.li 
regard to the origin is another possible path provided the total energy of the 
motion exceed the potential energy at iniimtv by a nositi-. c constant E reckoned 
per unit mass and also that for the two paths Ek" = E'h'. 

Prove that when A 4 >4,uB>0 the path is of the form r=am \K- ■■- - vj ) 

\ \/(l+K 1/ 

modulus h or the inverse form. [Math. Tripos, 1894.] 

According to the notation of Art, ;il3, 2E = G. 

365. Th« imretBa fourth power. The equation (1) of Art. 360 is 

/* , V-*f^-^n«+^ ill 

\dej 3fc ! V 2ft *fy) Wm 

This cubic can always be written in the form 

and the integration can lie reduced to forms similar to those in Art. 364 by writing 

liic integration can be effected v.- hen the initial eomiitions are such that. 
h? — Sfj?C. In this case the right-hand side has the factor (11 - h-jii-Y'- 

Ex. Show that the integration leads to the curves u = — ' ■ ■. , the upper 
signs being taken together and '.lie lever together. These curves have a Common 
asymptotic circle r = ii//i a , one curve being within and the other outside. 
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366. Other powers. Ex. If the force F—/nt". and the initial r:™dmou!v 
are such that 2fe 3 = 3(\.'/i, prove that the equation (1) uf Art. lifiO lakes the form 

where fc 2 = 7i/»/,tt. Thence deduce the integrals .. = 777- ^-j^s 1 having a common 
asymptotic circle. The Lemniscate can aleo be described under this lawof force, if 
the velocity is equal to that from infinity ; Arts. 320, 360. 

367. Nearly circular orbits. To find the -motion appronri- 
mately, when the central force F=pu n and the orbit is nearly 
circular. 

Beginning as in Art. 360 with the equation 

d$* + hw hr K h 

we put u = 0(1+01) where c is some constant to be presently 
chosen but subject to the condition that x is to be a small 
fraction. We thus find 

We see now that the right-hand side of the equation will be 
simplified if we choose o so that the constant term is zero, i.e. we 
put h? = fj.o n ~ s . The equation then becomes 

jj£+«-(«-j)«+K»-»)(»-a)«'+'» (3)- " 

As a first approximation, wo assume 

<c = Mcos(pe + a) (4), 

where M is a small quantity. Substituting and rejecting the 
squares of M we find 

(l-p>)Mooti(pd + a) = (n-2)McQB(p0 + a) (5). ^ 

The differential equation is therefore satisfied to the first order, 
if we put j) 2 = 3 — n. In this case wc have as the equation of the 
path 

u = e{l+M cos(p0 + a)} (6). ^ 

If n<3, the equation (0) represents a real first approximate 
solution of the differential equation (1). We notice that the 
particle oscillates between the two circles u = c(l + M) and 
u = c (1 — M). The meaning of the constant c is now apparent ; 
geometrically, 1/c is the harmonic mean of the radii of the bound- 
ing circles; dynamically, 1/c is the radius of that circle which 
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would be described about the centre of force with the given 
angular momentum h. 

The positions of the apses are found by equating dujdd to 
zero. This gives p$ + a = iir, the angle at the centre of force 
between two successive apses is therefore irjp. ^ 

If n >3, the value of p is imaginary, and the trigonometrical 
expression takes n real exponential form, Art. 120. The quantity 
as therefore becomes large when 6 increases, and the particle, 
instead of remaining in the immediate neighbourhood of the 
circumference of the circle, deviates widely from it on one side 
or the other. As the square of x has been neglected the expo- 
nential form of (6) only gives the initial stage of the motion and 
ceases to be correct when x has become so large that its square 
cannot be neglected. It follows from this that the motion of a 
particle in a circle about a centre of force in the centre is unstable 
./«>3. 

36S. Ex. If the law of force is F — \i' ! f (»■). and the orbit is nearly cireulai . 
prove that a lim approximation to the path i.~ 

n = c{l + Mcos(p9 + a )\, p*=l-&. 

Thence it follows that the a 
radius, via. c, only when F =p.ifi 
distance. 

36S. A second approximation. The solution (6) is in any ease only a 
first approximation to tin- morion, and it may iiappeu that, when we proceed to a 
second or third approximation, the value of p is altered' by terms which contain M 
as a factor. Besides this, b-p shall have ..- c.\prc:.sijd in a aeries of several trigono- 
metrical terms whose general form is N«03{qS±p), where N contains the square or 
cube of M as a factor together with some divisor k introduced by the integration, 
Arts. 139, 303. 

Representing the corrected valu- 
increases by 2ttA after each suecessi' 
of force. The expression (6) will th 
as soon as dA has become too Ian 
additional term to the value of u may be comparatively unimportant. The 
magnitude _ of the specimen term is never greater than N and, unless k is also 
small, we can generally neglect such terms. 

In proceeding to a higher approximation we should first seek for those terms in 
the differential equation which contain cos(jj0 + a); these being added to the terms 
of tlifh fame form in equation {'>) niil modify the firs;, approximate value of p. 

We should also enquire if any term in the differential equation acquires by 
integration a small div-sor :: and thus becomes comparatively large in the solution. 



if p by p 4- A, the error i 


u pB + a, i. 


e. 0A, 


revolution of the particle 


round the 


centre 


;fore cease to be even a ft 


■st approxi: 
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to be neglected. On th. 


i other ha 


ad th< 



,Google 



238 DISTURBED ELLIPTIC MOTION. [CHAP. VI. 

370. To obtain a second approximation we substitute tin: iiist approximation 
(6) in the small terras of the differential equation (3). Writing (3), for brevity, 
in the form 

g.„-»„ I+ „.. +T * + ...) ,7). 

where(9 = J(fi-2), y=i (u-2) («-4), &c, we find al'te; rejecting the cubes of M 
g=(«-3)^ + l^^(l +W)B 2pe)} (8), 

where jj9 lias been written for jiO-'-ri for the sate of bievity. This equation shows 
(Art. 303) that the soeoi-.ti approximate m'.ii' of -r, has the form 

x = Meosp8 + M-'{G + Aaos2p8) (9), 

where G and A are two constants wiios,; values may be found by substitution, and 
:> has the same Tahn: as before. ' 

To obtain a third approximation, we retain the term y;r~ in (7) and assume 

2 = Mcozp6 + M 1 {G+Acos2p6) + M : 'Bco23p8 (10). 

To find the values of j>, G, A and H we substitute in (7), express all the powers 
of the trigonometviea". functions iu lr.altip.i; a;i;do-- and neidect all terms of the 
order MK Equating tin; ceotiiciciits of c.t.^pO, cw2ih}, costal and the constants 
on each side, we find 

-M&={n-S) {M+2M»Gp + MUp+$3I»y}, 
-4MyA = [n-5){M 1 A + lM ! -p}, 
-9M*p--B = (n-S) {M*B +M s Ap+&M' l y}, 

hoVii;;: ihoit; equations, ivr.il remembering tlnit ;/ : difitus from S-n by terms 
of the order M 2 , we find 

G=-i(n-2), A=&(n-2), fl = ^(*-S)(n-8), 

p^fB-nHl-Afn-SJt-t+l)^! (11). 

The three first are correct when M- is urgleuted and tin; last when M s is neglected, 
\Yc notice that up n; una .nicludir;; t It.- third order of opprusiriiar;- ;: :.;.-■ i v;,.-. 
G, A, B in equation (10) do not contain any small denominators, so that if HI he 
small enough all these terms may be neglected. The motion is then represented 
very nearly by 

*««{l + J(Mi(f« + 4} (12), 

p= ls /(S-n){l-^(n-7ii{n+l)M*) (13), 

and this approximation holds until e" gets so large that M'O cannot be neglected. 
We notice also that the. addiii'junl t-:ntt in the vti.hu- of y vanish-is only when the law 
of force in either the inverse square or the direct distance. CA A^~- 3j3, *■■"• z?J^ ' 

.Disturbed h't/ij/fk Motion. 

371, Impulsive disturbance. When a particle is describing 
an orbit about a centre of force it may happen that at some 
particular point of that orbit the particle receives an impulse 
and begins to describe another orbit. We have to determine 
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how the new orbit differs from the old, for example how the 
major axis has been changed in position and magnitude, and in 
general to express the elements of the new orbit in terms of 
those of the undisturbed orbit, 

Let the unaccented letters a, e, /, &c. represent the elements 
of the undisturbed orbit, while the accented letters a', e', V, &c, 
represent correspond nig ipuuitiLies for the new. We first express 
the velocity v and the angle S at the given point of the orbit in 
terms of the undisturbed elements. Thusw and jB are given by 

7 «y *~j*-i), si „<3=s=^: (1) , 

when the undisturbed orbit is an ellipse described about the focus. 
We next consider the circumstances of the blow. Let m be 
the mass of the particle, mB the blow. The particle, after the 
impulse is concluded, is animated with the velocity B in the 
given direction of the blow, together with the velocity v along 
the tangent to the original path. Compounding these the particle 
has a resultant velocity v' and is moving in a known direction. 
Since the position of the radius vector is not changed by the 
blow we may conveniently refer the changes of motion to that 
line. If P, Q are the components of B along and perpendicular 
to the radius vector and ft is the angle the direction of motion 
makes with the radius vector, we have 

v-msp' = vcosp + P, 1/ sin ft = v Bin p + Q (2). * 

Having now obtained v\ ft, the formulas (1), writing accented 
letters for the old elements, determine the new semi-major axis of 
and the new semi-latus rectum I'. The position in space of the 
major axis follows from Art. 336. 

372. We may sometimes advantageously replace the second 
of the equations (1) by another formula. We notice that mh is 
the moment of the momentum of the particle about the centre 
of force. Since just after the impulse the velocity v is the 
resultant of v and B, the moment of v' in equal to that of v together 
with the moment of B. Hence 

h' = h + Bq (3), 

where q is the perpendicular on the line of action of the blow. 
Since h? = fd, when the law of force follows the Newtonian law, 
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this equation leads to 

l/l'mi/l + Bq/i/p. (4). 

Thus the change in the latus rectum is very easily found. 

As a corollary, we may notice that when the blow acts alone/ 
the radius vector, ih.e angular momentum mh and therefore the 
latus rectum of the orbit are unchanged. W« also observe that if 
the magnitude of the attracting force or its law of action were 
abruptly changed, the value of it, is unaltered. 

373. Ex. 1. Two partii'U:-, de^cvibliiir oroii-; about :\-v s;l!!'u: eoti'.re of foL'ce, 
impinge on each other. Prove 

mji,' + -m^h. 2 ' =m s h 1 + i)i, i h i , 
where nVu m 2 'i 2 ; vtji,', m.Jt.J ure their angular momenta before and after impact.*/ 

Ex. 2. A particle P of unit ina^s is describing an ellipse about the focus iS, 
A circle is described ro touch fin- normal to the tonic at P whose radius PC 
represents tho reic^ily at /■' in direction : l ? i ■:! i:ik;:!iIi;i;Lij. Prove that if the particle 
is acted on by an impulse represented in direction and magnitude b.v any chord MP 
of the. circle, the length of the major axis is unaltered by the blow. 

Since B = 2v cos b, iho velocity i:i the direction o: the bhnv is simply revelled. 
Henee v' — v and a'=abj Art. 335. j^- / 

374. If the dim;! ion of flu: blow does no; lie in tho plane of motion, the 
plane of the new orbit is also chiinged. Vor the nakc of the p erspective, let the 
radius vector HP be the a.xis of .■>.■ and lot tin; plane of xy be the plane of the old 
orbit; then u cos (3, jisiuj3 are the components of velocity parallel to the axes of 
x and y. Let tho components of the- blow be ntX, :i<Y, i:,Z ; then just after the 
blow is concluded the components of velocity parallel to the axes are iieos^ + X, 
v sin j?+ r, and 2. The inclination i of the planes of the two orbits is therefore 
given rjytani= — : r . The particle begin- to move in its new orbit with a 

vmnp+t 

velocity r' in a direction mailing an angle £' with the radius vc-cloi SP frivol) by 

*ac*rm,«»p+Z, («'Bin^)"=.(«Binp + y)"+2". 
The problem in now reduced :.o the case already considered. 

If nift' is the angular momentum in the new orbit, iis components about the 



= 8P. 



e 0, -mh'&'mi, tith'cosi. Hence 

ft' cos (b h+ Yr, h' sin i = Zr, 



378, Examples. Ess. 1. A particle is de-cvib'n;, a ;oven ellipse about a 
centre of force in the fooua, and when at the farther apse A', its velocity is suddenly 
increased in the ratio 1 : n. Find the changes in the elements. 

Trie direction of motion is unaltered by the blow and since (his direction is at 
right angles to the radius vector from the centre of force, the point A' is one of the 
apses of the new orbit. 

Let a, e ; a', e' be the semi-major axes and eccentricities of the orbits. Then 
since SA' is unaltered in length 

r=«' (! + •)=<» (1 + e) (1). 
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We have here chosen as the standard figure for the D 
for the further apse. A negative value of the eccenf 

A' is the nearer apse. 

Also since-!;' — Hi", we huve 



■here a' must be regarded r 
l;iom these equations wt 






find 



(2), 

a hyperbola, Art. 333. 



Ther. 



point 4' is therefore the Cari.ii or or nearer apse according as )t 2 (l-e) 
>-l; if equal to unity the he* ■ ■ t bi 1. is i: circle, if equal to - 1, ft parabola. 
■v orbit is an ellipse or hype: bo I a n.cc:j-v-:l i rv; as n- (1 -«)< or s-2. i/ 



Ear. 2. A particle describes a:i ellipse under a force tending to a. focus. On 
arriving at the extremity of the minor axis, the force hn.s its law changed, so that 
it varies as the distance, the magnitude at that point feint ining the same. Prove 
that the periodic time is unaltered \ivA thai -he -.11:1 of the new axes is to their 
difference a? (ho sum of the old nxes to the distance between the foe". 

[Math. Tripos, I860.] 

By Art. 325 the new orbit is an ellipse having iho centre or force S in the 
centre. Let the new law of force be p'r. 
Then when r = u, tins forces lire equal 



■«.«/..' 



.. ni. 



Measure a length SD parallel ! 
directimi ei motion at !.!, such that the 
velocity v at B is ^'.SD. Then SD is 
the semi- conjugate of SB in the new orbit. 
Equating the velocities at B in the old and 
new orbits, we have when r=a 




'(?-»- 



i'.SD* /. SD=o., 



.. (2). 



The conjugates ATi, .S7> are equal diameters, the major and minor axes are 
therefore the internal mid external injectors of the angle 'USD, ltepresenting the 
semi-axes by a', b', we have 

a* + b'*=SB' i + 8D 1 =2a\ «'1' = 8B .8DemBSD = ab (3). 

The internal bisector of the angle BSD is clearly the major axis. 

II the change in the velocity had been made at any point of the ellipse, we 
proceed in the same way. By drawing SD paiaiic: to the direction of motion we 
arrive at the known problem in conies, given two conjugate diameters in position 
and niagiLL^ .de, can stru ct tile ellipse . 

The periodic times in the two orbits are respectively 2ir/V/x' and 27r N /a s / 1 u. 
The equality of these follows irom the equation (1). The rest of the question 
follows from (3). *"*" 



Ex. 3. A particle is describing an ellipse uno 
the particle is at the extremity of the latus recti 
of force is removed and is replaced by a force j 
Prove that if the particle continue to describe the 1 



t a force /t/' -i to a focus : when 
1 through the focus this centre 
■■' at the centre of the ellipse. 
rue ellipse «*6*=/ia. 

[Coll. Exam. 1895,] 
16 " 
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[CHAP. VI. 

Ex. 4. A planet moving round the sun in an ellipse receives n.t a point of ita 
or hit a sudden velocity in this direction of the normal outwards which transforms 
the orbit into a parabola, prove that th.U; added vc-Icjciry is tliu same for all points 
of the orbit, and if it be added at the end of the minor axis, the axis of the 
parabola will make with the major a:;is of the ellipse an an : rl.- whose sine is equal 
to the eccentricity. [Coll. Exam. 1892.] 

Ex. 5. A particle deserihes ■<: [riven ellipse a:)oi:t a centra af Lucca of ;;ivei: 
intensity in the focus i'. Supposing t.lic particle to si a- 1 t'i om the fnr:.hor eitreinity 
of the major axis, find the time T of arriving at the extremity of the minor axis. 
At the end of this time tile centra af force is transferred without altering its 
intensity from S to the oilier focus li . sn.it the particle moves far n second interval 
T equal to the former under the inrhumec of the central force in H. Find the 
position of the pa: tide, iiud show trial, if ihi centre of hi re:; were ihcn transferred 
back to its original position, th.o panicle wou'd begin to describe an ellipse whose 
eccentricity is (3* -«')'(l+e). [Math. Tripos, 1893.] v 

Ex. 6. A body is describing an ellipse round a iorce in i ; s foe us S\ and 11'/. is 
the perpendicular on the timpani to the paiii from the other iVs.-us 11. When the 
body is at its mean instance the intensity af .ne farce is doubled, shew that HZ is 
the new line of apses. [Coll. Ex.] v 

Ex. 7. A particle describes w cii:-le ci' radius » about a centre of force situated 
at a point O on ihe circumference. When P is at the distance of a quadrant from 
0, the force without altering its instantaneous :i_:i f :.'];lude in^ins to vary as the 
inverse square. Prove that the semi-axes of the new orb!; are ?i: v /2 and ic*J3. ^/" 



same plane impin 
«! , I] ; o 5 , "j ; are 
that in the ellipse 






Ex. 9. A planet, 
y a comet, mass m, approaching 

imet and planet being inclined ; 



J', revolving in a eircn'.ar orbit of radius ,i 
perihelion: the directions af n 



proceed to describe :>.n ellipse whose s( 
that the original orhit of the comet w; 
small, show that the eccentricity of tl 



a angle of 



The bodies coalesce and 



parabola; and If the ratio of m to M is 
iwodiitia(71-Va)*(m/Jlf). 

[Coll. Ex. 1895.] 



376. Continuous forces. We may apply the method of 
Art. 371 to find the effects of continuous forces on the particle. 
Let/ g be the tangential and normal accelerating components of 
any disturbing force, the first being taken positively when in- 
creasing the velocity find the second when acting inwards. 

We divide the time into intervals each equal to Bt and consider 
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the effect of the forces on the elements of the ellipse at the end 
of each interval. We treat the forces^ in Newton's manner, as 
small impulses gen era ling velocities /5f and gSt along the tangent 
and normal respectively. The effect of the tangential force is 
to increase the velocity at any point P from v to v + Bv, where 
Bv =f&t, the direction of motion not being altered. To find the 
effect of the normal force we observe that after the interval Bt 
the particle has a velocity gBt along the normal, while the velocity 
v along the tangent is not altered. The direction of motion has 
therefore been turned round through an angle 8fi = (/Btjv. 

If the disturbing force were now to cease to act, the particle 
would move in a conic whose elements could be deduced from 
these two facts, (1) the velocity at P is changed to v + Sv, (2) the 
angle of projection is /?+ 8/3. The conk which the particle would 
describe if at any mutant the dist'trhini/ forces -were to cease to act 
is coMed the instpManepiis c onic at that instant. 

377. To find the effect on the major axis, we use the formula 

(i). 

Since v is increased to v 4- Bv, we see by simple differentiation 

2vBv = ?-Ba, .". &a= 2a -f8t (2). 

a /i 

In differentiating the formula for v 1 we are not to suppose that Si- represents 
the whole change of the velocity in the time of. The particle moves along the 
i-liirif.e and experiences a (jhanj;e of velocity il.r in the time dt given by 

vdv=-^dr (3). 

Taking dt — ol, the change of vtlociiy in the time S: in or i dr. the part or- bcin;? 
due to the disturbing forces and the part in to the action of the central force. 

378. To find the chamjes in the eccentricity and, line of ajises. 
We may effect this by differentiating the formula? 

l = a(l-e% h' = fil, - = l + ecos£> (4). 

Since mh is the angular momentum, the increase of mh, viz. 
mSh, is equal to the moment of the disturbing forces about the 
origin (Art. 372). Let /? be the angle the direction of motion at 
P makes with the radius vector, 



•(H)- 



. JV(»^j-a->siny3 + jrc M ^. 



!(!— 2 
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244 DISTURBED ELLIPTIC MOTION. [CHAP. VI. 

We deduce from equations (4) 

SI = (1 - e'-) 8a - 2ae8e, - = cos $Se - e sin 880, " 

and the values of Be and S# follow at once. 



379. Herschel has suggests 
the eccentricity and the line of a] 
the effect of the disturbing forces 

The effect of the tangential i 
alter a. Since SP + PH=2a, the i 



;:;;orietvical Method o:' finding the changes of 
in his Onll.iiii'i of Astronomy*. He considers. 

/ on the position of the empty focus. 

; f la to alter the velocity >:■ and therefore to 
ipty foonn ?/ is moved, during Mich inteivai 



t, along the straight line i'J/ a distance l{ll'--25<t-, where &< is given by (2). 

The effect of the normal force g is to turn the tangent at P through an angle 
\§=gtt[v. Since SP, HP make equal angles with the tangent, the empty focus H 
.~ moved perpendicularly to I'll, ■■. d:-".:;iicc IUV — 1PB. . 8j3. 





j 


_p 
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V 




s 





Consider iiist the taiigcntiid force/, we have SH—.2ae, SR' = 
ljrok-cti-ijr on the major axis 



where / = HP = 



. Se= 



from the . 
■-e*x in_2a fl-g 



?/*■ 



V 

Let nr be the longitude of the apse line HS measured from s 
irough S, 

.-. 2a<!dw~HH'3inPHS = 2day }l 
.-. rtw-J £ = ££/«. 

Consider secondly the normal force ;/. "We have 

SH=2ae, SH" = % (ae + Soe), fa=0; 
.■. 23{<ie)=-SH"sinPifS=-2)-'3f}| 
»PHB 



2tn Jgt= 



VSjS- 



_lr 



3c — -- '-ySf, e5ar = - 



-flJt. 



* See also some rem .irks b,y the :uithi>r in the Qtturterh/ Journal, 1861, vol. rv. 
It should be noticed tkar licrschcl measure;; '.in: ecuentricky by half the distance 
between the foci, :: change from the ordin.) ry dtiimrion which has not been followed 
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3SO. The expressions for Se, Sm should he put into different form? according 
i the use we intend U> make of them. Lot •.;■ be iiio amide the ta.ngent at P makes 
ith the major axis, then tan ■•!' — -. ~ - We (sanity lind by elementary conies 
. I at , a y 

lso ti*=jW- )= — . It immediately follows that 







'«'"" 




ei 




Vm ; 


cosv 


' 




Be- 


' ■WW'" 


3^5t, 




Tor= 


'&7M 


*±* 


-gnaifit. 


These forniuliv 


give tlifi ehang 


esof < 


:aod 


hj 


|"'..i".";"1.:o-.1 


by any "tangential 


force. 



















381. Draw two straight lines OX, OY parallel to the principal rli ante tors 
situated as shown in the figure. Since fcas iji, /sin f are the components of the 

ta.ngenti.al disturbing .i'ovce |ia:'dihl to the pi ioeipai diameters, we see that when the 
foive twts t.iii'.u.rd.' OX tiie. ece™ir<V(;/ U /invt'ir.-- <■■:}, niid !,■■!■, :i to>?iV\h OY the apste 
Hue is advanced; the contrary effects taking place when the force tends from these 

The same rale app'ics to the norms! aistmbir.g force -c, fir a- the eccositrieity 
is concerned. It applies* also to the moiion ef tin; .ipso except v.-jicn the particle 
lies between the u;":.loi: axis and Lhe b.;as rectum thrcngk the i.mmty focus, and tins 
rule is then reversed. When the eccentricity is small, ■■'■■'- _■■■■ =— : very nearly 

when the particle is near the minor axis; so that the effects of the tangential 
force in i. 1 : is-- pae'. o: ilio oioit me.y be neglected ami ;jc rule- ::pp"i'-a gi'iserally. 

382. Examples. ISa. 1, The path of a comet is within the orbit of 
Jupiter, approaching it .at. the aphelion. Show that each time the comet Comes 
near Jupiter the apse line is advanced. This theorem is dn,.s to Callandreau, 1892. 

The comet being near this aphelion and Jupiter just beyond, both the normal 
and tangential disiutbin.g Ibices aet towards () Y; the apse therefore advances. ^/ 

Ex. 2. A particle is dcscriSiing an elliptic orbit about the focus and at a 
certain point the velocity is increased by l.'uth, n being large. Prove that, if the 
direction of the major axis be unaltered, the point must be at an apse, and the 
change in the eccentricity is 2 (1 ± e)jn. [Coll. Ex. 1897.] 

Ex. 3. An ellipse of eccentricity e and latus rectum I is described freely 
about the focus by a particle of mass ;n, the angular momentum being ink. A 
small impulse vm is given to She particle, when at P. in the direction of its motion: 
prove that the apsidal liny is turned ibior.di an aiiido which is pro portion al to the 
intercept made by the auxiliary circle of the ellipse s.n the lani-vnt at P, and which 
cannot exceed tujeh. [Math. Tripos, 1893.] 

E#. 4. A body describes as-, ellipse about a centre of force S in the focus. If 
A be the nearer apse, J-' the body, and a smat". impulse which generates a velocity 
T aet on the body at right angles to ,S'P, prove that the char.ge of direction .of the 
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apse line is giver approximately by ( i-eos ASP) SP sin ASP, where e is the 
eccentricity of the orbit and h twice the vale of description of area, about .?. 

[Math. Tripos.] 

Ex. 5. A particle describes an ellipse about a centre of force in the, focus .S'. 
When tlio particle lias reached any position /' :. ; ic centre of -^rce is suddenly moved 
parallel to the tangent at /' tkroujjh a short distance .r, prove ilial the major axis 

of the orbit is turned through the angle -=75 sin <j> sin [9 - tf>) where G is the point at 
which the norm.il at I' meet? tlio original major axis, the angle .S'CfP and <p the 
angle the tangent makes with SP. [Coll. Ex. 1395.] 

Ex. 6. A particle describes an ellipse about a centre of force ji/r 2 and is 
besides acted on i.iy a (list, no in;; fee ee m" lenai:!;; to '.lie faree point. Prove that 
as the particle moves from it distance r to r, the major : : .xis and eccentricity 
change according to the law 



'G-a- 






Thence deduce the changes in n and e when k is very small, 

383. A resisting medium./ We may also use the formula! 
of Art. 380 to find the quantitative effect of a resisting medium 
on the motion of a particle describing an ellipse about a centre 
of force in the focus. 

The velocity of the particle being v, let the resistance be kv. 
Then g — and /= — /cdsjdt, and the equations of motion become 
de Hb/c dy do- _ 2b/c dx 

dt v / (/ ta ) dt ' dt V(M a ) db ' 

Usually /and g arc so small that their squares can be neglected. 
Now the changes of the elements a, e, &c. are of the order of / 
and g, being produced by these forces. Hence in using these 
equations we may reijard the element* >;/" I In', ellipwj, icli.en multiplied 
by the coefficient k of resistance, as constants. 

Supposing then that we reject the squares of ic, we have by 
an easy integration 

B = - -77 — ; y + A, e-sr = - -y. — r * 4- if, 

where A, B are two undetermined constants. Since after a com- 
plete revolution, the coordinates no, y return to their original values, 
both the eccentricity and the position of the line of apses must 
also be the same as before. There can therefore be no permanent 
change in either. The greatest change of the eccentricity from 
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its mean value is Zic&jna 2 , while the apse oscillates about its 
mean position through an angle Ixbhiea, where /t = ji a a s , Art. 341. 



384. Ex. A comet mows in a resisting medium wh 
f— - kV" f - ) where F is the velocity, r the distance from the .sun and p, q are 
positive quantities. When the true anomaly 9 ia taken as the independent 
variable {instead of t as in Art. 380), prove that 



where A = Kn,"-^a''~ ! . (1-e 2 ) 2 and ^ = rj'a 3 . 

When the risrht-l:;i!id sides of these eo nations are expanded in series of the form 

it is obvious th.it the only permanent chants are derived from the non-periodical 
terms. Prove (1) that the longitude of the apse has no permanent changes, 
(2] that the eccentricity at the time ( is s- Aent{p+q-l), (3) the semi-major axis 
is a - HAant. These results are given by Tisserand, M6c. Celeste, 3896. 

When the law of resistance! in such that p + q — 1, it follows that neither the 
eccentricity nor the line of «;>«.< have /ivy ■penimueiit change. For any values of 
jj and q not satisfying this relation the ecoenlricity will (-rauvjully change and 
continue to change in the same direction, When the eha.'irjos of any of the 
elements have become so great that their products by the coefficient k of resistance 
can no longer be neglected, tiie equations given above must be integrated in a 
different way. 

38S. Encke's Comet. The general effect of a resisting medium on the 
motion of a comet is to diminish its i oioeily and Iheec^oi'f: also the major asis of 
its orbit, Art. 377. The ellipse which the comet describes is therefore continually 
growing smaller and the periodic time, width varies as « :1 '' s , continually decreases. 

Encke was the firs! who thoroughly investigated the effect of a resisting 
medium on the motion of a comet. This comet has since then been called after 
his name. After making allowance tor ;.he dr"sr.iobiiticc due to the attraction of the 
sun and the planets, he found by observation that its period, viz. 1200 days, was 
diminished by about two hours and a half in each revolution. This he ascribed to 
the presence o£ a medium whose resistance varied as (t:jr)- where v is the velocity 
of the comet and r its distance from the sun. 

The import an ce and inferos: of Encke's result caused much attention to be 
given to this comet. The astronomers Von Asten of Pulkowa and afterwards 
Backlund* studied its motions at each suciu^sive appearance with the greatest 



* In the Bulletin Aitronomique, 1894, page 473, there is a short account of the 
work of Backlund by himself. lie speaks of trie- com ir.ue:i decrease of the accelera- 
tion, the law of resistance, and gives references to bis memoirs and particularly to 
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attention. The acceleration of the oomet's mean motion appears to have been 
uniform from 1819, when Eneke first took up the subject, to 1858. It then began 
to decrease and continued to decrease until the revolution of 1868— 1871 when its 
magnitude was about half its former value. From 1671 to 1891 the acceleration 

Assuming the law of resistance to be represented by wyi* Bacldund found 
that n is essentially negative. This would make the density of the resisting 
medium increase according to a positive power of the distance from the sun; a 
result which he considered very improbable. He afterwards arrived at the 
conclusion that we must replace 1/r" by some function f(r) having maxima and 
minima at definite distances from the sun. In Laplace's nebular theory the 
planets are formed by condensations from rings of the solar nebula. In this 
formation all the substance of each ring would not be used up and some of it 
might travel along the orbit as a cloud of light material. It is suggested that 
Encke's comet passes through nebulous clouds of tins kind and that the resistance 
they offer causes the observed acceleration. 

It is known that comets contract on approaching tin: son, sometimes to a very 
great extent. Tisserand remarks that when the size of the comet decreases the 
resistance should also decrease, and that this may help us to understand how the 
lesistaneo to any coin el' might vary as a positive power of the distance from the 
sun. The size of Eneke's comet also is not the same at every appearance and this 
again may have an effect on the faw of resistance. 

It is clear that if Eneke's oon;ei does meet with a resistance, every comet of 
short period which i'.ppr< Relies cicely ;o the sun jurist slow the en'ect of the same 
influence. In Irtish Oppol/or thought Ive had (h.soovei ed ,'iit acceleration in the 
motion of another comet. This was the comet. Winneeke having a period of 2G52 
days. Farther investigation showed that this was; illusory, .so thai at present the 
evidence for the existence os a resisting medium rests on Eneke's cornel alone. 

3B6. Doe*- the eeidenc- ufwrdrd hi: Enele's ctwiet pioee :i nshtiny n<edbr;n:- 
Sir (',. Stokes in u lectu:e' : ' on the hinnuilbrous medium says he as.ked the highest 
astronomical authority in the country this question. Prof. Adams replied that 
there might he attracting matter within the or'oit of llerciiry winch would account 
for it in a different way. Sir G. Stokes then goes on to say that the comet throws 
out a tail near the sun and that this is equivalent to n reaction on the head towards 



the eighth volume of his (.".-,■ ice's ,■( lleekerehe.i fur la i-.iuiii-tr. il'Encke. In. the 
Camples Rendu*, 189-1, page ol;"., Cailandreau gives n, summary of the results of 
Backhand. In the Traiic de 'L : e!i:\i<itu.: (>■';,■.•■,'..■, vol, iv. lsf)(i, Tisscrajid discusses 
the influence of a. resisting medium. In the If/story <>}' Aurcnomy by A. M. Gierke, 
1HH5, examples- of the contra cfiou of covrets near the sun are eiven, M. Valz in 
a letter to 1[. Arngo quoted in the Compter Itcndue, vol. vni. JfjiJ-s. speaks of the 
great contraction of' n. cornet as it approached the son. lie remarks that as it was 
approaching the earth at that tunc, it should have appealed larger. See also 
Newcombe's -Popular Astronomy, 1383. 

■■■ Presidential address at the anniversary meeting of the Vieioria Irttiit'tle, 
June 29, 1893: reported in Natwe, July 27, page 307. 
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the sun. There is therefore an additional force towards the sun. The effect of 
this would he to shorten the period even if there were no resisting medium. In 
the course of his Ii^Luro u'j iii;c:.isii:.a Oie qn,«,-.ujii. " mart the Biker retard a cmnet," 
and decides that we cannot with safety infer that the motion of a solid through it 

mplie: 



Kepler's Laws and the law of gravitation. 

387. Kepler's laws. The following theorems were dis- 
covered by the astronomer Kepler after thirty years of study, 

(1) The orbits of the planets are ellipses, the sun being in 
one focus. 

(2) As a planet moves in its orbit, the. radius vector from 
the sun describes equal areas in equal times. 

(3) The squares of the periodic times of the several planets 
are proportional to the cubes of their major axes. 

The last of these laws was published in 1619 in his II am twice 
Mundi and the first two in 1609 in his work on the motions of 
Mars. 

388. From the second of these laws, it follows that the 
resultant force on each.- planet tend.-; towards the sun; Art. 307. 

From the first we deduce that the accelerating force on each 
planet is equal to pfr*, where r is the instantaneous distance of 
that planet from the sun, and /* is a constant ; Art. 332. 

It is proved in Art. 341 that when the central force is fiu 2 , 
the periodic time in an ellipse is T = SwaPf */}!,, where a is the 
serai-major axis. Now Kepler's third law asserts that for all the 
planets T s is proportional to a' ; it follows that /a is the same for 
all the planets. 

Laws corresponding to those of Kepler have been found to hold 
for the systems of planets and their satellites. Each satellite is 
therefore acted on by a force tending to the primary and that 
force follows the law of the inverse square. 

It has been possible to trace out the paths of some of the 
comets and all these have been found to he conies having the 
sun in one focus. Those bodies therefore move nnder the same 
law of force as the planets. 
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389. The laws of Kepler, being founded on observations, are 
not to be regarded as strictly true. They are approximations, 
whose errors, though small, are still perceptible, We learn from 
them that the sun, planets ami satellites are so constituted that 
the sun may be regarded as attracting the planets, and the 
planets the satellites, according to the law of the inverse square. 
We now extend this law and make the hypothesis that the 
planets and satellites also attract the sun and attract each other 
according to the same law. Let us consider how this hypothesis 
may be tested. 

Let m„ m„ &c. be certain constants, called the masses of the 
bodies, such that the accelerating attraction of the first on any 
other body distant r L is mjr^, the attraction of the second is 
Bij/i 1 ,', and so on. Let /j, be the corresponding constant for the 
sun. 

Assuming these accelerations, we can write down the differen- 
tial equations of motion of the several bodies, regarded as particles, 
For example, the equations of motion of the particle m, may be 
obtained by equating d-w/dt i , &c, to the resolved accelerating 
attractions of the other bodies. The equations thus formed can 
only be solved by the method of continued approximation. Kepler's 
laws give us the first approximation ; as a second approximation 
we take account of the attractions of the planets, but suppose 
that m„ m 2 , &c. arc so small that the squares of their ratio to /j. 
may be neglected. This problem is usually discussed in treatises 
on the Planetary theory. The solution of the problem enables 
us to calculate the positions of the planets and satellites at any 
given time and the results may be compared with their actual 
positions at that time. The comparison confirms the hypothesis 
in so extraordinary a way that we may consider its truth to be 
established as far as the solar system is concerned. 

390. Extension to other systems. The law of gravitation 
being established for the solar system, its extension to other 
systems of stars may be only a fair inference. But we should 
notice that this extension is not founded on observation in the 
same sense that the truth of the law for the solar system is 
established*. The constituents of some double stars move round 
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each other in a periodic time ^iiiliciently .short to enable us to 
trace the changes in their distance and angular position. We 
may thus, partially at least, hope to verily the law of gravitation. 
What we see, however, is not the real path of cither constituent, 
but its projection on the sphere of the heavens. We can deter- 
mine if the relative path is a conic and can verify approximately 
the equable description of areas; but since the focus of the true 
path does not in general project into the focus of the visible 
path, an element of uncertainty as to the actual position of the 
centre of force is introduced. 

We cannot therefore use Kepler's first law to deduce from 
these observations alone that the law of force is the inverse 
square. 



delicacy of the observations, because the errors of observation-: b< 

to the quantities observed than in the solar system. Secondly 

number of observations on each double star is necessary. Five conditions are 

required to fix the position of a conic, and the mean motiou and epoch of the 

panicle are also unknown. Unless therefore more than seven Uii-llui-l observations 
have been made, v.e cfinnoi verify that the path is a sonic. These difdeult.ies are 
gradually disappearing as observations accjnr.Pa.o and ir.-rrumcnls are improved. 

392. Besides the motions of the double stars we can only look to the proper 
motions of the stars i:i space for infon cation on the law ol gravitation. Some of 
these velocities are comparable to that of a comet in close proximity to the sun 

and yet there is no visible object in their r.i'.ig.'ibo.iii-.^OLi 10 wide". v,v could asevibe 
the necessary attracting forces. At present no deductions can be made, we must 
wait till future observations h::vi: made clear the causes of the motions. 

393. Otner reasons. The law of gravitation is generally deduced from 
Kepler's laws, partly for historical niii soils and pur try because the proof is at once 
simple and complete. It is however nselVd a.id interovthc; to creraire what we may 
learn about the law of gravitation by considering other observed facts. 

Ex. 1. It is given that for all initial conditions the path of a particle is a 
plane curve : deduce that the force is central. 

Consider ai; orhit in a plane /', then at every point of that orbit the resultant 
force must lie in the plane. Taking any point .-J on the orbit project particles in 
all directions in thai plane with arbitrary veloci;ie^, i'-.or. a; nee ihe plane of motion 
oi each must contain the initial tangent at .1 and lire direction of the force at A, 
each particle moves in the plane P. It follows that at every point of the plane P 
traversed by these orbits the resultant force lies in the plane. If these orbits do 
not cover the whole plane we lake a new point B on the boundary of the area 
covered, and again project particles in all directions in that plane with arbitrary 
velocities. By continually repeating tins process we can traverse every point of 
the plane, provided tio points are separated from A by a line along which the 
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! that at every point of the piano P the force lies in 



every other point. It follow thai ihc loroc is central. 

An observer placed at the sun, who noticed that all the planets described great 
circles in the heavens, would know from that one fact that the force acting on 
each was directed to the sun. Halphen, CmnpUi Bendtis, vol. 84, Darboui'a Notes 
to Lespeyrous' Micawtqws. v 7 

Ex. 2. If all the orbits in a given plane are eonics, prove that the force is 
central. 

If a particle P be projected from any point A in the direction of the foroe at A, 
the radius of enrvaluie 1:1 the path is in finite nt .1 . Sine? the only conic in which 
the radius of curvature is infinite is a straight line, the. path of the particle P is a 
straight line anil therefore the form; us every point of this- straight line nets along 
the straight line. The lines of force are. there f 011; straight lines. 

These straight lines could not have an envelope, for (unless the force at every 
point of that curve is infinite) we could proied the pe.rtic.bis along the tangents to 
the envelope past the point 01 contact so as to intersect ether Hues of force. The 
directions of the force would not then he the same at the same point for all paths. 
Bertrand, Comptes Rendu.*, vol, 8-1. 

Ex. 3. If the orbits of all the double, stais which have been observe;! are 
found to be closed curves, show that the Newtonian law of attraction may be 
extended to such bodies. 

Bertrand has proved that all the 01 l.i;;- described about a centre of force (for 
all initial conditions within certain limits) cannot bo closed unless the law of foree 
is either the inverse square or the direct distance. By examining many cases of 
double stars we may include all varieties of initial conditions, and if all these 
orbits ate closed the law 01 the Etivc rse sqmiie may be rondo 1 011 very probable. See 
Arts. 370, 420. fjoitraiiu when giving this theorem in Cimqittv iUnthis, vol. 77, 
1873, quotes Tebebychef. 



The Hodograpk 

394. A straight lino llQ is drawn from tlie origin parallel 
to the instantaneous direction of motion and its length is propor- 
tional to the velocity of a particle P, say OQ — Jcv. The locus of 
Q has been called by Sir W. ft. Hamilton the hodograph of the 
path of P. Its use is to exhibit to the eye the varying velocity 
and direction of motion of the particle. See Art. 29. 

By giving h different values we have an infinite number of 
similar curves, any one of which may be used a 
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It follows from Art. 2!) that, if s' be the arc of the hodograph, 
ds'/dt represents -in direction, and inagnilncle the acceleration of P. 

395. If the force on the particle P is central and tends to 
the origin 0, it is sometimes more convenient to draw OQ per- 
pendicularly instead of parallel to the tangent. If OY be a 
perpendicular to the tangent, the velocity v of P is h/OT: hence 
if OQ = kv, we see that the hodograph is then the polar reciprocal 
of the path with regard to the centre of force, the radius of the 
auxiliary circle being \/(hh). If F be the central force at P, the 
point Q travels along the hodograph with a. velocity l:F. 

396. Examples. Ex. 1. The path being an ellipse described about the 

centre C, and <.H,i :x;ir)g drawn parallel to the tangent, prove that- the hodographs 
are similar ellipses. 

Let CQ be the semi-con jugate of GP, then v = Jn.CQ, Art. 326. Hence if 
h = ljn/ft, the hmliwnti/h is tin: elihi.*-:: tt.*::!i'. The point Q then travels with a 
velocity V V . CP. y/ 

Ex. 2. The path lining an ellipse described about the focus S, prove that a 
hodograph is tin; auxiliary circle, the olhci ['ecus // being the origin anil II Q 
drawn perpendicularly to tho tangent at P. 

Let SY, HZ be the two perpendiculars on the tangent, than v=hlST=HQIk, 
also SY.HZ = b\ .: HQ = HZ if k=b t jh. Since the locus of Z is the auxiliary 
circle Llic result follows at once. i/ 

Ex. 3. The path, being a parabola described about the near focus S, prove 
that a hodograph is the circle described on AS as diameter, where A is the vertex 
and SQ is drawn perpendicularly to the tangent. v^ 

Ea;. 4. The hodograph of the path of. a proTcctile is a vortical straight line, 
the radius vector i./i,i being :"m;'.v:i parallel to the langent. 

If tli? tangent at I' make, an angle ■.!.■ will, the horizon, the i-b.scissa of Q is 
Jtv cos <p. This is constant because the hori7ontnl velocity of P is constant. The 
point Q travels along this straight line with a uniform velocity kg. l/ 

Ex. 5. An equiangular spiral is fieseribod about the polo, show that a hodo- 
graph is an equiangular spiral having tbo same pole and a supplementary angle. 
See Art. 30. ^ 

Ex. 6. A bead moves under tho aetion of gravity along a smooth vertical 
circle starting from rest in definitely near to the highes- point. Show that a polar 
equation of a hodograph i.s r' = isi!i Iff, the origin being at the centre. ^ 

Ex. 7. The hodograph of the path of a particle P is given, show that if the 
path of P is a central orbit, the auxiliary point Q must travel along the hodograph 
with a velocity v' — \u'y', where;/ is the perpendicular hen-, the centre of force on 
the tangent to the hodograph and p' is the radius of. curvature. Show also that 
the central force F=v'-k- and the angular momentum h-lj\k s . 

The condition that the path is a central orbit is v^jp-Fpjr. Writing p=c a /r' 
and r=e a /p', we find F and thence t?'. 
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Ex. 8. The hodograph of the path of P is a parabola with its focus at 0, and 
the radius vector OQ — r' rotates with an ar.(:'ilar velocity proportional to r'. 
Prove that the path of P is a circle passing ihriiULjh u, described about a centre 
of force situated at O. 

Since ii'.e eni/ulur velocity ef OQ is nr', we And by resolving t' pi:r!!o:idic'.Jarlv 
to OQ that v' — nr' s j})'. in a parabola if'-'lp" 1 , and since p' = r'dr'jdp' we see that 
ii' = \j)'V where \ = njl. The path is therefore a central orbit. But the polar 
reciprocal of !?' = 2p' 2 (obtained by writing p' — c-jr, and r' = e-,''p) is i a =p (2c 2 /Z|, 
and this is a circle passing through 0. 

El. !). A particle describes e curve uiiiii.: a constant acceleration which makes 
a constant angle with the tauten', to the path; the motion hikes place ill a medium, 
resisting as the nth power of the velocity. Show that the hodograph of the curve 
described is of the form fi~»e _n * BOtlt =r-»-a-". [Coll. Ex.] 

Ex. 10. A particle, moving iVutJ.v under the act;o-i ol a force \vho*c direction 
is always parallel to a fixed plane, describes a curve wdiich lies on a right circular 
cone and crosses U,e generating lines at a constant angle. Prove that the hodo- 
graph is a conic section. [Coll. Ex.] 

397. Elliptic velocity. Since the velocity is represented 

in direction and magnitude by the radius vector of the hodograph 
we may use the triangle of velocities to resolve the velocity into 
convenient directions. 

Thus when the path is an ellipse described about the focus 
S, the velocity is represented perpendicularly by HZjk, where 
lc = tyjh and H is the other focus. If G be the centre this may he 
resolved into the constant lengths HC, CZ, the former being a 
part of the major axis and the latter being parallel to the radius 
vector SP. Hence the velocity in, an. ellipse described about the 
focus S can be resolved into two constant velocities one equal to aejk 
in a fixed direction, viz. perpendicular to the major axis, and the 
other equal to ajk in a direction- pierpendicolar to the radius vector 
SP of the particle, where k = b~jh. [Frost's Newton, 1854.] 

398. Toe hodograpli an orbit. We have seen that when the force is central 
a hodograph of the patli of P is a polar reciprocal. It follows that if the hodo- 
graph is the path of a second pnrfide /'', eaeh curve is one hodograph of the other. 

Ex, 1. Let r, / be the radii vectores of any two corresponding points P, Q of 
a curve and its polar recipient. i.ho radio* n: the auxiliary circl-c being c. If these 
curves be described by two particle* /', /■'' with angular momenta ft, ft-', prove that 

the central forces at the two points !', Q are connected by FF' = — j— rr 1 , 

Ex. 2. Prove that the two particles will net continue i-o be at points which 
correspond geometrically in tailing the po!ar reciprocal, unless the orbit of each is 
an ellipse described about the centre. [The necessary condition is that the velocity 
v' — kF in the hotlograpb should tie cieat to the velocity r'—k'jp' in the orbit. 
Since p'=o*/r, this proves that F varies as r.J 
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21i.iti.uii of two or more attracting Particles. 

399. Motion of two attracting particles. This is the 
problem of finding the motion of the sua and a single planet 
which mutually attract each other. To include the case of two 
suns revolving round each other, as some double stars are seen to 
do, we shall make no restriction as to the relative masses of the 
two particles. The problem can be discussed in two ways ac- 
cording as we require the relative motion of the two particles or 
the motion of each in space. 

Let M, in be the masses of the sun and the planet, r their 
instantaneous distance. The accelerating attraction of the sun 
on the planet is j¥/r 2 , that of the planet on the sun m/r 5 . 

Initially the sun and the planet have definite velocities. Let 
us apply to each an initial velocity (in addition to its own) equal 
and opposite to that of the sun ; let us also continually apply to 
each an acceleration equal and opposite to that produced in the 
sun by the planet's attraction. The sun will then be placed 
ioitially at rest, and will remain at rest, while the relative motion 
of the pi/met will he. uMtltered. See Art. 39. 

The planet being now acted on by the two forces Mir'' ami 
mjf 1 , both tending towards the sun, the whole force is (Jf +m)/r s . 
The planet therefore, as seen from the sun, moves in an ellipse 
having the sun in one focus. The period is C"^-^^^^*- 2ZZ y 
2ir | 

V(if + mj ffl ' 
where a is the semi-major axis of the relative orbit. In the same 
way the sun, as seen from the planet, appears to describe an 
ellipse of the same size in the same time. 

400. We notice th.it the periodic time of a double star does 
not depend on the m-ass of cither constituent, but on the sum of the 
masses. The time in the same orbit is the same for the same 
total mass however that mass is distributed over the two bodies. 

401. Consider next the actual motion in space of the two 
particles. We know by Art. 92 that the centre of gravity of the 
two bodies is either at rest or moves in a straight line with 
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uniform velocity. It is sufficient to investigate the motion 
relatively to the centre of gravity, For, when this is known, the 
actual motion may be constructed by imposing on each member 
of the system an additional velocity equal and parallel to that of 
the centre of gravity. 

Let 8 and P be the sun and planet, G the centre of gravity, 
then M .SP = {M + m)GP. The attraction of the stm on the 
planet is 

M M s 1 _W 

8P> (M + myGP*~~GP*- 

The attraction of the sun on the planet, therefore tends to a 
point G fixed in space and follows the law of the inverse square. 
The planet therefore describes an ellipse in space with the centre 

of gravity in one focus, and the period is -j-<r, a , where a is the 
semi-major axis of its actual orbit in space. 

The actual orbits described by the sun and planet in space 
are obviously similar to each other and to the relative orbit of 
each about the other. If a, a.' be the semi-major axes of the 
actual orbits of the planet and sun, a that of the relative orbit, 
we have by obvious properties of the centre of gravity, 
alM=a'/m = a/(M+m). 

402. To find th.e mass of a pt-avet which has a satellite. Since 
the mean accelerating attractions of the sun on the two bodies 
are nearly equal, their relative motion is also nearly the same as 
if the sun were away. Taking the relative orbit to be an ellipse, 
let a' be its semi-major axis. If m, m? are the masses of the 

planet and satoKite, .7" the fieriuil. we have T'- — - — ■, a"'. When 

r m + m 

T and a' have been found by observation, this formula gives the 

sum of the masses. The masses in this equation are measured 

in astronomical units, i.e. they are measured by the attractions of 

the bodies on a given supposititious particle placed at a given 

distance. It is therefore necessary to discover this unit by finding 

the attraction of some known body. 

Consider the orbit described by the planet round the sun, 

Since we can neglect the disturbing attraction of the satellite, 
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we have, if a is the semi-major axis of the relative orbit and T 

the period, T % =^r ? a 3 . 

1 M+m 

Dividing one of these equations by the other, we find 



(TO 



This formula contains only a ratio of masses, a ratio of times and 
a ratio of lengths. Whatever units these quantities are respec- 
tively measured in, the equation remains unaltered. Since m is 
small compared with the mass M of the sun, and m' small com- 
pared with the mass m of the primary, we may take as a near 

approximation "p — ( >7v ) ( " ) ■ I* 1 this way the ratio of the mass 

of any planet with a satellite to that of the sun can be found. 

403. The determination of the mass of a planet without a 
satellite is very difficult, as it must he deduced from the pertur- 
bations of the neighbouring planets. Before the discovery of the 
satellites of Mars, Leverrier had been making the perturbations 
due to that planet his study for many years. It was only after a 
laborious and intricate calculation that he arrived at a determina- 
tion of the mass. After Asaph Hall had discovered Deimos and 
Phobos the calculation could be shortly and effectively made. 
According to Asaph Hall the mass of Mats is ]/3,098,500 of the 
sun, while Leverrier made it about one three-millionth. This 
close agreement between two such different lines of investigation 
is very remarkable; see Art. 57. The minuteness of either satellite 
enables us to neglect the unknown ratio m'jm in Art. 402 and 
thus to determine the mass of Mars with great accuracy. 

404. Examples. Ex. 1. Supposing the period of the earth i-oninl ths huii 
and that of the moon round the earth to he roughly 86B| and 27J days and the 
ratio of the mean i'lisi.i\i:i:i:i= tc. hi- ;i£!>, tind the ratio of the sum of the masses of 
the earth and moon to that of the sun. The. actual ratio ;;ivon in the NaMiail. 
AlmantH! for 1899 is 1/328139. 1/ 

Ex. 2. The constituents of a double sla.1 de^riiii' circles about each other in k 
time T. If they wore deprived of vulocily aad nlloweii to drop into each other, 
prove that they will ni«et after a time TjiJ2. 

Ex. S. The relative path of two mutually att.rneiiiii; particles is a circle of 
radius 1>. Prove that if the velocity of each is halved, the eccentricity of the sub- 
sequent relative path is 3/-± and the serin- major axis is 46/7. 

B.D. 17 
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Ex. 4. Two particles of masses m, i;:', which ii:;ra:;t each other aeeoRun!; to 
the Newtonian law, lire descriiiin;.; relatively lo each oilier elliptic orbits of major 
axis 2a and eccentricity e, and are at a distance r whan one of them, viz. m, is 
suddenly fixed. Prove that the other "'ill describe a conic of eccentricity ■•' 
such that 

"~*mf)-o~i)- 



(„., 



It. is supposed that the centre of gravity had no vekieily at the instant before the 
particle m became fixed. [Coll. Ex. 1895.] 

Ex. 5. Two particles move mnier the influence of gravity and of their mutual 
attractions : prove thai Inch centre of gravity will describe a parabola and that 
each particle will describe relatively to that point areas proportional to the time. 

[Math. Tripos, I860.] 

Ex. 6. The coordinates of the sinitiltaneoris positions of two ei[nai particle; 
are given by the equations 

Prove that if they move under their mutual attractions, the law of force will be 
that of the inverse fifth power of the distanee, ' [Math. Tripos.} 

Ex. 7. Two homogeneous imperfectly elastic smooth spheres, which attract 
one another with a force in the lino of their centres inversely proportional to the 
square of the distance between their centres, move under their mutual attraction, 
and a succession of oblique impacts takes place between them; prove that the 
tangents of the halves of the angles through which the line of centres turns 
between successive impacts diminish in geometrical progression. [Math. T. 1895.] 

Consider the relative motion. The blow at each impact acts along the line 
joining the centres, hence the latera recta of all the ellipses described between 
successive impacts are equal. The normal relative velocity is multiplied by the 
coefficient of elasticity at each impact. The radius vector of the relative ellipse is 
the same at eaeh impact, being the sum of the radii of the spheres. The result 
follows immediately from Ex. 1, Art. 337. 

4O0. Ex. 1. Herschel says that the star Algol is usually visible as a star of 
the second magnitude and continues such for the space of 2 days 13S, hours. It 
then suddenly begins to diminish in splendour and in 3i hours is reduced to the 
fourth magnitude, al which it continues for about IS minutes. It then begins to 
increase again and in 3J hours more is restored to its usual brightness, going 
through all its changes in if d. :'->■) hr. lt> mm. iii-1 sec. This is supposed to be due 
to the revolution round it of some opaque body which, when interposed between 
us and Algol, cats oil a poriion of lire liglu. y'jppjsin;; the bi-i,;irincy of a star of 
the second magnitude to he to ilia! of the fourth as 10 to (i-3 and that the relative 
orbit of the bodies is nearly circular and has the earth in its plane, prove that the 
radii of the two constituents of Algol are a=, 100 ; !>'2 and that the ratios of their 
radii to that of their relative orbit are equal to -171 and '160. If the radius of 
the sun be 130000 miles and its density be 1-14-1. lakiu-; ivaiey as the unit, prove 
that the density of either constituent of Algol (taking them to be of equal densities! 
is one-fourth that of water. The numbers are only approximate. 

[Maxwell Hall, Observatory, 1886.] 
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Kx. 2. Thfi bi-i^lilisess of a variable 'star umler.ioes :i peruxlio lilies of changes 
in a period of T yews. The brightness remains constant for m.T years, then 
gradually diminishes to a minimum value, equal to I - ft 2 of the maximum, at 
which minimum it remains constant for uT years and then gradually rises to the 
original maximum. Show thai these ehainjes can he- es plained on the hypothesis 
that a dark satellite revolves round ode siai 1 . Prove also that, if the relative orbit 
in tireular, and the two sLiirs are spherical, the ratio ul the mean density of the 
double star to that of the sun is 

«fr*iP r (l + ft)' ops' nr - (l - ky ooa" i nt 

where Z> is the apparent diameter of the pun at its mean distance. [Math. T. 1893.] 

406. Three attracting Particles. The problem of deter- 
mining the relative motions of three or more attracting particles 
has not bemt generally solved. The various solutions in series 
which have as yet been obtained usually form the subjects of 
separate treatises, and are called the Lunar and Planetary theories. 
Laplace has however shown that there are some cases in which 
the problem can be accurately solved in finite terms*. 

407. Let the several particles be so arranged in a plane that 
the resultant accelerating force on each passes through the com- 
mon centre of gravity of the system and that each resultant is 
proportional to the distance of die particle from that centre. It is 
then evident that if the proper common angular velocity be given 
to the system about 0, the centrifugal force on each particle may 
be made to balance the attraction on that particle. The particles 
of the system will then move in circles round with equal angular 
velocities, the lines joining them forming a figure always equal 
a nd simi lar to itself. Each particle also will describe a circle 
relatively to any other particle. 

Let us next enquire what conditions are necessary that the 
particles may so move that the figure formed by them is always 
similar to its original shape, but of varymg she. Let the distances 

* Laplace's discussion may he found in the sixth chapter of the tenth book of 
the il/c'jri iti'w Vvh-.sti!. Tlu; i!ro|ioMLion Lhat ;iie in.ot.ioo v.- hen the pa; Liele- are in 
ii straight line is unstable was first established by l'.i.r.iville, Arittthnie. des Sciences, 
1842, and Vonniiis.nince rfci Temp>- for 18-15 published in 1842. His proof is 
different from that given in the test. The motion when the p.-rtieles are at the 
corners of an equilateral triaiij.de is discussed in the Prorecdinys of the London 
Mathematical Ho.dety , Fob. .1873. See also the author's Rigid Dynamics, vol. i. 
Art. 286, and vol. n. Art. 108. There is also a paper by A. G. Wythoff, On the 
deal stability of a system of portit-k's, Amsterdam Math. Soc. 1896. 

17—2 
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of the particles from the centre of gravity be r 1 , r 3 , &C. We 
then have foe each particle the equations 

&r_ (d0\* l±(.d0\ a 

d? \dt) ' rdt\ dt) 

Since the figure is always similar, these equations arc to be satisfied 
when dffjdt is the same for every particle, and r,, r a , &c. have the 
ratios a„ %, &c, where a,, a 2 , &c, are sonic positive Unite constant 
quantities. It immediately follows that the arrangement must be 
such that the F's are in the same positive ration and also the G's. 

Since the mutual attractions of the particles form a system 
of forces in equilibrium, the equivalent system nijFj, m^\, &c. 
and mfj,, mfH. it &c. is also in equilibrium. The sum of the mo- 
ments of the 6?'s about must therefore be zero, which (since 
they are in the ■ ratios a 1: &c.) is impossible unless each is zero. 

If also the initial conditions are such that both the radial 
velocities drjdt, &c. and the transverse velocities lylOidt, (fee., 
have the ratios a lf &&, all the equations will be satisfied by 
assuming r u r % , &c. to have the constant ratios a lt a s , &c. The 
motion of some oue particle, say m ; , is determined by the two polar 
equations of that particle. 

The result is, that if the particles move so as to be always 
at the corners of a similar figure, tliat ligure must bo such that 
the resultant accelerating forces on the particles act towards the 
common centre of gravity and arc proportional to the distances 
from 0. This being true initially, the particles must be projected 
in directions making equal angles in the same sense with their 
distances from 0, with velocities proportional to those distances, 

408. The two arrangements. To determine how three 

particles must be arranged, no that the force on- any one may pass 
through the coinm.on centre of gravity ; the law of force being the 
inverse- Ktii power of the distance. 

It is evident that the condition is satisfied when the three 
particles are arranged in a straight line. We have now to 
enquire if any other arrangement is possible. 

It is a known theorem in attraction that if two given particles 
of masses M, m attract a third -m', placed at distances p, r from 
them, with accelerating forces Mp, mr, the resultant passes through 
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the centre of gravity of M, m and therefore through that of all 
three. In order that the resultant of Mjp" and mfr* may also 
pass through the centre of gravity of M, m, it is evident that 
the ratio of Mjp" to m/f must be equal to the ratio Mp to inr. 
It immediately follows (except k = — 1) that p — r. The three 
particles must therefore ho at equal distances : see also Art. 304. 

The result is that for three attracting particles there are 
only two possible arrangements; (1) that in which the particles, 
however unequal their masses may be, are at the corners of an 
equilateral triangle, (2) that", in which they are in the same straight 
lino. 

It may also be shown that when the law of attraction is the 
inverse *tli, the arrangement at the corner's of an equilateral 

trianale is stable when \ - ■-, > 3 s . 

17 2mm \3 — kJ 

409. The line arrangement. Three mutuoUif attracting 
particles whose musses are M, in', m are placed in a straight line. 
It is required to determine the conditions that throughout their sub- 
sequent motion then mag remain in a straight line. 

Lot the law of attraction be the inverse *th power of the 
distance. Let M, in, be the two extreme particles, m' being ,„,/ 

between the other two. Let a, b, c be the distances Mm, Mm, y 

Tti'm ; then a — b + o. if jk 

A necessary condition is that the resultant accelerating forces 
on the particles must he proportional to their distances from the 
centre of gravity (Art. 407). We therefore have 
Mia' + m'fcf = MfbF - m/c" = m/a" + m'/b* 
Ma+m'c Mb — mo ma+m'b 

where the numerators express the accelerating forces on the 
particles and the denominators are proportional to the distances 
from 0. 

The equalities (1) are equivalent to only one equation, for if 
we multiply the numerators and denominators of the three frac- 
tions by m, in', —M respectively, the sum of the numerators and 
also that of the denominators are zero. Putting a = &(l+p), 
c = bp, we arrive at 

Mp* {[l+p) K+l -l)-m' (1+p)* a-p' + Vm{(l+y)' 1+1 -/""HO... (2). 
The left-hand side is negative whenp = and positive when p is 



■■(i). 
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infinitely largo, the equation therefore has one real positive root, 
whatever positive values M, in', m may have. Putting p = l, the 
left side becomes (M — m)('2* +l — 1); .since we may take M as the 
greater of the two extreme particles we see that the real positive 
value of p in lass Hum unity, provided «fl is positive. If * + l 
were negative the root would be greater than unity. 

Whatever the masses of the particles may be it follows that 
if they are so placed that their distances have the ratios given by 
this value of p, and their parallel velocities are proportional to 
their distances from 0, they will throughout their subsequent 
motion remain in a straight line. 

When the attraction follows the Newtonian law, the equation 
(2) becomes the qumtic 

(M +m')p s + ($M + 2m')p i + (SM+ m')p* - (m' + Zm)p ! 

-(2m' + 3m)p-(m + m') = Q...(3). 
The terms of this equation exhibit but one variation of sign, and 
thero is therefore but one positive root. 

It may be shown in exactly the same way that in the genera) 
case, when k has any positive integral value, the equation (2) has 
only one positive root; all the terms from ^ 2,+1 to p' +1 being 
positive, while those t'retn p" to p" are negative. 

410. When the positions of two of the masses are given, 
there are three possible case-; according as the third is between 
the other two or on either side. Since the analytical expression 
for the law of the inverse square doe.-, not represent the attraction 
when the attracted particle passes through the centre of force, 
Art. 135; these three cases cannot be included in the same 
equation. We thus have three equations of the form (3), one 
for each arrangement. 

411. In the case of the sun, earth, and moon, M is very much 
greater than either m or m. Since p vanishes when m and m' 
are zero, we infer that p is very small when mjM and m'jM are 
small. The equation (3) therefore gives lip* = (m + m'){M, or, 
using the numerical values of vi, ■m' and M,p = 1/100 nearly. 

If the moon were therefore placed at a distance from the 
earth one hundredth part of that of the sun, the three bodies 
might be projected so that they would always remain in a straight 
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line. The moon would then be always full, but at that distance 
its light would be much diminished. This configuration of the 
sun, earth and moon however could not occur in nature because 
this state of steady motion is unstable. On the slightest dis- 
turbance the whole system would change and the particles would 
widely deviate from their former paths. 

412. Three miii'miu/ attracting particle! vbmc masses are 31, m', m describe 
circles round their common, centre of gravity and im always in a straight line. 
Prove tlutt if the force vary at any inverse potver of the distance this slate of motion 
is unstable. 

ludncir.i; the particle M lo tosi we lalte that point us thi- origin n: i:oo^i;-ia:f.'s. 
Let {r, 8) be the coordinates of m, (/, *''} those o' -m'. The particle at is acted on 
by {3i + m)jr K ah)n;j 11 u: -Lrui;;ht line w.Tf. and in';!-'" in a direction parallel to Jrt'.lf, 
The polar oij nations of ihe motion of m are 



tPr /il0\*__3I + m 

dfi~ r \di) ~~ ~ ~^~ " 
i 7 d*\ dij - r -n BU " u 



at -V, in ol liir- liian^.'.e formed by joining the particles 
In the same way the polar equations of the motion 



jangle at m'. In forming these equations 
s that in which 0' :■■■ anil /<)'. 
We shall now substitute in these equations r=a (1 + s), B=nt+y\ r' = b(l + y), 
e' = nt + ri, and reject all powers ijcyomi tbe first oL tlifc small i:u:intities x, y, £, jj. 
Remembering that sm#r' = sin tfi'/r-BiaajR we find after some reduction 
( 5 J - a* - «E) a - 2j% + m'tcBi + . i = 0, 

miula + . y + (B ! - n" - kF) £ - 2nfy = 0, 
0.a:-fluty + 2jj3£ + (8 a +Jn4)i) = 0, 

where for brevity w« have, written 5 foi '';'(((, and c — a- 6, 



'-JtS 



b-; -==- 



The steady motion has been already found in Art. 409, but it may also be 
deduced from the first and third of the equations (1) and (2) by equating the 
constants. We thus find n*-E-m'B, n'^F-nU. 
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Wo notice liiiit tin: constants 7'. c' a:o po-iiive. When a- + 1 is positive, it has 
been shown in Art. 409 that a >!>;*c, and therefore A, IS and £,' + i* 1 - 2n 2 are positive. 
La nily whatever k may be ./■.' - i-'- n- is positive 

To solve the four equation id, we put :'.■-. Ge M , y = il/' t , £-AV' ! . ijjsLe**. Sub- 
stituting and eliminating the ratios CI, II, K, L we obtain a detorminantal equation 
whose constituents cr-.; the !■■.;; ■idcionts of .f. 1 , j/, £, ij, with X written for 3. This 
determinant is of the eighth degree in \. To find its factors we must before 
expansion make sonic umfjirv siuipiiticiitions li-hich we can only indicate hero, 
We first add the £ column to the x column and the tj column to the y column. 
The second column may now be divided by \. Multip^'iiiji the second column by 
'in. and subtracting lYcim the firsL. we see that. >,-- [i: - ;■{) n- is another factor which 
we divide out. Subtracting the first row from the third and (be second from the 
fourth, the first coin inn acquires three zeros and the second column two. The 
determinant is now easily expanded and we have 

where C=F.^-F--2n-. If k>H, this equation gives a real positive value of \ and 
the motion is therefore unstable. If a have any positive value C is positive, and 
the third factor has the product of its roots negative ; one value of X 2 is real and 
positive and the other real and negative. The motion is therefore unstable for all 
jimiiin: i: a lues of k. 

413. Ex. 1. Three mn*usliy a'tracting par-ie'es are placed at rest in a 
Straight line. Show that they will simultaneously impinge on each other if the 
initial distances apart are given by tile value of p in the equation of the (3k 4- l)tli 
degree of Art. 409. [This equation expresses the condition that the distances 
between the particles are always in a. constant ratio.] 

Ex. 2. Three unequal mutually attracting particles are placed at rest at the 
corners of an equilateral triangle and a' tract each ellier according to the inverse 
irth power of the distances. Prove that they will arrive simultaneously at the 
common centre of gravity. If the law of attraction is the inverse square, the time 
of transit is W ,'e ;l /2«!- where ,« is the sum of the masses and a the side of the 
initial triangle, Art. 131. 

414. A swarm of particles. Let us suppose that a comet 
is an aggregation of.' particles whoso centre of gravity describes an 
elliptic orbit round the sun. The question arises, what are the 
conditions that such a swarm could keep together*? Similar 
conditions must be satisfied in the case of a swarm consolidating 

" The disinlegruLlon of comets was lir-t suggested l>y Sehiaparclli who proved 
that the disturbing force of the sun on a particle might lie greater than the 
attraction of the comet. He thus obtained as a necessary condition of stability 
»i;7/>2.¥/«". The subject v.a- dynamically i oatou by C earlier and Luc Picart on 
the supposition of a. circuit; r trajectory. They arrived at the condition m/6 3 :>3iW/« 3 ; 
Jiullflin. tie I'Aeatbhiiie tie S. Fetei'soour;!.. .■hii'.a.lns de VOlsr.rvtituire rfe Bordeaux. 
Tisserand, .Wee. Celeste, iv. The condition of stability was extended to the case of 
an elliptic trajectory by M. 0. Callandreau in the Ba.llelin AsDmiomique, 1896. The 
brief solutions here given of toese probkms are siLiinlilieations of iheir methods. 
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into a planet in obedience to the Nebular theory. The following 
example will illustrate the method of proceeding. 

We shall suppose the sun A to be fixed in space, Art. 399. 
Let B be the centre of the swarm, G any particle. Let r, be 
the polar coordinates of B referred to A, and f, jj the coordinates 
of referred to B as origin, the axis of J being the prolongation 
of AB. Let M bo the mass of the sun. Supposing, as a first 
approximation, that the swarm is homogeneous and spherical, its 
attraction at an internal point C is fip, where p — BG. If m be 
the mass and b the radius of the swarm, fj,b = mjb\ 

The equations of motion are, by Art. 227, 

—& (r + e) [dt) - v dt \ V dt) = (r TSY ~ ^ (1) 

These equations also apply to the motion of the particle ab B, 
where £=0, ?; = 0. Hence when we expand in powers of £, i), 
all the terms independent of f, 17 must cancel out. We thus have 

dp dt dt ' dp f U / r' rt I „. 
(ft; ,d(dS .M idSV -Mr, I 

If the centre of gravity of the swarm describe a circle about 
the sun, we write r — a, d0/dt = n. The equations then become 

§f- 2 „g +( „- 3 „ f _oj 

2+-S+- -J 

Putting £ = ^ cos (jj( + a), ij — B sin (pt + a), wo immediately ob- 
tain the cletormii-i.am.ai equation 

Of-^ + 8nO(p»-/i)-4pS*-0 (4). 

The condition that the particles of the swavtn should keep together 
is the same as the condition that the roots of this quadratic should 
be real and positive. The left-hand side is positive when ft* = ± <x> , 
and negative when pr = p and pP = [i — 3n s . The required condition 
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is therefore /a > 3n 3 , Art. 288. The condition that the swarm is 

m M 

.•table )■.'•■ there/ ore -.-, >3^ . 

Unlets therefore the density of the swarm exceed « certain 
quantity the swarm cannot be stable. If the muss of the sun were 
distributed throughout the sphere whose radius is such that the 
swarm is on the surface, the density of the swarm must be at 
least three times that of the sphere. 

The path of tin: particle (,' when desciibmc; cither principal oscillation is 
(relatively to the axes B%, Bij) an ellipse with its centre at B. Substituting the 
values of if, ij in the equations of motion and usim; the quadratic, we find 
A_ ^-p A*_ 3 p" - it A 2 A 3 = I a 

B ~ - 2np' B''~ i p a ' B,B g ~ \ p. - 3n 2 ' 

fiinati n litss between the values of f-, the first equation shows that AJB, and 
A..jB i have opposite si^ns, i.nd accoidimjly the radical is negative. 

ft follows that thts oscillate: which corre:>p'>r.ds to the smaller value (if p ha-; 
the major axis directed alon;: Iff, while in t'ne other that axis is along By. The 
particle also describes ths. (ellipses in opposite di.rcel.ions, in the former case the 
direction is the same as that of the swarm round the sun, in the latter, the 

uppi ,ili\ 

I! the centre of jrvaviiv of the swarm describe an ellipse of small eccentricity, 
we may obtain an approximate solution of the equations of motion. Assuming 
the expansions = nt + 2e Bin nt + * e- sin 2nt, 

tie 



& (It ' 


.-. (-) =H-3eoosii( + 4e a + -|e s cos2«(, 




it is evident that all the co 
expressed in terms of (, :' 
unnecessary for our prese 
thai the equations become 


efficients of the differential equations (2) ca 
including all terms which contain eK It 
nt purpose to write these at length. It is 


is however 




(S), 


eX= 4 CT ico 


s nt-p-2en? sin nt y + lOen* cos nt£ + &e„ 




eY= -4enet 


s nt ^ + 2en? sin nt f + en" cos nt y + &e. 





As a first approximation wo neglect c.\", c!'. Comparing the equations ii>) and 
(3) we see at once that we shall have the quadratic 

{j>a-/* + n*(3 + &V)Hi> a -/. + 4n a « s }-Vn a = (6). 

'J' he i-'ii: il.it iuii thai the swart:', i- stuhle is then //,:■ it- [:'> !ei-t; .'. -, > -.-, (3-f-iii;-}. 

It appears therefore that :'/.',.' ijmdn.ul 0:>>i[iaiioii of n eu>:<et is mare pvoiiulile isliei.- 
the ti'n.jeetijrji in (liiptivni than /then it is circular. 
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As a second approximation, we substitute 'i = A cos (yt+a), -q = B sin |pl + a) in 

the expressions! A! ami 1". By AiL. iiO:> ll.o only imiJi-jrtan* terms jure those which 
become magnified by the jnociss of solution. These terms are of the form 
P cos [St + L) where \=p '■■)>. or p±in. Unless th<'rciure trie roots p, p' of the 
quadratic ((>) or (4) are such that p '■;>' is nearly equal to n Or 2«, the terms 
derived from X, Y remain re -ipee Lively of the order e or e 3 . This relation between 
(ho loois runroi occur when <■ is small. 

415. Tisserand's criterion*. When a comet describing a 
conic round the sun passes very near to a planet, such as Jupiter, 
its course is much disturbed. When it emerges from the sphere 
of perceptible influence of the planet, it may again be supposed 
to describe a conic round the sun, but the elements of the new 
path may be very different from those of the old. 

Since Jaeobi's integral (Art. 255) holds throughout the motion, 
the elements of both the conies must satisfy that equation. 

Let (a,-,, l„), (a l , lj) be the semi-major axis and semi-latus rectum 
before and after passing through the sphere of influence of the 
planet. Let %, i, be the inclinations of the planes of the comet's 
orbit to the plane of the planet's motion. 

Let the sun be taken as the origin of coordinates, and let 
the axis of £ pass through the planet P. Let r, p "be the distances 
of the comet Q from and P respectively and c = OP. Let M, 
m be the masses of the sun and planet, then, reducing the sun 
to rest (Art. 391)). we regard the comet as acted on by the resultant 
attraction of the sun and planet together with a force m/c s acting 
parallel to PO. The field of force is therefore denned by 

r p c* " 

We suppose that the planet P describes a circular orbit relatively 

to with a constant angular velocity n, where »i* = {'£ + m)/o*. 

The Jacobian integral take* the form 

. M m mP „ 

IV'-nA + _5 = <7, 

r p e 3 

5 Tisserand's criterion may be found in his Note sur I'intefiialc de Jacohi, el 
sur son application a la theorie lies comotes, llulh'thi Ar.trovomique, Tome vi. 
1889, also in his Me.caniqiic Odette, Tome iv. 1896. M. 0. Callandreau's addition 
is given in ike second chupi.cc of his I-Lriiili- «vn- In. throrio ilus eomctes pcriodi<Hies, 
Amiale.s dr. t'Ohnervatoire de I'nrU, Mcuioirrf, lb'J'2, Tome xs. There are also some 
investigations by H. A. Newton on the capture of eoiiiets by p'imets, espceiaily 
Jupiter, American Journal of Science, vol. xlii. pages 1.S3 and 482, 1891. 
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whore V is the space velocity of the comet and A its angular 
momentum referred to a unit of mass. Since (Art. 333) 

the integral becomes 
1 . /l„ mil &\ 1 .11, m/1 M 

where £ n ,p ; fi.^i, are the values of f, p when the comet is respec- 
tively entering and leaving the sphere of influence of the planet. 
We obviously have p t = p 1 , and since the comet does not stay long 
within the sphere, we may neglect £„ - f, when multiplied by the 
very small quantity mJM. Writing then n 2 = Mj<? as a close 
approximation, Art. 341, we obtain the criterion 
1 cos%v , ^_ 1 cosijV^i 
2«„ c \/c 'lai c \/c 

416. Tisserand uses this criterion to determine whether two 
comets both of which are known to have passed near Jupiter 
could be the same body. If the criterion is not satisfied by the 
known elements of the two comets, they cannot be the same body. 
If it is satisfied it is then worth while to examine more thoroughly 
how much the elements of cither body have been altered by the 
attraction of Jupiter. This must be done by using the method 
of the planetary theory arid is generally a laborious process. 

In Tisserf.nd's criterion the orbit ol Jupiter is considered to be circular, which 
is not strictly correct, 'I'his delect has l)i:en corrected by M. 0. Callandreau. 
Taking aoeouut only of the first power of the eccentricity he adds a small term 
containing thn.t eccentricity as a factor. Tins term, unlike those in Tissoriiiid'- 
eciterion, depend- on the manner in which the comer approaches. Jupiter. 

417. Stability deduced from. Vis Viva. The. Jaeobian integral has been 
used by G. W. Hill" to determine whether ihc moon eoald he indefinitely pulled 
!i.wny from the oovr.li by th>. d:.'tuvb!:ii; attraction of the sun. In suoh a problem 
as this, it is convenient to take the origin at the earth P and the moving axis of £ 
directed towards the sun (.). Reducing the' earth to rest, the moon Q is aoted on by 
(lii-i- m'J.'V along q'P anil 311c- parallel to OP. The Jacobiau cqaaiiou for relative 
motion, Art. 255 (3), takes the form 



a G. W. Hill's researches in the Lunar theory may be found ii 
■Journal of Mathematics, vol. I. 1878. 
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where p=PQ, r=OQ, c=OP and /i is the sum of the masses m, mf of the earth 
and moon. We treat the suit's orbit as chcular and put as a near approximation 
jff/e*=n s . Since p- — ;"■ — >r, this epilation becomes 

Since the left-hand side is csm.i ially positive, it : : ch ar that {lit ni-oiiiii particle (,) 
can never cross W;f surface defined hi/ eqiiatiio/ the righl-liand side, to zero., and can 
oidii move in tlio.te par!.-, of tptie.e in n'nicli the rif/lil-lu/iid ride <".•■ /.oxitice. Art. 299. 

If the initial circumstances of the motion make C negative, the right-hand 
Hitiis is always positive a:;i to'- H'snaiion suijplius no limns to the position of Q. 

TJ:u form oJ' :;ic siufaeo when C" i- positive Lias bocn rtiscus-icd by Hill. When 
f," exceeds, a certain quantity Hie surface .has ii.i general three separate sheets. 
The inner of these is smaller than the oilier two and surrounds the earth. The 
second is also closed but surrounds the sun, tin; third is not. closed. When the 
constants are adapted to the ease of :.;io moon, th;;t .satellite i- found to be within 
the first sheet. It must therefore always remain there, and if, distance from the 
earth can never exceed 110 c: put Lu rial radii, 'him-; (/..; ■.creidricilij of the earth'* 
orbit being net/letted, ire have a rigorous demonstration of a superior limit to tlie 
rodiua actor of the moon. 

418. Ex. 1. If the moon Q move in the plane of motion of the earth P and 
if also the sun is so remote that we may put — + i i ,,J — \t? I 1 + ^j 1 when the left- 
hand side is expanded in powers of £/c and tj/c, the bounding surface degenerates 

into the curve - + iw?P = G". It is required to truce the forms of this curve for 

P 
different positive values of C". 

The curve has two infinite branches tending to the asymptotes Jn>P=C". If 
C" is greater than the minimum value of W?+S« a f there is also an oval round 
the body S. If the particle Q is within the oval, it cannot escape thence and its 
radius vector will have a superior limit. If the particle is beyond either of the 
■■nimiti; branches, it cann:>;. cross thoiii ami tlie radius vector wi'.l have an inferior 
limit. The velocity at any point of the space between the oval and the infinite 
branches is imaginary. [Hill.] 

Ex. 2. A double star is formed by two equal constituents S, P whose orbits 
are circles. A third particle Q whose mass is infinitely small moves in the same 
plane and initially is at a distance from P on SP produced equal to half SP, 
starting with such velocity that it would have described a circular orbit about P if 
S had been absent. Show that the curve of no relative velocity is closed, and that 
tiro particle being initially wi;.;iii: that aw; a cannot- recede lmi.iinitely from the 
aoiractiDj: bodies S and P. 

This eininpie is discussed by Cocu'n-sc.o in ;.he <:oeiid.-\* Itnidn.-, 1892. He also 
refers to a memoir of M. de Haerdtl, 1890, where the revolution of Q round P is 
tiaced during ;wo revolutions ai;d it is shown thai at the end of the third the 
naetklc. is KAiodir.-; from A". 



s Since writing the above the author lias received Darwin's memoir on Periodic 
Orbits, Acta Mathematica, nxi. in whicl. the motion ot a plane', about a binary stai 
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Theory of Apses. 

419. When- the law of force is a one-valued function of the 
distance, ever// ajtsidol radios vector must divide the orbit sym- 
metrically. 

Let be the centre of force, A an apse (Art. 314). The 
argument rests on two propositions. 

(1) If two particles are projected from A with equal velocities, 
both perpendicularly to OA but in opposite directions, it is clear 
that (the force being always the same at the same distance from 0) 
the paths described must be symmetrical about OA. 

(2) If at- any point of its path, the velocity of the particle 
were reversed in direction (without changing its magnitude), the 
particle would describe the .same path but in a reverse direction. 

If then a particle describing an orbit arrive at an apse A, its 
subsequent path when reversed must be the same as its previous 
path. Hence OA divides the whole orbit symmetrically. 

We may notice that if the law of force were not one-valued, 
say F = /i[u + \/{u- — a-)}, where the apsidal distance CM. = a, the 
first proposition is not true, unless it is also given that the radical 
keeps one sign. 

420. There can be only two a.psid.'d distances though there 
may be any number of apses. 

Let the particle after passing an apse A arrive at another 
apse B. Then since OB divides the orbit symmetrically, there 
must be a third apse C beyond B such that the angles AOB, 
BOG are equal and 00 — OA. Since OC divides the orbit sym- 
metrically, there is a fourth apse at I), where 0D=0B and the 
angles BOC, GOB are equal. The apsidal distances are therefore 
alternately equal, and the angle contained at by any two con- 
secutive apsidal distances is always the same. 

has been more thoroughly studied, Taking a variety of initial conditions ho has 
traced the subsequent paths of a particle oi Insignificant mass. Some of the 
paths thus presented to the eye have such -ji:i;x;n:tli il a:irt iiaiiiLrkable forms that 
the paper is fall of interest. 
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!. l,o dc-'erih'i'i jluO'.u a 



431. Examples. Etc. 1. Show that 
centre of force whose attraction is a 
one-valued function of the distance 
unless that centre is situated on a 
principal diameter and is outside the 

By drawing all the tangents to one * 
arc EF of the cvolute we see that they 
cover the whole area of the quadrant 
ACB of the ellipse. It follows that a 
normal to the ellipse can be drawn 
timaigii luiy point F situated in this 
quadrant, and this norma.] does not divide the ellipse symmetrically, unless flies 




in d A oi 



mdB. 



, prt 



} oi mass hi be attached to a fine elastic string of natni al 
\, and lie with the string nnstretidied and one extremity 
unlal pl.tne; prove ihai, if projected at right angles to ilie 
the string will just be doubled in length at ita greatest 
[Coll. Ex.] 
■< projected from an apse with a velocity «, prove that the 
cording as the velocity v is less or 



Etc. 4. A pa] 

apse will he an apocentre or a pel 

greater than that in a circle at the same distance. 

422. The apsidal distances. To find the tqmdttl distances 
when F=/j,u n , and n is an integer. 

The equation of vis viva, viz. v* = C-~2j'Fdr, gives 

Let V be the velocity at the initial distance R, f3 the angle of 
projection, then 

F " = C + .^Ti (j)'"' h-VJismff (2). 

Thus both h and are known quantities, at an apse u is a max- 
min, and therefore duid$ = §. The apsidal distances are. therefore 

© , -»® , -A"- w+0 - < A > 

If an equation is arranged in descending powers of ('.he unknown 
quantity, we know by Descartes' theorem that there cannot be 
more positive roots than variations of sign. The arrangement of 
the terms of equation (A) will depend on whether n~ 1 is greater 



..(i). 
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or less than 2 ; but, since there are only three terms, it is clear 
that in whatever order they are placed there cannot he more than 
two variations of sign. The equation cannot therefore have more 
than two positive roots. This is an iimdiitical proof that there 
cannot be more than two real apsidal distances. 

433. If n is a fraction, say n = pj<i in its lowest terms, we write u—wi\ the 
indices of to are then integers and w and therefore u can have only two positive 
values. It is assumed that if q is an even integer the sign of F is given by some 
other consideration, fur otherwise .('' would not be n one-valued function of ft, 

424. The propositions proved in Arts. 420 and 422 are not 
altogether the same. The complete curve found by integrating 
(A) may have several branches separated from each other so that 
the particle cannot pass from one to the other. In 420 it is 
proved that the actual branch described cannot have more than 
two unequal apsidal distances. In 422 it is proved that when 
F*=/m n all the branches together cannot have more than two 
unequal apsidal distances.. 

If the force be some other one-valued function of the distance 
the complete curve may have more than two unequal apsidal 
distances. 

426. Ex. 1. If (^\ =A{u-a)(v,-b)(u-c) be the differential equation of 
an orbit, prove that the cential force is a one-valued function of the distance. 
Prove aUo that the curve has two branches ami three unequal apsidal distances, 
and rhat either branch luiv be described if the initial condition; are suitable. See 
Arts. 309, 441. 

Ex. 2. If the eentral force is (''=:;« 1! . where H>ii and the velocity is greater 
tii nn that from infinity, prove Lliat the apodal d.i:..;a;-.< : es lio bi-uvoen j> and q, where 
2/i. = )i i (n~l)<ji n ~ s and fc»=Cg*. [This follows from a theorem in the theory of 
nidations applied to equation (A) of Art. i'22.] 

426. The apsidal angle. To find the apsidal a-ntjle when- 
F=fiu n , where n< 3, mid the orbit is nearly circular. 

The equation of the path with these conditions has been found 
by continued approximation in Arts. 367 to 370. 

Taking the first approximation, we see by referring to the 
equation (6) of those articles that dujd9 is zero only when 
p0 + a = iw, where i is any integer. These values of 6 therefore 
determine the apses and the reciprocals of the two corresponding 
apsidal distances are c (1 ± M). The apsidal angle described 
between two consecutive apses is therefore irlp, where £J 2 = 3 — n. 
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Tohian tin; hv/her app> , oa.:i,m.atw)i..s, we nse the equations (12) 
and (13) in the same way. Theapsidal angle is therefore ir/p, where 

p = ^(3-n){l-£(n-2)(n + l)M% 
The reciprocals of the apsidal distances are very nearly c (1 + M), 

427. There ia another method of finding the apsirtal angle which is founded 
on a direct integration of the equations of motion"', tfeginriing with 



we have, us in Art. i : l->. 



fy .— , 



a'+Oj 



let u = a, w=b he tlir ro;ip:ocals of tin? inner and outer aps 

the right- hand side of the equation must vanish for tsieh of these values of ii, we have 

Eliminating h- and C we find 

\*tj A ' a"" 1 , fl 2 , 1 

To i".:id the apsidal angle we have to integrate the value of :!'} from u = b to a. 

To simplify the limits we pat a=c(l + M), b-e{l-M) and it = c (1 + Mx) ; the 
limits of integration art then it— - 1 to +1. Also si net' the orbit is nearly circular, 
we suppose M to be a small quantity. 

it now becomes necon-ury to i^pand A in pO'-vtis of .V. This may lie efa-eled 
by using some simple proiirriirs of determinants. If we subtract the upper row 
from each of the oilier t'.ve, the determinant is irraetica'Jy reduced to a determinant 
of two rows. Noticing that 
(l^M)™- 1 -(l + Mx.)<'-*= -(n-l)M(x^l) \l + CM{x±l) 



A^c'H-iJl/2(n-l)(3; 2 -l)|l + CJVf"^ + l) + &o., 2 + Jff (» + X)| 

|i+car(<i!-i)+&o., a+;w>-i)r 

Subtracting one row from the other and performing some evident simplifications, 
we find 

where -E^ae"-*" 1 HP (n -!)(«- 3). We thence deduce 



; ? a v%'" 



[ .{l-i(»-3) J U J; + ! ,V(«-2)J'; I (2.r'-« + e)}. 
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In the same way we find p. ft or si; mo reductions 

(„M_i..-. 1 l.(2j-.H(»-l)j:jl + A (»-2)(„-l|M«!, 
r.(:i!iri!iiii::in^ t':int (7 k . clK.r. those give 

_ = __„___ .jl_ 

The integrations can be effected at sight by putting ,r=sin^. Taking the 
limits to be $— ±4tt to mf.ke the a;i-c^ adiao;;LiO, wo ilmL li.a„ tho npsiiuii angle is 

„Z_ [i i (-^(-Hl jfJ 
J(3-n) 1 1+ 24 [■ 

428. Closed orbits. An orbit is described about a centre 
of force whose attraction is a one-valued- function of the distance. 
Prove that if the orbit is dosed, for all initial conditions within 
certain defined Hants, the lavj of force must be (lie inverse square 
or the direct distance. [Bertram I. Coinples liendus. vol. 77, 1873.] 

If the path is closed and re-entering it must admit of hoth 
a maximum arid a minimum radius vector. The orbit therefore 
has two apsidal distances and must lie between the two circles 
which have these for radii and their centres at the centre of 
force. By varying the initial conditions we may widen or diminish 
the space between the circles, yet by the question the orbit is 
always to be closed so long as the radii of the circles remain 
finite. 

K e [ires en ting the first approximation to the ceeip locals of the 
radii by c(l + M) the apsidal angle will be ir/p, where ^j can be 
expressed in some series of ascending powers of M. The orbit 
cannot be closed unless the apsidal angle is such that, after some 
multiple of it has been described, the particle is again at the 
same point of space and moving hi the same way. Hence p must 
be a rational fraction for all values of 21 -whether rational or not. 
The coefficients of all the powers of M must therefore be zero, 
while the term independent of M must bo a rational fraction. 

When F = jj.u n the series for p is (Art. 426) 

p = V(3 - n) [1 - & (n - 2) (n + 1) M* + &&]. 
Since the coefficient of J/ 2 must be zero we see that n = 2 or — 1, 
i.e. the law of force must be the inverse square or the direct 
distance. In either case the condition that v(3 — n) should be a 
rational fraction is satisfied. 

If we take the most general form for the force, we have 
F=u*f(u). We know by Art. 36S that the first term of the 
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series for p is, in general, a function of c, i.e. of the reciprocal of 
the mean radius. Since this can be varied arbitrarily the apsidai 
angle cannot be commensurable with it unless this first term, 
viz. o/'{c)//(c), is independent of c. Putting this equal to a 
constant to we find by an easy ink.'graiiort that /(c) = /*c m . Hence 
F=/j,u m+ *. The general case is therefore reduced to the special 
case already considered, 

429. Classification of orbits. The fores being F — n.u r ' it is required to 
classify the various firms of the orbit aerordiiuj to the. number of the apsidal 
disUeneer''. We suppose a to be positire and h not to be zero. 

AiTaiigiiii; the apsidai equation (A) (Art. 12^; in descending powers of w, it 
takes One or other of the three, following forms 



(sy-».CB) , -A**-"' +o - 



...(A), 



+ Cv>-' 



. _lI 



aecovaini; an n :■■■ 3, ;; lies between 3 and 1, and «-=!. 

The two Constants ^C 1 and fe determine the c '<('.';,';i and annular momentum ot' the 
particle, Art. 313. When these are given, we arrive, l>,y integrating (A), at an 
equation of the form ff + a—ffn). By varying the constant a we turn the curve 
round the origin without altering its form. It tbifows lliat when G and k ars 
hiioirn; Ike orbit is dcte e/ninid in fun:;- but net, in petition. The curve thus found 
may have several branches which are not connected with each other. One point 
on the eirbit ■must I'mrefore aise be given to dele, mine ti-.c value of a and to dining:'. -:s!i. 
the branch ae.tua.Uij described iij the particle. 

Any point on the curve being taken as the point of projection, we may regard :■ 
as the initial velocity. We thus have 0-—V-- I-',- or (i = v 2 - V- 1 , where V, is the 
velocity fvoni infinity, mid !',. the velocity to the origin. The first equation is to 
be tt-ed when T- in finite, i.e. when i:;--~ 1 ; the second when ]■',. is finite, i.e. when 
n<l. See Art. 313. 

430. Case I. Let the cien-e hare but ens apsidai distrmce. The right-hand 
side of the apsidai equation (A) nius.! change sign onee as u varies from aero to 
infinity. Hence, when «> 3, C is negative or /.mo, i.e. the velocity v is less than 
or equal to that from infinity ; when n lies, between 3 and 1, C must be positive or 
zero, i.e. the velocity n is greater than or equal to that from infinity. Lastly we 
see from the third form of the equation (A) that when ml the curve cannot have 
only one apsidai distance. 



" Xoriewei!. Sue li> trojeetoini dee-rite* son* l.'i:i[!i.in.:iu:e. d'une furei: centrals, 
Archives merla.nda.iKe>:, vol. xtx. lHS-i, dismisses the forms of the orbits, the Con- 
ditions of stability ana the a-ymp'.otie circles. Greenhill, On the stability of 
orbits, Proc. Land. Math. Hoe. vol, xsn. 1S8S, treats of the asymptotic circles which 
can be described when F-iai" for various values of u. 

18—2 
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These conditions be-ins satisfied, let u = a be the reciprocal of the upsidai 
distance, found by solving the equation (A). We then have 



(eM£)"=<— >*«■ 



where 0(u) cannot change sign us u varies from to 40 . Since <b (u) must have 
the same sign sis tin? highest power of w, its sign is positive or negative according 

Wi: no', ice thru if /■' is ,i fr;tctL>n, say ■,; — /)■■■), we veplaf-e flu- factor w-a by s«-i 
where w=w«, a=6«; Ait. 423. As in mast oases the force F varies as some 
integral power of the distance, it will be more convenient to retain the form given 
above. 

Since the left-hand side of (2) is necessarily positive, the whole of the curve 
must lie inside the circle u-.a if n>3, and must lie outside that circle if n<:3. 
Suppose the particle, as it moves round the centre of force, to have arrived at the 
apse. It will then begin to recede iVom the- circle and must, always continue to 
recede because dujde is not again zero. The orbit has there-fore two branches 
extending from the apse to the centre of force or to infinity according as n> or < 3. 
The apse is an Hpoceulru in the first ca.s« ami a perics-i it-re (as in a hyperbola 
described about the inner focus) in the second case. 

Tin: motion in tin neighbourhood oi I lie ap-e may be found by writing v. = {i. — j: 
and retaining only the lowest powers of ai. We then have 

{dtcjdBf^iAx; .'. u-a = A6*, 
where iAk 2 = 0(a). The path 1? therefore such that the particle describes a finite 
angle 6 while it moves from u=u to « = «. Since dOidi — hii- is finite, the time of 
describing tills huitc angle is also finite. 

431. Canes II, and III, To find the conditions tliiit tin.' re nioy be either two 
apsidal distances or >icne. The apsidal equation must have two positive roots or 
none. The condition for this is that the rig: it-hand .side of (A) must have the 
same sign when ii = and w = co. 

First. Let u^3, this condition requires that C should be positive and not 
zero. Tlic velocity at every point in:t<t therefore he greater thon that from inanity. 

To distinguish the cases v,e lind the inas-min value SI of the right-hand side 
by equating to zero its diil'ereiitiLil coeiiieient. We thus find 

— f (?)'-■ -EJ- 

Taking the second differential coefficient we find that M is a minimum when n>3 

We notice that when n =-3, the two terms of M have opposite signs and that 
we can make either pieaomiuate by giving h or C small values. Thus M may 
have any Sign if the initial conditions are suitably chosen. The path may there- 
fore have either two opsiJu! distances or none; there 'n-ill be tn:o if 31 is negative 
anil none, if M is positive. If il/ = G the apsidal distances are equal. 

Secondly, let ;5 ::- n :.-■ 1 . The fight- hand side of (A) cannot have the same sign 
when u = and tt = eo unless (', is negative. The velocity tit every point must there- 
fore be less than that from infinity. 
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Wj itii'i:'; as before 

we Shall prove that 31 is necessarily positive and has ?.cio for it.!! least value. Then 
since the right-hand side of (A) is negative when u = and w=eo and is equal to 
the positive quantity .V for some intermediate value, t!:ei\' mi«! it' leo (yitiVJu? 
distance* which cj:i he equal only when il/ = 0. 

To prove that M is positive, wo notice thai. M is len-st when k is greatest. 
Since k—vrsmji (Art. 313) this- occurs when h = vr, i.e. when the particle ig 
projected perpendicularly to the radius vector, Substituting this value of h and 
remembering that C-v'-V,-, we can see by a simple differentiation that M is 
again least when >:-= u.V" -1 , that is, when the velocity is equal lo that in a cirele. 
This value of ■?; is less than the velocity from infinity (h. being •■--.S), and is there- 
fore admissible here. Substituting this vaiue of v we find that the minimum 
value of M is zero. The value of M is therefore positive and is zero only when 
the path is a circle. 

We may also prove that the orbit has two itpsiaa.'. ilistancos ay observing ll.at 
since the velocity is insufficient to carry the particle to infinity, the orbit must 
have either an apocentre or must approach an asymptotic circle. In either case 
the ausidal equation aas ura pasitivc >eet and therefc-.c lias cnother. 

'I'iiirdhj, let 1>«. Since C~v 2 + P S we notice that C must be positive. We 

«~;®\~ w -in, 

we may prove in Lhe same way as before that .17 is least when ii = v-r and c'- — //. j>-"~ L 
and that then M— -— — r ,_ "v F, ! i by Art. 312. Thus M is always positive 
and the chit/: 7i«.s i<ra o.j;:-idoJ dJ.c!<//>.ces which can lie equal only in a circle. 

We verily tins result by noticing that since an mlinite velocity is required to 
carry the particle to infinity (n heing <1, Art. 312), the orbit must have an 
apocentre or approacjj a:i asymptotic circle, lhe ansiaal equation mnst therefore 
have two positive roots. 

432. It follows from what precedes that the c 
equation (A| can be without an apse only when n: 
extends from the centre of force to infinity. 

We arrive at (.he same result by noticing that if there is no apse, !h.e i:eioi:-li/ 
must be sufficient to cirri/ ;he partii-.h to uijinity. If 1>« this condition cannot be 
satisfied (Art. 312). If ?i>l this condition requires C to be positive and it is 
evident that the second form of the apsidi.l equation has then a positive root. 

It ilIso follows that there can hi: an nsympiolie c. : :eie only when «>3. For if 
the orbit be ultimately circular the constant .1/ mnst be zero, and this cannot 
happen when «<3 unless Lhe oibit is circular throughout. See also Art. 447. 

433. To find liin motion, ichmi the orbit j„,f tieo tq>*UI(d distances. If a, 6 be 
lhe reciprocals ol' ohjso distances, the acsida: (qnation (A) takes the form 



».(-)■.,„-.„.-„„.,, 
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where #(«) is positive or negative according as a> or <3. Since the left-hand 
side is necessarily posiiivc we see ;bat w cannot lie be'/.vecn the limits .11 and !> if 
$ (m) is poutiva but must lie between them if (w) is negative. The whole curve 
must therefore lie outvie tl.o annul us dcT.acd by lee circles « = a, w — h if n=»3, and 
must lie within that annulus if n<3. 

It appears that when jo3 the fall curve defined by the differential equation (A) 
contains two distinct branches, either of which can be described by the particle 
with the given energy .'.(-' and the given angular momentum h. These, being 
separated by the empty aunulus, an not intersect, so that when the point of pvo- 
jeclion is ;:ivcn the purlieu] i:v branch described by llv. particle is determined. Wa 
notice also that this branch has only ens apsidn! distance though the complete 
curve has two. 

When m<=3 the path of the particle undulates between the two circle" u = a, 
ii=i), touching each alternate;'.- and "nem;: dways concave to the centre of force. 

434. Case IV. To find the motion when the. apsiilal. distances are equal. 
The upsiiUl equation now takes the form 

The motion a; the particle approaches the circle u = a may be found by putting 
u — a + x and retaining only the luwc-it powers of x. We then have 

fc» {dxldey=$ (a) a 3 , .". u-a=Aer m9 , 
where m* = ${<i)jh". The particle therefore approaches ~™ limiting circle in an 
asymptotic path and arrives at the circle only when 8 = ra. Since dBfdt (being 
ultimately equal to ha-- is finite, the luce of describing an infinite number of revo- 
lutions round the centre of force is infinite. 

The criminous that the rifiht-hand side ol the a;isida! efir.a'jo 1 ; (A) may have 
a square factor and be positive are (1) the coefficients of the highest and lowest 
power? must he positive, and (2) we must have M—0, Art. 431. If «=>3, must 
be positive, i.e. the velocity at '•very point must he yrealcr than- that from infinity. 
If n<:3 the coefficient of the highest power of k is negative, ana there can be no 
ns-ijmpt-nlie circle. (See also Art. 432.) 

435. When «>3 and it is known that the path has an apse, we may prove 
that thai apse in a perieentre or ap'.se.entri: according as the velocity of projection is 
greater or less than the. velocity in a circle, o! the same, distance. Let v be the 
velocity of the particle, V.. the velocity in a circle at the same distance r, V 1 the 
velocity from infinity; then (Art. 313) 

V * = i^l*^' V **~£i< * s =*i a + c (*)• 

... vi-r^-Hn-tyVf+G (2). 

If r = )*[ represent any apsidal distance, we have at that apse v*lp=F, V^li\~F. 
At a perieentre the orbit lies outside the circle el radius r. , hence £=>?'! and 
.'. u 2 > P 2 a . At an apocentre the orbit lies inside the circle and v 2 < V^. 

It follows by inspection of (2) thai «(. a perkentre both sides of that equation 
are positive, and, sb.ieo J", decreases wheu ■■■ lnc:L:a.ses. both sides must continue to 
be positive as the panicle recedes from the origin. The particle also cannot arrive 
at a second apse, for this requires the left side to become negative. In the same 
way at an apocentre the two sides of ('2) are negative and must continue to be 
negative as the particle approaches the origin, The conclusion is that the velocity 
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at any paint is arcuter or i;:s» th-ui. Chat in a e:ire ! '.' ut the mm 
t-hi! path has a. pinieentre or apocentre. 

It follows also that tin: path descrihed cannot have hot 



43«. The following t-alj'c- sams up tin. poHfsiblc orbits when F^/at'K 
it>3, csF, {one apsi'bd distance, path inside the circle. 

u>F, (two apsidal distance*, path inside or outside both circles 
M negative ) according as v is -sots-Fj. 

u>r l Ino apsidal distance, the path extend; from the centre of force 
M positive ( to infinity. 

V> V x Ian asymptotic circle, appr^aeheii from ■-■- i:liin or from without 
M. — O ( according as v is -s or s-F 2 . 
B>n>l, »£F[ {one apsidal distance, path outside the eirole, 

«< V L {two apsidal distances, path between the circle. 
l>!t, v<V 1 ;two .iijisidii] distances, path between the circles. 
Here F 2 is the velocity isi a eirele at the distance of the point of projection. 

Ex. When the force /■'—//.i'" is repulsive show that the jiarh, if not rectilinear, 
has a, pericentre with branches stretching to infinity, 

437. The mot inn in I'm- n,;iahi,a\irh.ooii of thr origin is found by retaining the 
highest powers only of w. We thus have by (A), Art. 429, 



\dt) \de 



according a;; r>3 or <:-!. where {is- I.) B'' = 2ii. The first alternative give3 after 
integration, supposing the particle t;> be approaching the origin, 



The negative si:J,n in the >~frai:i alternative shows that, when m<3, the pan.ieie 
cannot reach the origin unless h = 0, i.e. unless tl.e path is a- radius vector, 

438. The motion at an hifhiite distant:,: front th-.- oriyin is found by retaining 
the lowest powers only of u. Wo then have 

[dt)- h [dd) - Cor -l-n 11 ' 

a e cording as n:=- or .= 1. The negative sign in the second alternative shows that 
when i«l tbft curve can have no brat: die* v-hicl". e:,o.:id to infinity. 

When C is positive, i.e. ■.'.hen the velocity r of ptojeetion is greater than that 
from infinity, the first alternative leads to 

ft(i*-«u)=- V?. r~r„=t^C, 

showing that when the particle travels from r-r u to infinity it describes a finite 
angle 9 round the origin, and that the time is infinite. The path therefore tends 
to a rectilinear asymptote win™ distance from the origin is -d6jdu — hj^G. 

If however C — 0, i.e. the velocity c of proiectioi: is equal to that from iniinity. 
the lowest existing power of a in the apsidal equation (A) is u 5 or w" _I . We 
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according as n>3 or a<3 but >-l. The first alternative shows that (except when 
k = 0) there are no branches leading to infinity. The second alternative, i.e. fi-=3, 
gives, supposing the pai lido le> recede fvom the origin, 

rP-r^^^-B, rV-r t *=Bqt, 

where («- 1] B*—%ii., p = -j (3 -re), 3 = J(j( + l). These equations shew that as 
the particle proceeds from v = r„ to infinity it describes a finite angle in an infinite 
time. The pa-til tends to a rectilinear asymptote at an infinite distance from the 

439. Stability of the orblta. Bef erring to Art. 436 we see that when n>% 

tlit! orbit extends to the iji;;:i;i or to m'ini'.y except when rho piLvfic-it; is approaching 
an asymptotic circle. The existence of such a circle depend* c;i the equality of the 
factors of the right-hand side of the apsidal equation, ami a slight change in the 
constants C. h n'.ay tender rhe factors unequal or imaginary. In either case the 
new path will lead the particle either to the centre of force or to infinity. Such 
arliiis mail be vaJUd unstable. 

When n<3 and the velocity of projection iess Hum that from infinity, the path 
js restricted to lie between the two circles u = a, w=6, and the values of a and 6 
depend on the constants C and h. Any slight disturbance will niter the values of 
these constants, in;:, the orbit wiil still be restricted to lie between two circles 
though the radii will not be exactly the same as before, Xuch vriilt* may be. called 
stable. 



440. Ex. Prove that any small decrease of the angular 
increase of the energy !,C will widen the annulus wiliiin which the particle 
moves; that is, will increase the oscillation of the particle on each side of the 

ci n:ral line. 



441. Apsidal boundarios wben F~f{tt). When the law of for 

so oral loin-.-; tbo ii.rgumont becomes more complicated. Lot F — i.l,,i; ; ', then 

Transposing the tcims, the apsidal equation is 

.!■(£')', 2S %. ,,.->- »W+0 (B), 



©'■ 



.(•-■0(.-«J... (»-«,)*(«), 

where a ls a 2 , ... are positive quantities mi-vanged in descending order, and rp («.) 
contains all the faclois v.- nob i.Lo not vanish between n = and u=.= oo . The factor 
.;, (m.) beeps one sign, vi*. thai of tbo highest power of >/.. 

Let us divide the plane of motion into annular portions by circles whose 
common Centre is at ll.it centre oi force and whose radii arc- tbo reciprocals of «, . 
a. Jt &e. Then since [diijrfQ]- changes sign when n passes any one of these 
boundaries, it is clear that the carve delircd by the differential equation (B) can 
have branches only in the alternate anuuli, the intervening ones being vacant. The 
space between u = nj and u—x being occupied or vacant according as <p\u) is 
positive or negative. 
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If the initial position of the particle lie between any two contiguous circles, 
the subsequent path is restricted to lie between these circles and touches each 
alternately. If the initial position lie outside the greatest circle or inside the 
least, the subsequent path must also lie outside or inside these circles and must 
therefore extend to infinity or to the centre of force. 

442. Next, let some of the factors of Ulo apsidal equation be equal, say 

(I)"- (S)"-i.-r/(.)*M. 

where /(«) has been written for the remaining factors. To determine the motion 
in the neighbourhood of tha circie u — a, we write u = a + x and retain only the 

lowest powers of ;r. We then have, supposing n<>2, 

where &=f(a)4(a), and k=£(to-2). The case in which m = 2 is discussed in 
Art. 434. We see that the eirele tt — a U asymptotic. '-The particle arrives at the 
eirele after describing an Infinite number of revolutions round the centre of foree 
and at the end of an infinite time. 

443. Let US trace the surface of revolution whose abscis.sa is r and ordinate 
z^Fr 1 , and let (he ordinate -.- be perpendicular to the plane of motion of the 
particle. We notice that this surface u independent of the initial conditions and 
that its form, depends saidy oil Cue hi.w of force. 

It is easy to see that the ordinate z corresponding to any value of r represents 
the squai'e of the angular momentum in a circular ornii dc^ci ilied with radius r. 
ft wili therefore be useful also to trace Llio plane whose ordinate is z = lf, where h is 
the angular momentum oi the oath described. 

l!,y describing circles whose radii are the absciss;e of the maximum and 
minimum ordinates of the surface, we may ilivide the plane of motion into 
.annular poilio.ii s in which the' function .•-- I'r is alternately increasing or decreas- 
ing out/iea rds fmm the centre of foree. These we may call the ascending or de- 
scending portions of the surface. 

444. If r represent any apsidal distance, wo have al the correspond in;: apse 
v-jp=F and. v-—!i,ii-; hence h- = Fpr i . At a pericentre tlie orbit lies outside the 
circle of radius r, hence p>r, and the angular momentum h of the path must be 
greater than that in a eirele of radius r. In the same way, at an apocentre the 
oibit lies inside the' circle, and the angular momentum h is less than that in a 
circle of radius r. 

Hefening to the surface z=Fr 3 , we see that a pericentral distance r = OA must 
have an ordinate A A' less thou, that of the plane. :: = li', and o:/t u po<:<: ntrn.l distance. 
OB mast hoce an ordinate. B.W arcater Chan that of Cnc plane. It immediately 
follows that if A, B are the pericentre and apocentre of the same path, both the 
points A', B', eu.ti.nat lie. on the same descend i:ai paition of the s-irfaee. This con- 
clusion does not apply if ,4, -Bare the pericentre ami an;, erau.se- of different branches 
oi the. complete curve; (Ait. 441) . 

Wo infer from this result that an annular space on the plane of motion (Art. 
443) in which Fr- decreases outward? lias this clement of instability, viz. that a 
par.h having both, a peria-.ntre and an. apocjiitre cannot in: >Ji;«:i-ib::d teithhl the space. 
If the path have a pei icentre the parties-; wi'.i leave- the space on its outer margin; 
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if an apocoitirc it will move out of the space on its irmcr boundary. We see also 
that when the pnrtido hits left the annular space it mas' proceed to infinity or to 
the centre of force, unless it come into some other external annular space in which 
Fr 3 has increased sufficiently to exceed the h- of its own path or into some internal 
space in which Ft z has become less than IP. 

445. Wo may also deduce this result very simply hum '.ho radial ;csolt",tini".. 

As the particle approaches, and parses an apocentre r increases to a maximum and 
decreases, be.uce tit-id! changes si;m hour positive to negative and d'-ridt- is 
negative. In the same way, when the particle passes a perieentre, ifh-jdC- is 
positive. It immediately follows that at an anticentre Fr'-^K* and at a perieontre 
JrV'<:h a . 

446. If the orbit have an asymptotic circle r = «, the angular momentum li 
must he equal to that in a circle of that radius, i.lenco lln: injuniMJ/t circle nuts! 
lie the projection of some one of the intersections of the. surface z — Fi 1 with the plane 
e = fe'; (Art. 443). 

As the asymptotic circle is itself an apocentre or perieentre, it. follows, as in 
Art. 445, that when the particle is approaching the circle from within !P~Fr'i& 
negative and ultimately zero. Hence Fr is decreasing ont.tro.rds. When the 
particle is approaching the circle front without if- - Fr- is positive and ultimately 
zero, hence Fr' is iueroashi;! intcri!*. In eitltei case it foitows that on';) those 
intersections w Air ft tin on a descends nt] portion of the stirftice. z-Fr can correspond 
to mojinptotic circles. 

As each descending portion of the surface can have only one intersection with 
the plane s — h-. thete cannot la; more asymptotic circles in:-: aeseemling branches. 

There may be fewer asymptotic circles tl an descending branches because two 
conditions are necessary that an asymptotic circle of given radius r—a should 
exist; (1) the angular momentum must he equal io that in the circle, and (2) the 
constant G must he such that the velocity at a distance r = u is equal to that in the 
circle, i.e. v' ! Ja — F. 

447. As an example, consider the force /■'.— .ait". If ■n:---'i, the surface z — Fi" 
has only a descentliiij? por'ion. there can therefore be one and only one asymptotic 
circle. Also the path described cannot have both an apocentre and a perioeutre, 
though differ cut branches of the same carve may have one an apocentre and another 
a perieentre. See Arts. 444, 446, 436. If n<3, the surface z=Fr 3 has only an 
ascending portion. Hence there eannos be an it sympatic circle, but the path Can 
have both an apocentre and a perieentre. 

44B. Ex. Discuss the properties of the surface Z=Fr-ifl, where the 

velocity v is a known function of t given in Art. 441. Prove that (1) the abscissa 
of its max-min ordiuates arc the same as those of the surface z = Fr i , so that the 
ascending and descending portions of each correspond (Art. 443) ; (2) each 
asymptotic circle must be one of the intersect inns of the surface with the piano of 
motion ; (3) conversely, if at any intersection we also have z= it", that intersection 
is an asymptotic circle. 

The first result follows from -£ = k^Z- To P rove the aecond and third we 
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notice thai when Z = i), the velocity U equal to thai in a oiitj-lo : and when z = ')-, the 
angular momentum is equal to oh at in a circle. 

449. Examples. Ex. 1. Find the law of furce with the lowest indes of n 
aitch that an orb i i. can be described having two Riven asymptotic circles whose 
radii are the reciprocals ol a and b, and rind the path. Find also the conditions of 
projection that the path may be described. 

Heferring to Art. Ill wo see thai the light-banti side ol the :-.osidiil equation (B) 
must be p. (u - of (« - b)K We then find 

F=/«t' (u - o) {u - B) (3m -o-6) + fiV, 
and the angular momentum nt projection must be *]n'. 

Ex. 2. Let F=iaP{(u-a)$u~a-li) + cu}, where F is the central force. If 
the conditions of project ion are such thai )■''■= ac and lire velocity . ,: when ii — n. is 

n 5 =/iM-, show that the path is — .'-(taiih 8)-, where ct 2 = 2 (n-ft). Show also 

that the curve has two infinite brunches tending to the ss.me asymptotic circle 
«■ = ([, with an apse at a distance l./o. 

A's. 3. A particle arrive- at an apse distant r from tlie centre of force with a 
velocity v equal to that in a circle .at the distance r. If the velocity be reversed in 
direction, will tin; pndicle describe Hie same path in a reverse order or will it 
travel along the circle? See Art. 419. 

At such an apse the radius of curvature ,-; of the pall, mas: jjc equal to j*. But 
since -—u+ - at any apse this requires that ii :! «/d(?--U. The apsidal equation 
(B) of Art. 411 must therefore have equal roots, and the apse is at the extremity of 
a path with an asymptotic circle. The pailiclc tlion.fore can never arrive at such 
an apse in any finite tune (Art. 442). 

If the particle lie projected from a point on the asymptotic circle with the 
given values of v and h it may be said lo describe either oiint, i ■. ir the deviation of 
one from the other is indefinitely small at the una of any iinile time. 

lionssinesq, Cnaji/m Ykutiv-i, vol. fii. 1877, consider; the eitouliLr :r.otion to hi, a 
singular integral of the (iifiereiiiLal equation, Korteweg and (jfcenhill have also 
d this problem. 



On the lav.; of force by which, a conic is described. 

450. Newton's theorem*. An orbit is described by a 
particle about a centre of force C whose law is known: it is 
required to find the law of force by which the same orbit can be 

described about another centre of force 0. 

* Newton's theorem is given in Prop. vii. Cor. 3 of the second section of the 
first book of the Prlncipia. The application to the motion of a particle in a circle 
acted on by a force parallel to a lixed direction fallows in the nest proposition. 
Sir W. R. Hamilton's paper, giviui: the law /''-v.r.'jA is in the third volume of the 
Proceedings af the Irith Academy, 1B4G, Villarceau in the ContiaiiSiince des Temps 
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284 FORCE IN A CONIC. [CHAP. VI. 

Let F, F' be the forces of attraction tending respectively 
to and 0. Let OY, OZ be the 
perpendiculars on the tangents 
at any point P;CP = r,OP = r'. 
Then since sin CPY=CYjr, we 
have 

Similarly F' = — -/f^ s , 

If we draw 00 parallel to OP, the triangles OPZ and GGY 
are similar, and 

OZ _CY IT h? c& 

OP~GG' ■'■ F ~~ K* r'*r ' 
If then F is given as a function of r, the law of force F' tending 
to any assumed point is also known, when we have deduced 
CG as a function of r and / from the geometrical properties of 
the curve. 

Ken Kim boring that the area A —\ht, we see that the periodic 
times in which the whole curve is described about and 
respectively are inversely as the arbitrary constants k and h'. 
By choosing these properly we can make the ruiio of the periodic 
times have an.ij ratio we please. 

We also notice that if the time of describing any arc PQ is 
known when the central force tends to 0, the area PCQ is 
known. Now the area POQ differs from this by a rectilinear 
for 1852, using Cartesian coordinates, arrived at two possible laws of force. 



Afterwards Darboux and Halphi 
proved that there is no other law 
the cocii-'Ji'iatcf' of hii point of appl 
of the Compter Rtndia, 1877. The 
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tigated two laws equivalent to these, and 

in which the central force is a function only of 

Their results may be found in vol. 84 

.nvcsti^aiioiiM of Dnilioux wei'c reproduced by 
tea to the Court dr. Mtcanique by 
• G-iuishcr in vol. I.!!) of the Monthly 
also gives the expression (MvW ffi " 
■I polar coordinates, while Halphen 
I differential equation of all conies: 
lently using geometrical methods. 
!mi in Gotd'V,: AHronomi-Ml Journal, 
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art. 453.] Hamilton's law of force. 285 

figure whose area can therefore be found. Hence the area POQ 
and therefore the time of describing the same arc PQ when the 
central force tends to can be found. 

451. Suppose the orbit is a conic, then the force tending to 

the centre G is F=p/r, and h — /Jf&.ab. It immediately follows 

h' s CG" 
that the force tending to any point is F' = -^- . — ^- . If, for 

example, is a focus, it is a known geometrical property of a 
eonic that G lies on the auxiliary circle and that therefore CG = a. 
We then have F' = n,'jr" i , where h' 2 = fj,'b s ja. 

452. Parallel forces. To find the force -parallel.- to a given 
straight line by which a conic can be described. See Art. 323. 

Let the point be at an infinite distance, then in Newton's 
formula PO and CG remain parallel to the given straight line 
throughout the motion. Also the length r' = OP is constant. 
The required law of force is therefore F' = /t. CG 3 , where /j, is 
some constant. 

If the direction PO of the force at P cut the diameter con- 
jugate to CG in N~, we have GG.PN — b' 2 , where V is the semi- 
diameter parallel to CG. The law of force may therefore also be 
written F' = A/PN 3 , where A =/jh\ 

To find the constant /j,, we notice that in any central orbit, 
the velocity being v = k/p, the component of the velocity per- 
pendicular to the radius vector r' is hjr'. In our case when the 
force acts parallel to a given straight line this component is con- 
stant. Representing this transverse velocity by V, the Newtonian 
y* 



453. Hamilton's formula. A particle describes a conic 
about a centre of force situated at any point 0. It is required to 
find the law of force. Taking the same notation as in Newton's 
theorem, we let F, F' be the forces tending respectively to the 
centre G and the point 0. Then (Art. 450) 

F' k"- OP /CTV v nv r tl 

f-¥cp{oz)> F=li - op > *-'*•* 

It is a geomotriei.il property of a conic that, if p and w are the 
perpendiculars drawn from P and the centre on the polar line 
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286' FORCE IS A conic. [chap, vr. 

of 0, —jty ■ ■*-* follows that the law of force tending to is 
F'—--- [ — ) /, where p and r' vary from point to point of the 

curve and hf, a, b and w are constant. 

If we write the Hamiltonian expression for the force in the form 
F'=/i'r'lp 3 , we see that the angular momentum h'=~jfi '.abjvr, where 
as before to- is the perpendicular from the centre on the polar line. 

From this we easily deduce the periodic time in an elliptic 
orbit. Remembering that the whole area is trab, the formula 
A=\h't gives as the time of describing a complete ellipse 

vV 

454. To find the lime of describing a.ny portion of the ailijisc 
with Hamilton: 's law of force. The coordinates of any point P 
referred to an origin at the centre of force with axes parallel 
to the principal diameters are 

x = a cos <f> —f, y = b sin — g, 
where <p is the eccentric angle of P and f g the coordinates of 
the centre of force referred to the centre of the curve. Then, if 
k be the angular momentum, 

hdt = tedy — ydto = (ab —fb cos <p — ga sin tf>) d<j>, 

.". kt = ab<f> — fb sin <j> +gacos 9S — ga, 

where the time is measured from the passage through the apse 

from which is measured. This, if required, can be expressed 

in terms of x and y, 

ht = ab(ji-fy+gx-ga. 
This result can be deduced at once from the formula A = \ht, by 
equating A to the excess of the area of the sector AGP (viz. ^ab<f>) 
over the sum of the mangles AGO, OCP. 

* The following is ;i sIloil analytical proof: f.e.t the conic bo Ax'-±Btf = l and 
let /, g be the coordinates of 0. The polar line of O and the tangent at P are 
respectively Afl; + Bgq=l, A^ + Bijii — 1. 

The perpendiculars' fron; P avid (./, v\r„ i> and 0'/,, are therefore 
_ 1 z &fx -Bay n7 _l -Afx-Bgy 

Tin; poiijendicvdtrs from the centre, vis. c and (..'1', :irs found by replaci!];; the 
:s by unity. It follows that p/OZ- w/CF. 
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ART. 457.] THE TWO LAWS OF FOECE. 287 

The time of describing an arc of a hyperbola or parabola ma}' 
be found by proceeding as in Arte. 348, 349. 

465. Examples. Ex. 1. Deduce from Hamilton's expression (1) the 
central force to tins tocos of a tonic, ami ['>) that lo the centre. [In the latter 
ease w and p arc boll 1 infinite in:t their ratio is unity.] 

Ex. 2. A particle describes an cllipso whose- centre is C under the action of a 
centre of force 1< iittiatod at it point 1.1 lis the major avis. If the tangent at P cut 
the major axis in T, prove that the force F varies as RP . (CTjRTf; 

456. The Hamiltonian expression for the force may be put 
into two different forms. 

First, we have the form F^ftr/p 1 (Art. 453). 

Secondly. Let OA, OB be two tangents drawn to the conic 
from the centre of force 0, and let PL = a, PM=$, PN=y. 
these being the throe perpendiculars drawn from any point P on 
the sides of the triangle OAB. By a property of conies we have 
a/3 = K"f, where k is a constant for the same conic. The central 
force may therefore be expressed in either of the forms 

op OP . |. 

F= *m=\PL.PM)i- [v=liK - ] 

Each of those expressions is a one-valued function of the 
position of P though their values are not necessarily equal except 
at points on the orbit. 

We 
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{Ux + My + Gf' 1^+^ + ^!' 

where a=D"-AO, y=DE-GG, p~E s -BG, and A is the discriminant, 

To prove this nc notice that the polar line of the origin is Dx + Ey + G = 0, £ 
that the ratio of the perpendiculars from the centre x, y and from the point P is 
■tB_ Dx+E y + G 

p ~ Dx'+tiy + G' 
If we refer the equation of the conic to the ceniic ;ls origin, it becomes 

A S ? + 2Cxj, + By*=-Dx-Ey-G=-yy r _ ^ - 
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Turning the axes round tbe origin let this become 

A'x'+B'y' = -Bx-Ey-Q, 
where by the theory of invariants A'B , =AB-O i and A' + B' = A + B. Since the 

conic is now referred to it.; principal diameters, we have n-6-= -'l i ,- ■■ 

It immediately follows fay substituting in Art. 453 that 

r '£r(5)'"' K - <p.+L,-H>r 

Since the equation of the conio may be written in the form 

G{Ax- + 2Cccy + By'>) + (T> :C + Ey + Gf=(Dz + F iy )\ 
the expression just obtained shi the force J-' may In: put by :i simple substitution 
into the second form. 

The straight lino? a/- ■■■'■iy-ct/ ■:■,%- — 1). when leal, r.^ss ihretvjrk Llie ori:'pi ar.;l 
make J)ii-i-7<J)/-|- (7 = 0. The;, ihoreiois i-ieet tin.' cjvvc at the points, where the polar 
line of the origin cuts it, i.e. (Jicst straight lines aye. the tangent* drawn from the. 

458. In the saiine way we may express /■' as a function of the coordinates 
x, y in a variety of different forms each of which gives the same magnitude for 
the force when the particle lies on the given conic. When these expressions for 
the force are generalised and supposed to hob 1 a; all points of space, they are not 
always one -valued functions of the coordinates. A law which gives several 
different values for the force at the same point may be set aside as altogether 
improbable. 

For example, we might deduce from Hamilton's law an expression for F in 
terms of i alone. To do this we find the distance p of any point P on the orbit 
from the polar line of the origin O in terms of the distance r of P from O. But 
there arc four points on the conic at the same distance y from the origin and each 
of these is, in general, at a different distance from the polar line. The expression 
for the central force J'' a- a function of r only will therefore have four values for 
each value of r. 

458. The First law of force. Supposing the first form of the llarnilLonfai! 
law of force to be extended to all points of the plane, we put F= — t , where rU the 

distance of any point P i Vow a j'imiI centre of foiee 0, and j) is the 'perpendicular 
from Pon an arbitrary straight lint, fixed in spare. It h supposed that p is positive 
when P and the origin are on the same fide of the given straight line. 

We shall now prove, that, if n paytir.le tie. pro/* ted from any point P in any 
direction PT, with any ve.lne.ity V, the path is a conic having 0, and the given 
straight line, for pole and polar. 

This follows from the results of Art. 453. It is obvious that we tan describe a 
conic to satisfy (1) the three conditions that it shall pass through P, touch PT and 
have such a radius of curvature that I"";.' is cav.ai to the norma; force at P, (2) the 
two conditions that the polar line ot O shall be the tr.veu straight line. We may 
aho prove that this conic is a real conic. This being so, the conic must be the 
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We may however obtain a proof independent of Art. 45i5 by in titrating the 

equation of motion. Let the origin be at the centre of force, and the given 

straight line be parallel to the axis of k at a distance e, then p = c-rsin#. 

d»U _ F _ n 1 _ p 1 

we nave &&i + «_ ; ..^ _ fta | ^ j3 _ ft2 -^ - -,-^, , 

To integrate this, pi;t ch = sin + cu'; 

<JV ,_ n 

■J'his is the diliovmlial equation of the path of a particle a<;Lc:d on by a central 
force F—ia'je 1 . Thia path is known to be a conic having its centre at the origin, 
Art. 325; 

.-. cW = A'coi?e + 2C'coa8£m8 + B'siB?e (1). 

Tin; polar equation of Ike required orbit is therefore 

(eu-einef=A'aM 1 e + 2Cooiewa.e+B'«iti}S, 

which when written in C.'tvtesii-n coordh-.a'es becomes 

Ip-tf-AV+Wii+BV W- 

Writing this equation in the form «7 s = o|8 where a, /S are the factors of the right- 
hand side, it is obvious that the polar line of the origin is the given straight line 

y=e. 

When the conic is given in the form (2), the constant- h is given by ^ = A'B' - CK 
To prove this we notice that h represents the angular momentum of both orbits. 
We have therefore by Art. 326 ftV/jw =»'*&'*, where a', b' are the semi-axes of the 
conic (1). We know by the theory of conies that A'B' - C' 3 = c*/a' 2 !>' 2 , the result 
therefore follows at onoe. 

When the conic is give:; in the general form of Art. 457, we find y^-A {--.) , 

Since the central force i; not a function of r only, it U not i-ohicrvativc and the 
velocity cannot be found without a knowledge of the path. In such cases we use 
the formula i> = fc/(OZ), see the figure of Art. 450: 

4BO. To clarify t!i,: jjrrf.ki eiccoediny to the sitpi of ft, the. law of force being 

i.et u. be pusitii:/- : the force is attractive and the orb!: concave to at all point? 
on the side of the given straight ;.:i"c near.-*;, to the cer.tie of force and the con- 
trary at all points on the far side. When a conic cuts the polar line of a point 0, 
the part of the curve nearest to O is convex ; hence ti,e co-hit dei s not cut the. polar 
line. It also follows that, the orbit may be an cllip-o or hypc.'.be/.a on the side near 
0, but must bo a hyperbola on the far aide. 

Let fi be nego.ti.ee; the force is repulsive end the orbit convex to O on the near 
side of the polar line while the contrary holds on the far side. The oonic may be 
iui ellipse or a hyperbola. 1-Sy drawing :. figure wo see thai iVio polar line must out 
the conie though, in the caso of a hype: bo '.a, the path may be the Other branch, 

461. Examples. Ex. 1. The conic As? + 2Cxy + By i + 2ey -c a = is de- 
scribed by a particle under the action of a central force V— -^ tending to the 
origin, where p — c- y is the distance of the particle horn the given straight line 
B. D. 19 
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[CHAP. VI. 



(1) {J(B + l)-C 2 }W=^e, 






From these equations, when the path is known, 
k and the two components of velocity; conv< 
the circumstances of projection are given. 

These equations follow from the precedi 
proof may be obtained by differentiating tb 
writing for d^xjdt 2 , dhjldt* the 
equations which may be transf 

Ex. 2. Prove that the co 
according as ii(2p-c)lp s -p** i 
cl the point r.i projection I'roni tin; polar line and \> the 

Ex. 3. If AxZ + 2Cxy + By 2 + 2Dx + 2Ey-i-G-0 is i 



1 the angular momentum 
u deduce the path when 



-!&(&, -M/P 3 - We tho 



by simple processes, 
ellipse, parabola or hyperbola 
igative, where p is the distance 

'lad initial velocity, 
conic described, show 



that the periodic time in an ellipse i: 
Ex. i. A particle is acted on by a 



)* 



JH \(AB - C°-)<M ' 
i central force F=u—^ tending to the 
p 

origin where r is the radius vector and _jj the distance i'roni n liscd straight line. 
Trove that the equation of the path is c/r=ainS+/(fl), where c/r=/(0) is the 
polar equation of the path when the force tending to the origin Is F = y uj*- a /o™, 
both orbits being described with the same angular momentum k. 

462. Tlie second law of force. Supposing the second form of the 
Hamiltonian law of force to be extended to all 
point:!! of the plane of motion, we put 

._„ of 




459. The result is 


that the path 
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If the force at i 


my point P gr- 


position of P only. 
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inhere PL, PM are the perpendiculars from any 
point P on tt'M Jb ■:<■:' str'iigl't iinrn 'J.I, OB, drawn 
through !he centre of force 0; Art. 456. 

Tlie form of the path may be obtained by 

following either of the methods described in Alt. 

is always a conic touching the given straight 

m by this formula is to be a function of the 

■posed to keep line sign throughout each of the 
en .straight lines OA, OB (supposed to be real), 
: clifipvent triangles. In any triangle in which 
x portions o: Ills' cen:o enn be described, while 
sible when the sign is positive. The force is 
t either of the straight lines OA, OB and the 

me of the force lo he given by tlie liivmuia, the 
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sign being taken at pleasure, arcs of both parts of each conic could be described 
by giving F the proper sign. 

463. Examples. Ex. 1, If the trilinear equation of the conic is ap=tr/ > , 
prove that ft a = - ivCK$ cosed* B where ?=/«*, 8 is the angle at the corner of the 

triangle occupied by the central fines;, ilikI c is the perpendicular from the centre 
of force ou the polar line AB. The negative sign shows (what is indeed obvious 
from the figure) that the force is repulsive on tire side of the polar line nearest to 
the centre of force, i.e. fi. is negative. 

Ex. 2. A particle is projected from the point I.' with a velocity V and the 
tangent GPU interstate the given straight lines. OA, OB in G and H. Prove that 
the lu'ChI equation of the path, referred to the triangle OGSI, is 



sJM+JfayH^ (<^z)=0, 



where I = GP, in -- IIP, A is the area of the triangle, 
of the path at P is given by F a /p=Fsin GPO. It follows that the conio is 
inscribed or escribed according as /■' is positive or negative, i.e. according as the 
fores is attractive or repulsive. 

464. There are no other laws of force besides 
OP _ OP 

FN ' (PL.PN)%' 
which, being a one-valued function of the ccoulruitc- [except as 1 rcr-ards sign), are 
such that a conk will be described w-ic.lt miy initial conditions. 

To prove this consider two conies intersecting in the four points A, B, G, D, 
which it is convenient lo take as veal. It follows from Hamilton's theorem that 
for points on any cno conio the force to a given point must be F^/a-jjf. Heuoe 
if the force ia to be one-valued, i.e. the same at the same point of space for all 
paths through that point, we must have at each of the four points A, B, C, D, 
<i''h.i.— =L- ji ' : 7;;', wlioio (j, ]/ are the perpendiculars on I'hti two pol.iv lines of 0. 

We now require the folio v. in;; gcomctiied lheorei:i : ". Jf two conies iritcrsecL 
in four points A, 11, C, T> and the ratios of the perpendiculars from each of these 
points on the polar .lines of a point i) are equal, then either the polar lines are 
coincident or two common tangents (real or imaginary) can lie drawn from O. 

In the former ease the common law of force I'ei the two conies is given by the 
first form of Ji', iu the latter cise by the second form. 

* Let the conies be, see Art. 457, 

ntf 2 + 2yxy + /V= (J>* + ■% + Gf, 
■'»■ + Sy'xy + py = (D'x + E'y + G'} 2 . 

Since Dx-~Fi'j J -O = 0, Ii'r- K'y + G' — are the polar lines of the origin, we 
must have at the points of intersection 

atf + Z-txy + pyt^mia-xt + Wxy + py). 
This quadratic equation gives only two values of yjx for the same value of ia. 
The equation cannot therefore be satisfied at four points unless either a, f), y are 
respectively proportional to a', §', y', or the four points lie on tw'O straight lines 
(say OAB, OGD) passing through 0. In tho former oase the two couics have a 
pair of common tangents, in the latter the polar line of is common to the two 
conies. This common polar line can be constructed by dividing OAB, OCD har- 
monica-lit in E, F and then joining EF\ 

13—2 
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Sinanlai- P oiiii j in- Central Orbits. 

465. Singular Points. It has already been painted out in 
Art. 100 that cases present themselves in our mathematical pro- 
cesses in which either the force, the velocity or both become 
infinite. Such infinite quantities do not occur in nature and if 
we limit ourselves to problems which have a direct application 
to natural phenomena these are only matters of curiosity. Never- 
theless it is useful to consider them because they call our attention 
to peculiarities in the analysis which we might otherwise pass 
over. The utility of such a discussion is perhaps shown by the 
differences of opinion which exist regarding the subsequent path 
of a particle on arriving at a. singular point*. 

466. Points of infinite Force. Let us suppose that a 
particle P, describing an orbit about a centre of force 0, arrives 
at a point B where the tangent passes through the centre of force 
and therefore coincides with the radius vector. At first sight we 
might suppose that the particle would move along the straight 
line BO and proceed in a direct line to the centre of force. But 
this is not necessarily the case. 

Supposing B to be at a finite distance from and the curvature 
to be finite, we see from the equations (Art. 306) 

p r' p' dt r' 

that both v and F are infinite at the point B. We shall also 
suppose that when the particle passes on the force changes its 
direction and reduces the velocity again to a finite quantity. 

At the same time the component of the velocity perpendicular 
to the radius vector OP, viz. rdSjdt, remains finite however near 
the particle approaches B. Since there is no force to destroy this 
transverse velocity, the particle must cross the straight line OB 
and proceed to describe an arc on the opposite side. 

■ The £ i u {.' ul :! rily of tlit motion wiien [lie pjiriiclu iie.Heiibcs a circle about an 
external ceritie oi' force is discussed in L ? ! osv's XmIi/h, IS.'I and ls03. The same 
result is independently arrived at by Sylvester in the PML Mag. 186f>. Other 
cases are considered by Asaph Hall in the Mrwiiaer "J M'liiiniiitfLcx, 1874. There 
are several pupcr* sUso in th« llidli:ti-it u- l-.i .wi'iiic" Mai.l.'hihiti'itv: <k Ifraw.e., suuh 
m GaBohesn In vol. s. 1881, and Lecornu in vol. ssn. 
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467. To simplify the argument, let us suppose that the 
particle describes a circle about a centre of force external to 
the circumference. By Art. 321, the circumstances of the motion 
arc given by 

(H-6y' 2(r*-b*y» n 8a 3 ' 

where b is the length of each of the tangents CB, OS' drawn from 
to the circle. 

Describe a second circle having a radius equal to that of the 
given circle and touching OB at B on the opposite side. If a 
second particle-, properly projected along the second circle, arrive 
at B simultaneously with the given particle P, but moving in 
the opposite direction, both the velocity v and the transverse 
velocity h/r of the two particles will be equal and opposite each 
to each. 

If the velocity of the second particle he reversed, Art. 419, it 
will retrace its former path in a reverse order and this must be 
also the subsequent path of the particle P. 

The particle will therefore describe in succession a series of 
arcs of equal circles. The points of discontinuity at which the 
particle changes from one circle to the next lie on a circle whose 
centre is and radius OB = b, and the successive arcs are alter- 
nately concave and convex to the centre of force. The particle 
will thus continually move round the centre of force in the same 
direction in an undulating orbit, but the curve will not be re- 
entering after one circuit unless the angle BOB is a submultiple 
of four right angles. 

The same arguments will apply to other orbits. . When a 
conic is described about an external centre of force as ex- 
plained in Art. 462, the particle by a proper projection can be 
made to describe either of the arcs contained between the 
tangents drawn from 0. On arriving at the point of contact B, 
it will cross the tangent and describe an arc of a conic equal to 
the undescribed are of the original conic. 

468. Ths particle arrives at the centre of force. When the particle P 

arrives at the centre, of force in sl fim'.c time, 1.1: n delcru dual ion of the subsequent 
path presents some other peculiarities. 

I.i'i 'nj; first !::o Noivteniar; en*- In v.- j : i i : "h the fini/lidc d( scribe;?", a circle about a 
venire of force on i-Ls rircurofcrenpi'. ivi: notice ii.a'. ti.o transverse velocity «/)■ (as 
well as the Telocity v) becomes infinite at 0. To understand how the particle can 
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have an infinite velocity in a direction perpendicular to what is ultimately a 
tangent to the path, we observe that, since 'iap = r", tlie transverse volority 'air is 
infinitely less, than [lit; lander. th'J voice: '„y /.■ / ;■ ■ . 

When the particle bus passed through the origin, the central force, changing 
its direction, reduces the velocity again to a finite quantity. Meantime the 
transverse velocity cimaes th.fi piirticic across the tangent to the circle. By the 
same reasoning as before, the subsequent path is an equal ciielo which touches the 
original circle at the centre of force. On arriving a second time at the centre of 
force, the particle returns to the original circle, and so on continually. 

468. One peculiarity of this case is that the radius vector of the particle 
while describing the second circle moves round the centre of force in the opposite 
direction to that in the first- circle. Let P, P' be two positions of the particle, 
equidistant from the centre of force, just before and just after passing through 
that point. The transverse velocity being unaltered the moment,'; of the velocity 
at P and P taken in the same direction round are equal and opposite. Since 
this moment is r-ddjdl, it follows that at the point of discontinuity h changes 
its sign. 

470. When the particle moves in an equiangular spiral aljout a centre of 
force whose law is the inverse onto, it describes an infinite number of continually 

decreasing circuits and arrives at the centre of force at- the end of a finite time, 
Art. 319. The subsequent path is another equiangular spiral, Art. 357, having 
the same angle. To determine its position we consider the conditions of motion 
at the point of junction, 

Let us construct a second ciciui^ lirrnl £i i - spirnl obtained from the first by 
producing each radius vector PO backwards through the origin to an equal 
distance OP'. If two particles P, /■'' describe these spirals so as to arrive simul- 
taneously at the centre of force 0, the particles are always in the same straight 
lino with 0, and at equal distances from it. Their radial and traosver.se velocities 
are also always equal and oeoosile each u> eacii. if the velocity of F' he reversed, 
it. will retrace its former pail", in a reverse order, and this must therefore be the 
subsequent path of P. 

On passing the centre of force the particle will recede from the origin and 
describe the spiral above eonsti aclcd. We notice also that the radius vector of 
the particle moves round the centre of force in the opposite direction to that in 
the first spiral. 

471. Limiting Problems, We may sometimes simplify the discussion of 
some singularities by replacing the dynamical problem by another more general 
one of which the {:ivon problem is a limiting case. But the use of the method 
requires some discrimination. For example the motion of a particle attracted by 
a centre ol force at a point, whe.se law of I'orce is the inverse cube, may in some 
cases he regarded as a iimii cf the motion when the particle is constrained to 
move in a smooth fixed plane and is attracted by an equal centre of force situated 
at a point C outside the plane, v. here CO is perpenaicrdar to the plane and is equal 
to some small quantity e. The method requires that the iiniitiin: motion should 
he the same whether we put the radius vector r — first and then c = 0, or c = first 
and then r = 0. We know by the p:inaiplcs of the ri\:i'eicuria) calculus that the 
order in which the variables r and e assume their limiting values is not always a 
matter of indifference. 
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The component of force in the direction of the radius vector PO is jir/f^ + e 2 ) 2 
when the centre of force ia at C, and is /j.jr' J when the centre is at 0. As long at 
the particle is at a finite distance from the origin, these components are sub- 
stantially the same, but when the particle in in the immediate neighbourhood of O, 
the former is //.rjc* and therefore zero when the particle passes through O, while 
the latter is infinite. 

In the former ease, though the orbit at a distance from is very nearly an 
equiangular spiral, ii become-:; elliptical in the neighbourhood of 0. The force is 
not sufficient to draw the parti&le into the centre; the path has a perieentre and 
the particle retires again to an infinite distance. See also Art. 322. 

472. Examples. Ex. 1. A particle describes one branch of the spiral rd = a 
under the action of a centre of force in the origin (Art. 358). Show that after 
passing through the centre of force it will describe another spiral of the same 
liind. obtained from the first by producing each radius vector backwards through 
the origin to an equal distance. 

Since the tangent to the curve is ultimately perpendicular to the radius vector, 
the two brandies of the spiral may have a common tangent, and it might therefore 
be supposed that d'.e particle would describe the second branch. But this argu- 
ment requires that the particle should no:, pr-ys through 'he origin, so that the 
radial velocity dridt [which :? known to be constant) lias its direction altered with- 
out any c)is.n;ji) in rhe direction of the force. 

Ex. 2. A parti eli (IcHor-ibes an epieyehhn wilii Lrio centre of force in the centre 
of the fixed circle (Art. 322). Supposing tins force to become repulsive when the 
particle enters that ciiele, shew mat the path o;i pas-ing The cusp is a hypocycloid. 

Kepler's Vr-Mem. 

473. A. -particle describes a.n ellipse about, a ventre of force in 
one focus, it is, required to express in, series lite two anomalies and 
the radius rector in terms of the time. 

If we require only the first few terms of the series it is 
convenient to start from the equations 

>"f = V{/»(1 -<?)!. iS^.l + .oo.. (1), 

where v is the true anomaly. Eliminating r, we have 



V ('" 



^a+ecosv)-* 



' a*d0 

= (1 — f e 2 + &c.) (1 — 2e cos v + 3e 5 cos 2 v - &c) 
= 1 — 2ecosB + |e 3 cos2« + &c. 
Remembering that v = 8 — a, where a is the longitude of the apse 
nearest to the centre of force, we have 

n (-f e = (?_2esm(0-a) + |e s sm2(f?-a) + &c (2), 

where n 2 = fija\ 
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We notice that when the planet makes a complete revolution, 
increases by 2tt and that the corresponding increment of ( is 
2-n-jn. It follows immediately that n represents the mean angular 
velocity, the mean being taken with regard to the time; see 
Art. 341. 

The equation (2) may be extended to higher powers of e, and 
therefore when e is small it may be used to determine the time 
of describing any angle 6. 

474. To find in terms of t, we reverse the series. Writing 
it in the form 

= nt + e + 2e sin (0 - a) - f e 2 sin 2(6- a), 
we have as a first approximation 

= nt + € ; 
a second approximation gives 

= nt + e + 2e sin (nt + e~a). 
Writing v = nt-\- e — a, a third approximation gives 

— a = v n + 2e sin (v„ + 2e sin v„) — \e" sin 2i\ : , ; 
.-. = nt + e + 2e sin (nt + e - a) + Je 3 sin 2 (nt + e - a). . .(3), 
and so on, the labour of effecting the successive approximations 
increasing at each step. As the eccentricity of the earth's orbit 
is about 1/fjOth it is obvious however that the terms become 
rapidly evanescent, 

475. For the sake of clearness we recapitulate the meaning 
of the letters in the important equation we have just investigated: 
8 is the true longitude of the planet measured from any axis of 
as in the plane of the orbit ; a is the longitude of the apse nearest 
the centre of force or origin; n is the mean angular velocity, the 
mean being taken with regard to time for one complete revolution: 
e is a constant whose magnitude depends on the instant from 
which the time t is measured. 

To define the epoch e. Let a particle P a move round the 
centre of force in such a manner that its longitude is given by 
the equation 0„ = nt + e. It follows that this planet moves with 
a uniform angular velocity n and has therefore the same periodic 
time as the true planet P. When the radius vector of the particle 
P passes through an apse a — a and therefore nt + e — a is an 
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integral multiple of ir. It immediately follows from (2) that 
= nt + e, Hence the radii veetores of the two planets coincide 
when the true planet passes through either ap.se. The definition 
of P„ may be shortly summed up thus. 

Let an ititwiliiavii -planet move round the centre of force with 
a uniform amjulo.r eelocit;/ in- the same period as the trite planet 
and let their radii vectores coir* tide at- one apse and therefore at the 
other. This plv.net is vailed the D ynamical Mean Planet . Its 
longitude tit lite lime t — is the constant e and is called the epoch. 

476. To express the mean anomaly and radius vector in terms 
of the time. 

Since both the mean and true planets cross the nearer apse at 
the time given by nt + e = a, the mean anomaly may be repre- 
sented by m = nt + e. If u be the eccentric anomaly we have by 
Art. 342, 

u = m + e sin u. 
Proceeding as before we have for the three first approximations, 
u — m, u = to 4- e sin m, 
u = to + e sin (m + e sin m) 

= TO + eainm + ie a siti 2m (4). 

Again, as in Art. 343, 

r — a — ex = a — ae cos « 
— a — ae cos (m 4- e sin to) 
= a{l-ecosm + £e i! <l-cos2m)} (5). 

The secies for the longitude and rrdins vector rive given here only to the second 
power of the eeee::ii-iu:ty. Liiplueo in Llic Jh'-iiuiiitiic Ct'h.:!e (page 207} and 
Delaunay In his Theorie de la Lunc (vol. i. pages 111 at;d ri.Tj pvc the scries up to 
the sixth power. Stone hes eim'.inued die expansion np to the seventh power in 
the Astrtmumical. A-rifes, 169fi (vol. wr. page 110). Glaishec has given the 
expansion of the eccentric anomaly up to the eighth power in the Attronomical 
Nutice.', 1877 (vol. sssvii. page 445). 

477. When the eccentricity it is vertt veoriy eqv.td to ttitittj. as in the ease of 
some comets, the formulas giving the relations between I. and e- must be modified, 
Starting as before (Ail. -ITiii ;'ro::i die e;ii,iLikins 



e put the perihelion distance a (1 - t) = j>. 

. i, _ ( ■ n-Mi>* 
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Let (l-e)l{l + e)=fmA put tnu Jc = i for the sake of brerity; 

■■■'v p f ~; (!+*■)■ 

=*4M^?) +,/I (M)-««- 

When v is given this formula determines the lime ,' measured from perihelion. 
It' / is Bmall the term indepemlsnt ot ; is the one ronuiving the most arithmetical 
calculation and this can be abbreviated by using the tables constructed for that 
purpose; see Art. 349. Conversely when ( is given and v is required the same 
tables give a first approximate value oi te. Representing this by tanjw, it is 
usual to expand the correction v - a in terms of a in a series ascending in powers 
of /. 1'or these formula; we refer the reader to "Watson's Astronomy and Gauss, 
Theoria, &e. 

.c anomaly is given, the true and mean anomalies and 
d by the equations 



v /1 + e 



ta I-*/TT-. to 5 W- 



T-*-tmmtp-a«m4 [2). 

When jii-.y (.me es: the other ;[ua!.tiLies is Ui>u:i us tin: Ludi: [.■ c J \ l!o 1 1 L variable. t\:i: 
cmTesTJOi.dmg equations c'tU be deduced iVom these in the form of series. Two 
methods are used to find the general term of these series. First we may have 
recourse to Lagrange's theorem, via., when 

" hi dz-i 

where Li — 1.2.S...i, and the 2 implies summation from ! = 1 to oo . By the 
second method the general term is impressed by a d;;'i:ii':e invc^val ivhicli is usually 
n Vessel's function. 

479. Lagrange's theorem. To express the. eeeeatrie anomaly u and the 
ra/Ji.as w:toi r in term* of the time. 

Since u—ra + e sin u. we have by Lagrange's theorem 

Tlitj expansion of (sin in)' ill cosines of multiple; angles when i if even and in sines 
when i is odd is given i:i Looks en ir^oiiomeUy : (soo Hoi;:-c.ivs '!'ri : t<>i:ovietiij, Art, 
52]. The (i- liili dili'oreiilial is always a scries of sines and is easily seen to be 

In the same way, expanding cosu by lagrange's theorem, i.e. writing f(y) =C08!/, 
we find 

jj-la-iaoiiiB-iMiM-t-Z-^-gp <■*>»)*•«, 

where as before Z implies summation from ! = 1 to to . 

480. BeHsal'a functions. We sh.i'l now briefly examine the =ecemi-l method 
by which we express the general term in a ilelinitc integral. We know by Fourier's 

llicorem that wo tan ei'pand a;iy ii;:intio:i o in:) in a ^o-ric-s of the form 
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which holds far all values of vi from -w to +ir. If also •j>(m) is a periodic 

function having the period ivr. "■:>■ cxpan^oe wl'.I hold :■;:;■ ali values of m. If 
if- (m) does not change sign with <." we snaj' onii! the Keeoiid line of the expansion. 
while if H does change sign ivii.li m, we omit the first line. 

To find Ai-vre use Fourier's rule; multiply both sides by cos vw and integrate 
from mi= - w to +ir. Remembering that 

we find ™ " W> 

j<p (ra) oos imdm^irAi, \$ (tti) dm = 2jr.4 . 

Similarly multiplying by sin p'ih and integrating between the same limits, we find 

\'p{m)i\uimdm = Tli l . 

481. To expand u~m = esinuin a series of tines of multiple* of n. We put 

u-m=ZB l maim; 
:. irB( = J(u-m) sin im dm, 
the limits being m = -v to v. Integrating by parts, 

The integrated part is zero, for u and in art! equal when u= ±tt. We thus have 

«■{£( = Jens ■(" j;t !■!«■- lens imrini. 
The second integral is Kero ; substituting hn- vv its value in terms of u, 

rffi,=Ja<»{ (u-enwu)du. 
This definite integral when taken behvoen the limits and it is written irJ^ie). 
We have 

ii=m + 2£ 4 simfm, (B^aj.fw). 

482. The series thus obtained is convergent, for 

„„ f<iu , . . d» . . fd% . . . 

T(-Ji.= I - - (I -11! IJJJ - Sill I 111 I - -- Hill Pi,; I1M, 

J dm dm j dm' 

The integrated part vanishes ai both the- limits m— ±?r. Also 



T ' " rf«! 2 (1-CCOSli)^ 

arid since i>-=l, it is clear that d-u' : d;:r has a mnneiicid maximum value; let this 
be k. Since sinim<l, it follows that rf-fi, is numerically <2kir. The series is 
therefore at least as convergent as Sl/i ! . 

483. To compare the two e.rpmniom of u-m. In the Lagrangian series the 
terms are. eolleeied according to the powers of c, the coefficient or' e' being a series 
of the sines of multiple angles. In the Kerbs v.-illi liessel's functions the terms 
are arranged according to the multiple angles, the coefficient of sin im being a 
series of powers of e. 

The series for v,-m is really a double series containing both lri;tonometnca'. 
terms of the form sin im anil also powers of <>. If the terms are collected and 
uiT.r.igcd aiKoiaiu;' lo ;1 c niullipk cai-M.H, it i'c^o'.vs :i~?i: win-; precedes, thai G<c : >; 
coefficient Ilj is a convergent series, and that the series of coefficients E l7 £,,, &e, 
also form a converger.; series, provianl the eccenti icity -.: is less than unity. 

But If the series i3 arranged according to the powers of e, the positive and 
negative terms arc added n;g( ther hi a diiloicn'i v.ay. It mar then be that the 
series of coefficients of e, e", Ac, are only made convergent by more limited values 
of e. The condition of convriguicy is given in Art. -1S3. 
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484. The expression for J;, may be written 
mB l =$<nBiu.{l-lih*am' i u + &e.)du + fanin.{iesinu-&e.}du. 

II' wo expand sin s H, sin'ji, Ac. in cosines of multiple angles and remember that 
jeosiwcosi'ttiiu = 0, wo see that every terra in the first integral will be aero in 
which the power of e in less than i. A similar remark applies to the second 

integral. Hence tin: luii:i:,il juvew <)/ e winch t:r:couu>{tttii-x the. ti-rm si it im is e. 

485. To express rja = l-e Cosu in a series of <asiii.es of umltipUs of m, we put 

-eooB«=.d +24,oo8imi 

where the limits of integration are tre= - jr to ir. Integrating by parts to change 
dm into dit, we have 

iriA t = -e eon acin hn- e\fiu ;m sinwdu. 
'.I'liu integrated pari vanishes between the limits. Writing tit — u-es\an, the 
integral becomes 

7rL4,= -efaini(u-eBrnu)siniMto 

nt«/<M{{< + l)«-fcrin«}fc-iiJm{(f-l)*-fciin«}*i 

Similarly 27rJ = -«Joos»d»»= - ejeos tt . (1 - e cos it) <I«. 

Integrating between limits u= - jt to r, we find A„=Je s : 

486. That this scries is Ci'j;ivoi , :""it r:i,vv be poy-eii in the same w:;y r-s before. 

We have 

ni-Ai=~e — ,--" dco-,iiii — c I — ,-','-'■ co^-iindm, 
j dm J dm* 

by integrating by parts. Since u = m + e sin u, we find by diligent iati on 

— , ■ „ — ,- i. This has obtiouslv a maximum value, say k. Then since 

dm? (l-ecos«) s 

Boatnxl, ui'i, is numerically less than irke, and the series is at least as con- 

vei-gent as 21/( a . 

487. Examples. Ex. 1. Prove cos mi =2 A : cos im, sin <u = ZB i sintm, 
where U i =it(J'i_ I (ie)-J' f+JI (i"e)J, iJ3 t =« {J t - K [ie)-i- J^iie)} and k is not equal to 
unity, nnil the summations extend from i — 1 to to. Also J_ gl (s) = (-l)"J' ) ,(a;). 

Since t7'_ 1 ,(-.r) = J„ (:r), these series may be written 



where X implies summation from i— - ;o to +to , and the term Jj_, ('«)/;, when 
i = 0, is - ^c or according as a is equal or unei|ual to unity (Art. 4Soj. 

Since the Cartesian coordinates, referred to the Centre of the ellipse, are 
# = (!cosj:, i/ = iishi ii, we d'.duce Ihe exr.ansiov.s u:' tiie-io In terms of the mean 
anomaly by putting k— 1. 

Es. 2. Prove that «./?■- 1 -l-'Ji../,- (if) cos <>, whore the summation catenas from 
i = l to ». 

This follows from u/i' = du/tfm ; see Arts. 343, 481. 
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Ex. 3. Prove thill i: = m - XC\ sin im, where 

C| , yg-.1 j- ....(.-.^ a) |iai 

Proceeding as bofoie wo find iriC t = J ryjs im (i!v ■ -dm); substituting for dvjdu, 

the result follows. Alao by ii;ti.""i:'!i:-" ii;.":in by parts, we can prove that this 
series is at least as convergent as Zlji 2 . This integral is given by Poisson in the 
Conmtimanee ties Te>i>2>*: 18525. 1830. See also Lapluiw, vol. v. and r.e-fovt, LioavHie's 
Journal, 1346. See also Art. 343. 
J5at. 4. Prove the expansions 
i (*-«) = 
*(«—) = 

[Laplace.] 

In tan £tt = /itan !,-«, where .u- = (1 ■■■t);'il - c), s-.itsli! .ito lac e-iponcnlial values of 
the tangents, solve for «("-*) ^ _1 and take logarithms ; the results follow easily. 

Ex. S. Show that m=v + 22 i ^-{l + i^{l-e'*)} sin iv where £ implies sum- 
mation from f = l to m. 

We have from ;ju: ;;c;)ine'.;i;:id nioaiiin;; of «, r sin r — <■ sin-N (An. 342). 

Expand, substitute in Jii = (i-csin it, remember in;; On: theorem in Ex. 3, the result 

follows. This is T1s:juj:!;ivlL':j pieol' ol .La-placi. 's Iheoivjii, JUm. Cib-str, piiie '12:). 

4S8. Convergeney of tne series for r and 0. f.ap.laeu lvas the first lo prove 
that the expansion? of Lhc radius- veetoi and eilh; aaomaiy in terms of the time 
and in powers of the eecenti'ic'ty i.vo not convergent for all values of the eccen- 
tricity less than unity (see Arts. 474, 4TG). He showed by a difficult and long 
process that the condition noecssaj-y for the- convergence of both sories is that the 
eccentricity should bo loss than -56105. ''lee-, Ce.i^fe. Tome v. Supplement, p, 516. 

This important result was afterwards contained \r, Canchy, Exerehes <V Analyse, 
&e. An account is also given by Moigno in his Differential Calculus. The whole 
argument was put on a belter foundation by Rendu; in a memoir on Lagrange's 
series in the Journal Polyteehmque, Tome mi. The process was afterwards 
further simplified by Hermits in his Conn a la FacuM dss SeUneen, Paris 1866. 
In these investigations the test of convergeney requires the use of the complex 
variable. The latter part of the method of Bouohe may be found in Tisserand, 
Me. Celeste, Art. 100, and is also given here. 

4B». The theorem arrived at may be briefly stated. Having given the 
equation z = m+x<t>(i) we have (1) to distinguish which root we expand in powers 
of x, (2) to determine the test of convergence. It is shown that if a contour 
exist enclosing the complex point z-m, such that at every point of the boundary the 
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modulus of — is less than unity, the fiivou equation has but one root within 
the area and the Lagrangian expansion for that root is convergent"'. 

To apply this theorem to Kepler's problem we put tp (s) = sin z and let x repre- 
sent the eccentricity of the ellipse, Art. 479. 

We measure a real length OA~m from an assumed origin 0, and with A for 

centre describe a circle with an arbitrary radius .»', ltoprc^eiitin;! the complex line 

OP by z, the Lagrangian serif:* will be convener. t if r can be so chosen that the 

n tumulus of '' ' " i- less i'nan unity for all cusiiions of }' on the circle. Since 

frnodPof *(£+*> = #((+*<)<*(£-*). 

where e is the tea of Napier's logarithms, we have 



;: If/ (.ir) lie a oont.inuous one valued function over the area of a c~: vcu'at centou: 1 
whose centre is x = a, then Cauehy's theorem asserts that /(.?;) can be expanded by 
Taylors theorem in a convo^on): serin h o: power* of .?:-- «■ for all points within the 
Contour; (see L'orsyth's Tlu-ortj of Fit-nc'tott*, Art. 26). 

When s — m^xp (;j, 'he Lagra'i;;i.iu oxea-ision of z, or y (j), in powers of .i; is 
a transformation, term for term, ol" 'I.Y.yler's, and we may use Ca'.iohy's theorem, 
pro. idea ;, or i- (s). is out- va.hu d. 

If z have two values for the satue value of r, the equation Fty = #-m-z<p(z) = 
(regarded a? an equation to find • when .r. is given) has two roots. To determine 
whether this is so, we use another theorem of Gauchy's {sec Jluruside and Panton, 
Theory of Equations). 

Wo measure O.-l =w- from the assumed oiigin and with .! for conLre describe 
a eirclo of radius r. Jlet a point ;" describe Lhls circle once, then by Cauehy's 
theorem if log-i' 1 (;) is increased by 2mri, the equation /■'(■} has n roots within the 
contour. Hermite writes 

logF(i)olog[i-«) + Iog(l-5tg). 

(1) The equation 3-m = has but one root and that root lies within the 
contour, hence as P moves round, itig(z-vi) is increased by 2?rt. 

(2) If the modulus of W= -- " is less than unity at all points of the circle, 

the value of log (1 - tt), (being the sa 
any point of the contour) increases by 

It follows that k>%F{i) increases by 2 v! when P makes One circuit, that is the 
equation z = wi + .e<> (;) hits lid out: root within th:' eontt.ttr if the muduhm of "..' 
U let* tlni.ii unity '.:t it!! paints -.in th: circumference. 



,Google 



ART. 489.] CONVERGENCY OF THE HERIEH. 



pression oontinnally increases Erom «=1, or = to u = s>, and is therefore 
greatest when = ! E w. The least -value of the second term is zero. The modulus 
is therefore less than ^- {e r + e~''j. The Lci'ii'anyian serins is therefore convergent 
lei a.'.i values of the ccconuicjiy ;■ "ess than l!;-/!/'' — c -1 '). 

To find tin: maximum value c.i' this function of r, we equate its riir'ieveiit:;-.! 
coefficient to aero. This gives 

S:n;:e dV-dr is positive fur all values <>i r this equation has but oue posiLive 
root, and this root lies between 1 and 2. Using the value of *r giYen by the 
equation V-0, we find tha; the maximum value of tin- eccentricity is ,/{]*-!), 
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CHAPTER VII. 

MOTION IN THREE DIMENSIONS. 

The four elnw.srih.i-ri! re+olvtiorti* and 'moving axes. 

490. The Cartesian equations. The equations of motion 
of a particle in three dimensions may be written in a variety of 
forms all of which are much used. 

The Cartesian forms of these equations are 

d&- X ' dP~ y ' d¥~ Z (A) ' 

where x, y, 2 are the coordinates of the particle and X, Y, Z the 
components of the accelerating forces on the particle. These 
equations arc commonly used with rectangular axes, but it is 
obvious that they hold for oblique axes also, provided X, Y, Z are 
obtained by oblique resolution. 

491. The Cylindrical equations. From these we may 

deduce the cylindrical or send-polar forms of the equations. Let 
the coordinates of the particle P be p, <f>, z, where p, $> are the 
polar coordinates in the plane of a:y of the projection N of the 
particle P on that plane, and z = PN. By referring to Art. 35. 
we see that the first two of the equations (A) change by resolu- 
tion into the first two of the following equations (E), while the 
third remains unaltered. We have 

d?p fd<py p 1 d I d#\ n d*z „ ._. 

&-i'{w' mP > pdt( p dir Q ' dj =z (B) - 

where P, Q are the components of the accelerating forces respec- 
tively along find perpendicular to the radius vector p. 
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492. Principle of angular momentum. Since the 
moments of the components P and Z about the axis of s are 
zero, the moment of the whole acceleration about the axis of z is 
equal to Qp. In the same way the moment of the velocity about 
Oz is equal to the moment of its component perpendicular to 
the plane POz, and this is p^dtpjdt. Introducing the mass m of 
the particle as a factor, the second of the equations (B) may be 
written in the form 

d ^moment of \ _ /moment of \ 
dt \ momentum/ V forces / ' 
The moments may be taken about, any straight line which is fixed 
in space, such a line being here represented by the axis of z. The 
moment of the momentum is also called the angular momentum 
of the particle (Arts. 79, 260). 

When the force* have no 'moment about a fimd straight line the, 
angular momentum about thai straight line is oansiaut throughout 



493. The polar equations. We may iiianediafeli; ded.v.cj 
from the semi-polar form (B), the polar 
equations (C). Let r, 8, <j> be the polar co- 
ordinates of P, where r — OP, 8 is the 
angle OP makes with the axis Oz, and <p 
the angle the plane l'Os makes with the 
plane xOz. 

Since OP = r is the radius vector cor- 
responding to the coordinates ON = p, NP = e, wo see by Art. 35 
that the aoode ration* 




d'p , d*z . , d 2 r 

.— and , : are equal to , - - 
dt* dt 3 ^ dP 



'©■-^(-S- 



Hence the whole acceleration of I' is the resultant, of 

(1) -, r{-r\ along OP in the direction in i 

v ' dt 2 \dtl ° 



(2) - -T.i^-r.) perpendicular to OP, in the plane zQP, taken 
positively in the direction in which 8 is measured ; 
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(3) p { -j~ j in the direction of the perpendicular drawn from 
P on Oz, i.e. parallel to NO ; 

(4) - -j- [p % -^\ perpendicular to the plane zOP in the direc- 
tion in which <p increases. 

If R, S, T are the components of the acceleration of the 
particle respectively in the directions of (1) the radius vector OP, 
(2) the perpendicular to OP in the plane of zOP, and (3) the per- 
pendicular to the plane zOP, taken positively when they act in 
the directions in which r, 0, <p are respectively in creasing, we have 



r dt V 



-'(ST)"' 



( sin0 = -E 
d8\ (dtp 



i/ 



cos6=S\. (C). 

llfoQ) = t\ 

pdt\ p dt) J 

We notice that p = r sin 8. 

464. Ex. If v be the velocity, show that the radial acceler 

495. Reducing a plane to rest. Referring to the semi- 
polar equations (B), we notice that if we transfer the term 
p(d{f>jdty to the right-hand side of the first equation and include 
it among the; impressed accelerating forces, the fii'st and third 
equations become the same as the Cartesian equations of motion 
of a particle moving in a fixed plane zOP (Art. 31), while the 
second equation determines the motion perpendicular to that 
plane. We may therefore replace the nni- mid third resolutions 
by amy of the other form.? -which have been proved to be equivalent 
to them. Art. 38. 

For example, if we replace these two resolutions by their 
polar forms (Art. 35) we obtain at once the equations (C). 

The process of regarding p OiAhltf as an impressed accelerating 
force acting at P and tending from the axis of z is sometimes 
called reducing the -plane zOP to rest. See Arts. 197, 257. 
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496. The intrinsic equations. To find the intrinsic equa- 
tions of motion, due to the tangential and normal resolutions. 

Let P, P' be the positions of the pari iel.e at the times t, t + dt; 
v, v + dv the velocities in those positions, d-Jr the angle between 
the tangents. 

In the time dt, the component of velocity along the tangent 
at P has increased from v to (v + dv) cos oty. "Writing unity for 
cos d^fr, the acceleration along the tangent, i.e. the rate of increase 
of the velocity, is dvfdt 

The component of velocity along the radius of curvature at P 
has increased from zero to (v + dv) sin d\jr, which in the limit is 
vdty. The acceleration along the radius of curvature is therefore 
vdtyjdt, or which is the same thing v^jp. 

The osculating plane by definition contains two consecutive 
tangents. The component of velocity perpendicular to that plane 
is zero and remains zero. The acceleration along the perpendicular 
to the osculating plane, i.e. the binomial, is therefore zero. 

If F and G are the component accelerations measured posi- 
tively- in the directions of the arc s, the radius of curvature o 
and H the component perpendicular to the osculating plane, the 
equations of motion are 



- = (?, = H.. 



..(D). 



4»7. Show that tin solution of the equations of motion of a panicle in p. 

coordinate.!: con. he reduced in integrations when, the nork function has the form 

where /, (r), f„ (0) nnd f. ($i) nr-j arli>t-ravy jimctioxs. 

The third of the equations |C) gives, with this form of U, the mass being un 

1 d /. . ,„^\.__ d/.fr) 1 . 
Tsm6di\ dt) rBinfld0r a sin*fl 1 

,\{***.»)'-,.m* a 

The rccoi ;1 ol ii_i; equations (Cj (;ivcs 

1 & (+M\ r m C car. {**\* ■ df * W 1 2f * W °° B 6 
r dt\ dt) \dt) rdS r* j-»ain»fl ' 

Substituting for. dpi/It, wo obtain 

iCS'-an**"- |2 

20—2 
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\dt) + V<«/ V<"/ 

Af:i;r aubsiiiulir.:? fiotn (1) &n<\ (2) this Lccouibs 



. (*)■ 



These .ire the lirsl Integral 3 of the eiiuurion? of motion. Sinus the viiriiiblcs 
(Li'e sepn.iT.lilf; in jlII LJie c;[u:i.lioi!3, iho-y can isc redviee'l lo in [filiations. Substitut- 
ing for dt from (4) in (2), that equation gives 8 in terras of r. Substituting again 
in. (1), -we find in terms of r. Lastly (4) determines ( in terms of r. ^/ 

498. Moving axes. To find the equations of motion of a 
particle referred- to red-angular awes -which, move about the origin 
in an arbitrary manner. 

Let us suppose that the moving axes Ox, Oy, Oz are turning 
round some instantaneous axis 01 
with an angular velocity which we 
may call 0. Let 6 lt 0„ f? 3 be the 
components of about the instant- 
aneous positions of Ox. Oy, Oz. Then 
in the figure 8-, represents the rate at 
which any point in the circular arc 
yOz is moving along that arc, 2 is 
the rate at which any point of the 
y the arc, and so on. 
Let us represent by the symbol V any directed quantity or 
vector such as a force, a velocity, or an acceleration. Let V x , V yi 
V z be its components with regard to the moving axes. 

Let 0%, Or/, Of be three rectangular axes fixed in space and 
let y it V 2 , V$ be the components of the same vector along these 
axes. Let a, yS, 7 be the angles the axis Of makes with Ox, Oy, 
Oz. Then 

V 3 = V a cos a + Vy cos $ + V 2 cos 7, 




circular arc zOx is moving a 



dV, 

' dt = 



dV m 



dt 



3 f^ 



(/-/ 



Let the arbitrary axis of f coincide with Os at the time (, i.e. let 
the moving axis be passing through the lixed axis. Then a = \ir, 
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fi = ^T, 7 = 0. Hence 

dV* _ dV : _ da _ dff 
dt ~ dt a dt v dt ■ 
Now da/dt is the angular rate at which the axis Ox is s 
from a fixed line 0£ momentarily coincident with Oz, hence 
da/dt = S 2 . Similarly dB/dt = — 6 V Substituting 

at dt " 

Similarly ^ -^ - 7.0, + F,ft, 

(it rff 

When the moving axes momentarily coincide with the fixed 
axes, the components of the vector V are equal, each to each, 
i.e. V IC =V 1> V y =V 2 , Vg — Vf As the moving axes pass on, 
this equality ceases to exist, The rates of increase of the 
components relatively to the moving axes are dV^jdt, dV y jdt, 
dVj/dt; while the rates of increase relative to the fixed axes 
are dVJdt, dV 2 /dt, dV 3 /dt. Tho relations which exist between 
these rates of increase are given by the equations jnwt investigated, 

499. If the vector 7 is the radius vector of a moving point 
P, the components V x , V y , V z are the ("artesian coordinates of P, 
and the rates of increase arc the component velocities. If the 
vector V is the velocity of P, the rates of increase are the com- 
ponent accelerations. 

Let then w, y, z be the coordinates of a point P ; u, v, w the 
components of its velocity in space ; X,Y,Z the components of 
its accelerations. Then 



dx a . a 
- d y ,a ±.-a 



dt 



SOO. If the origin of coordinates is also in motion these equations require 
;ome slight modification. Let p, </, r be ilic resolved sans of !hi-. velocity of the 
irigin in the directions of the axes. In order that u, v, to may represent the 
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resolved velocities of the partic-lo J" in space (i.e. referred to an origin fixed in 
space), we must add ;>, q, r respective^- to the expressions given for it, v, v> in Art. 
499. These additions having heen made, it, t, tt- represent the cam penen t spji.cn 
velocities of P, and the expressions for the srinco a cue legations A", V, Z are the same 
as those given above. See Art. 227. 

The theory of moving axes is more fully ;;ivcn in the author's treatise on 
Rigid Dynamics. The demonstration here given of the fundamental theorem is 
founded on a method used by Prof. Slesser in the Quarterly Journal, 1858. 
Another simple proof is given in the chapter on moving axes at the beginning of 
vol. II. of the t realise just referred to. 

SOI. Sieving field of force. When the field of force is fh'cd relatively tt; 
axen moviiti) ttbuut a fixed origin ire ni'iy obtain Hit: etftioiion t:arrt:>.poiidintj to that 



If T be the semi vis viva, we know that tiTjtit is equal to the sun 
of the forces divided by At. Hence, the mass being unity, 



of the virtual 



=Xx' 

o the ii:i!jViUi 



\-7y'+Z»f + e t (piY~yX) + 

' momenta about the axes (Art. 492), 



and, t;i.king 

dAftU-yZ 
The equation of vis 



about the axes, 

dA^dt-zX-xi 
therefore becomes 



where If is a function of the coordinates ..■:, ;/, z only. If <\ , B.,, B i are constant, 
iliis. when inle^i-aled, reduces to the <;m nation of Art. 25fi. 

502, Ex, 1. Show how to deduce the polar forma (C), Art. 493, from the 
equations for moving axes. 

Let the movine; axes bo re yi ve.se niefi by Of, Ov„ Of. Ti.t the axis of £ move so 
as always to coincide with the radius vector OP ; let Or) be always perpendicular to 
■ the plane zOP. The angular velocity dBjdt of the radius vector may therefore be 
represented by tL-dejdt about Oij. The plane zOP has an angular velocity dtpjdt 
about Or,, and this may be resolved into L'^ — coaOilrpldt and 3.. — sin Odtpjdt. Also 
the coordinates of P are £ = f-, tj^O, f^O. 

It immediately follows from the equations of niovhi}: kxcs that u = drjdl. 't' = 0..r, 
w= -8#. Substituting these in the expressions for X, Y, Z we obtain the com- 
ponents of uee elevation already written at length in Art. 493. V 

Ex. 2. If (o,p,7 L ), (a.B.r,:-.), bj-.;3 :l yA are (lie direction euf-ino-s of a system of 
orthogonal axes moving about the origin, prove that 



"*-dt " 

where B.. is positive when the rotatioi 

To prove this we notice thai 0.. < 

separating from the position of the 

cosine of the angle the new axis of y 



ni the first axis 

the rate at 

' x at the tim< 

with the o'd a 



V 
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Ex. 3. A particle Lb describing an orbit about a centre of force which varies 
as any function of the distance, and is acted on by a disturbing force which Is 

always perpendicular lo ■jiu pla-uo of Hie insianiancous orbit and is inversely pro- 
portional to the distance of the par lid a from the contra of force. Prove that the 
plane of the in-iM-iiNii ooi^ e roh rovohcs uiiiionnly round its instantaneous axis. 
Ityl '"" [Math. Tripos, I860.] 



J/'-i.'jraiKje's Nq nations. 

503. Lagrange has given a general theorem by which we can 
form the equations of motion of a particle, or of a system of 
particles, in any kind of coordinates*. 

Tho expression "coordinate" is hero used in a generalized 
sense. Any quantities are called the coordinates of a particle, 
or of a system, of particles, which determine the position of that 
particle or system in space. 

In using Lagrange's equations, it will be found convenient 
to represent by some special symbols, such as accents, all total 
differential coefficients with regard to the time ; thus x", x" 
represent respectively dwi'dt and d^/dt 3 . 

504. Lemma. Let L be a function of any variables x, y, &c, 
their velocities %', yf, &c, and the time t. If we express x, y, &c. 
as functions of some indepen.dent variables 0. tj>, &c. and the time 
t, say 

x =/((, 8, ■/>,<£&), y = F(t, 6, <f>, <fce.), z = &c (1), 

then will 

d dL dL _ fd dL dL\ dx (d_dl^_ dL\ *h_,A 
It Iff ~ dd~{didx^~dx')dd + \dt dy~' dyj d$ + C " 
Representing partial differential coefficients by suffixes, we 
have by differentiating (1), 

x'=f+f<,e'+M' + &c (2). 

Since 6 enters into the expression L through both <s, y, &c. and 
their velocities a/, y', &o. while & enters only through x", y", &c, 

* The Lagrangian equations are of tho greatest importance in the higher 
dynamics and arc usually studied as a pari: of llirikl Dynamics. We give here only 
such theorems as may be of use in the rest of this treatise. The application of 
the method to impulses, to tho oases hi ivliiuh the geometrical equations contain 
the differential coefficients of the coordinates, the use of indeterminate multipliers, 
tho Ham ikon ian function, *c, are regarded as a part of the higher dynamics. 
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we have the partial rui'i'erential coefficients 
dL _dL dx dL dx' 

dS~dx d8 + d^ de +m {A) ' 

dL dL dx' . ... 

W"S3ff + SK <■*>• 

where in each, case the &c. represents the corresponding terms for 
y, 3, &c. 

By differentiating (2) we see that -TA>~fe — ~Ja- Hence 

d dL _dL_rd L dL_ dL\ dm . 
dtW de~{dtdx' dx)dO + 



dL id „ dw'\ , ,_. 



By differentiating f e totally with regard to (, we have 

^f, -/«+/»«' + to (6) 

The right-hand side of this equation is seen by differentiating (2) 
to be equal to -^ . It therefore follows that all the terms in the 
second line of (5) vanish. The lemma has therefore been v. 



505. By using this lemma we may deduce Lagrange 7 ^ equations 
from the Cartesian equations of motion. For the sake oTgencrality, 
let there be any number of particles, of any masses m u m 2 , &c. 
and let their coordinates be (&j, y 1 , z s ), (.*.,. y«,z?), &c. Let T be 
the semi vis viva of the system, then 

JT -&»(*• + /■ + />) (7). 

Let U be the work function of the impressed forces, then U is a 
function of the coordinates only. Let R x , R,,, R,_ bo the com- 
ponents of any forces of constraint which act on the typical 
particle m. We have as many Cartesian equations of motion of 
the form 

„ dU „ „ dU v „ dU v 

W -fa =Ra ' my ~dy~ =Ry ' m/ ~'dV = Bs - 
as there are particles. 

The particles may be free or connected together, or constrained 
by curves and surfaces, but after using all the given geometrical 
relations, the position of the system may be made to depend on 
some independent auxiliary quantities or coordinates. Let these 
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be 0, <$>, &c; then writing L = T+ U, we have for the particle m, 
c^dL^dL^d r ,_dU ^ R 
dt dx dx dt dx ' 

with similar forms for y and z. Hence using the lemma, 

d dL dL „/„ da? „ dy , R dz\ , 

Jtde>-d§ =% [ R *Te +R *Te + R *d6) (8) ' 

where 2 implies summation for all the particles. 

The right-hand side of this equation (after mill tip lioanoti 
by W) is the virtual moment of the forces of constraint for a 
geometrical displacement 88, This by the principle of virtual 
work is known to be zero. 



s of the coordinates j 1 , ij, itc. due Lo the displacement 89 are 
deduced from the partial differential coefficients d.i:jd8, diiidff, itc, ( not varying, 
the displacement <dven to the -.'.y-.^vAi is one consistent ■-■■■LlTi r'n- geometrical relations 
as they exist Hi tlie instant of tnno t. 

Taking the various kinds of forces of constraint it has been proved in Art. 248 
tliat the virtual moment of each for such a displace men; is zero. Consider the 
case of a particle constrained to vent on u curve o.v sulfate, ijse virtual moment is 
zero for any displacement- tangential to the in-tantnrun-.n.-; position of the curve or 
surface. The restriction tltnt tin: n,:on:i-!.iico' final, icm inu.it not contain the timt 
explir.itt [t ix not nwssarii in T.iinriimji's ■■■qn.at.ion.>. 

If some of the particles are connected lomhe; ho us to form a rigid body, the 
mutual actions and reactions of the molecules are equal. Their virtual moments 
destroy each other because eaoh pail o.'' paitinles remain at a constant distance 
from each other. The Lagrangian equations may therefore be applied to rigid 
bodies. 

506. The Lagrangian equations of motion are therefore 

d_dL dL _ d dL_ dL _ . _ .. 

dtd0' d$~ U ' dtdtjf # '/ff'v 

The function L = T+U and is therefore the sum of the kinetic 
energy and the work function. If we use the function V to repre- 
sent the potential energy, we have, by definition, U+ V equal to 
a constant. We then put L — T— V, so that L is the difference 
between the kinetic and potential energies. Substituting these 
values for L, and remombering that U and V are functions of the 
coordinates and not of their velocities, we may also write the 
Lagrangian equations in the two typical forms 

d_dT__dT _dU d dT_dT ,dV_ 

dtdff de do ' dtdff de + 'de u { >' 

where 6 stands for any one of the coordinates. It should be 
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noticed that in these equations, all the differential coefficients are 
partial, except those with regard to t. 

The function L is sometimes called the Lagraugian function. 
We see that when once it has been foimd, all the dynamical 
equations, free from all unknown reactions, can be deduced by 



+ my"f + &c.\ 



507. Virtual moment of the effective foroes. If we substitute for X 
the lemma of Art. 50i the value of T given by (7) we have 

±dT _dT_, 

dt d8' d8 ~ ' 
The right-hand side (after multiplication by $8) is the sum of the virtual moments 

of the effective forces nix", mi/', &c. It folio we therefore that tin; Layranyiaii 
expression on the left-hand gi.de {after iiuiUiplkntimi, >>y HO) represents the sum of the 
virtual moment* of the effective forees, whm expressed in terms of the. generalized 
vooiilinates 9, <p, lie. 

In the same way writing T for the arbitrary function L in (4), we have by (7) 
AT _ [ ,dx ,dy , 1 

Tin: lefi-hniul • ide. [after mulUpikution by oil) therefore represents tin: sum of the 
virtual moment:! of the momenta of the sec-eral partietes of the system for the dis/ilaee- 
merit SO. It is often called the •je»ero,!i!:eil 6 i-ompomut of the momentum. 

508. meaning of the lemma. The fundamenti-l conation represented by 
the lemma has been deduced from the principles o: the differential calculus without 
reference to any mechanical theorem. 

Axaiytkolbj, ii exprusdet the [act that the Lagrangian operator symbolised by 
A -l l - i- d 

*~d8 dt d8' 
follows the same lav,- as Lhe diit'o^r.tiai coof'^lcnt djdS, i.e. 

which may also be written 

A s L.S8 = A x L.3x + & a L.Sy + , 

where 50, Sx, St/, &u. are any small arbitrary variation- consistent with the 
S;o<;rnctricaI relations which bold at the time t. 

If we interpret lhe lemma dijno.niiea.liij (Art. oOlij, the OLp.iKtion asserts that the 
sum of the viltua' moments of tie: cJb elive an:' impressed fences foi a displacement 
SH lias the .same value whatever changes are miido in the coordinates. 

609. Working rule. When we solve a dynamical problem we begin by 

writing down the equation of vis viva, via. T—U + C. 

It appears that when \re have dona this, Lagrange" s method enables us to write 
down all the equations of motion of the second order by performing certain 
differentiations on the qoanritics or. each side of the equation (Art. 500}. 
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We shull presently show iliat beibre p::i':niir:!:i^ thi-?e dii':'i;;(:nlitlion>>, wo may 
remove certain factors from 01:0 Hide to Llie otliei by making a change in tin: 
independent variable f ; Ait. 5il. 

510. The function T. We have assumed that the Cartesian 
coordinates x, y, z of every particle of the system can be expressed 
in terms of the generalized coordinates $, (j>, &e. by means of 
equations of the form 

»=/ft »,*,**) (1); 

these equations may contain t, but not $', <j>\ Ssc (Art. 504). In 
choosing therefore the Lanran.cii.av coordinate'!, we see that they 
must be such that the Cartesian, coordinate* of every particle could 
be expressed if required in term* of them by means of equations 
ivhich may contain, the time, but do not contain differential co- 
efficients with, regard to the time. 

Differentiating the geometrical equations (1) as in Art. 504 

x/=f t +M+M' + & C ., y' = &c (2), 

and substituting in the expression for the vis viva 

BT -&»(«* + ./• + /•) (1), 

given in Art. 505, we observe that iT lakes the form 

2T = A n 8* + 2A I2 e'4>' + ...+B 1 6' + B^' + ... + C, 
where the coefficients A„, Sac, 5,, B a , &c, and C are functions of 
t, 6, 0, &c. 

In most dynamical problems, the geometrical equations do not 
contain the time explicitly, i.e. ( does not enter into the equations 
(1) except implicitly through 0, 0, &c. The term/; will therefore 
be absent from the equation (2), Art. 504. Hence %', y', z are 
homogeneous functions of $', <$>', &c, of the first order. When 
substituted in (7), we find that ZT is a homogeneous function of 
&, <p', <frc. of the Hecoud order, vis. 

2.T = A u $' 2 + 2A ls 0'(j>' + . .. , 
where An, A^, &c. are functions of the coordinates 6, ty, &c. but 
not of t. 

511, Examples of Lagiangs'E equations, i'.'.r. Two particles, of masses 
M, m, are connected by a light rod, of length I. The first A is constrained to move 
along a smooth liscd horizontal wive, whilo tk« other B i» free to oscillate in the 
vertical plane under the action of gravity, ft is required to find the motion. 

To fix the positions of both tin; particles in space, we require two coordinate?, 
say, the distance £ of the point A from some origin O and the inclination 8 of AB 
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to the vertical. The Cartesian coordinates of I! arc ihc-n .!■--■-- J i- i. sin and y — lcos8. 
The semi vis viva and work functions ace then 

■ ^Jfif+wiJ^+mieosflfe' + imPfl' 3 (1), 

D , =mffloosa (2). 

Substituting in the Lagraiigian equations, 

ddT_dT_dV ddT_dT_dU 

dt df d£ ~ d£ ' it d$' dd ~ d'B ' 

J{(M-fm)f+mJcoBiW'}=0 

j- <TjtC cos 0£' + m(W} +ml sin fl|'e , = - wgl si 
These give 

(M+m)F+mlaoii8$'=A, cob9?'+10"= -g sintf (3), . 

where j4 is a conthm; or imcjpav'ori. Eliminating £> we have 

(Jtf+msin2fl)e'r+iBSinSoosee'.fl' 2 =-|(M+m)BiaW. 
Thi.-i srivpi by iiili;^r;Ltio:i 

{M+mtaH»e)ff»=C+^-(M+m)eosB (4). 

In this way the velocities £' and 0' have iie;:n found in terms of [he coordinates 
It. 

We have hero LL=cd both tin; Lagrangian equations, lint we might have replaced 
the second by the equation of vis viva, viz. T= TJ+ 0. Eliminating £ by the help 
of the first of equations (S), we should then ium; arrived at the result (4) without 
any further integrations. 

612. Ex, 1. The four elementary forma for ths acceleration of a point j'nUnw 
at once from Lagrange') eqwtUnu. For example, let us deduce the polar form 
given In Art. 493. 

We notice that the components of velocity of P along the radius vector and 
pei]jcndiculiir to it, are respectively r' mid id', while that perpendicular to the 
plane zOP is r sin B4>. Since theso threr- directions are orthogonal, we have 
2T=vi (/s + ^ + J'Ssin 1 e^). 
l-^bstitntb:,' in the [jagrangiall equation 

d_dT_dT_dU 
dtdi' rf| "* di ' 
where £ in turn stands for r, 8, 0, we obtain 

dt im Bm 9 ' # ' 
which evidently reduce to the forms given in Art. 493. 
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Ex. 2. To (led '«■:■.-' Ilia <i::c.!:e>"itifii:! j'r-r Muring ri.re* from Luiiraug,:'ii equal inm 
!t:li.i ii tin- ciiiitmmniit n.lurities are known. 

We have given by Art. 499, 

u=x'-ye i + z8 i , v=y'-z8 1 + x6 s , w=z , -x8 % +y8 v 

Also 2 , = i(w !! +w !! + «J a ), 

the mass of the particle being unity. Since *' entew into the expression for T 
only through u, while x enters ti iron eh both u and to, we have 

f*?_^* = ^Z-!?^ ^j.r^^- 

ij*' ~ d» dat' ' (h: ~ dv rt.ii dm <tc — a 2 ' 

The Lagrangian equation --,--=- 



El. 3. To deduce. Ilia ejjdaiiuii ':■:' tin vira feuM l.iiiii'i.iiiiie'f ("{w.i.twn.1. 
Multiplying the Lagrangian equations 

d_dT dT_dU d_dT_dT_dU 
ilt til)' ti<) '" dS ' dt dip' dip, ~ 'dip' '' 
J 0', •/>', Ac. respectively avil ad I ill; 1 , tl ■ o n.-uits, we have 

dfl'J 

where S implies summation for all the coordinates. 

If the geometrical equation* do not contain the time explicitl)', T is a homo- 
geneous function of 6', $', &c. Art. 510, and byEuler's theorem Z8' ^p = 2T. Also 

since T and 17 arc not (unction* of (, 



\dt \ dd'j 



-Z:l . , 



■. T=U+C, 



fc-utstit-jti-'i;; in the expression «ivcn ati 
dT dT_dV_ 
di~ dt~ dt ' 
where G is an arbhrarv con-tanl, usually called the constant of vis viva. 

Ex. i. The position of a moving point is determined by the radii l/£, 1/ij, 1/f 
of the three spheres which pass through it and touch three fixed rectangular 
coordinate planes at the origin. Find the component wlociiics ir, v, w of the point 
in the directions of the outward normals of the spheres, and prove that the com- 
ponent acceleration,- hi the same directions are dutdl I- a {i)U- i t: ) - u; (fic-fu), and 
two similar expressions. [Coll. Ex. 1896,] 

Writing D — ^ + rj'- — !? sve deduce from the equations of the sphere.; that 
af=2f/D, &c. Noticing that the spheres are orthogonal, we find, by resolving the 
velooities.ii', y\ j' along them, u— -a^/f, v= -yn'j-n, »= -ef/f- Hence 

Also the acceleration along the? axis is dVjudt or -£D<J{7/rt£. Substituting in 
_d dT 

~ dt d% ' 
ie deduced from the formulae of Arts. 490, ; 



the Lagrangian formula jp = -r -},>- - ^r , we obtain the required result. It may 
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318 LAGRANGE'S EQUATIONS. [CHAP. VII. 

513. To apply the Lagrangian equations to determine the 
small oscillatio-ns of a system, of particles about a position of 
equilibrium, -when the geometric"!, equations do -not contain the time 
explicitly. 

Let the system have n coordinates and let these be 8, 4>, &c, 
Let their values in the position of equilibrium he a, ft &c, and at 
any time t, let 8 = a + x, ip — ^ + y, &a 

The vis viva being a homogeneous function of 0', <&', &c. (Art, 
510), we have 

2T = P8'* + 2Q8'<f>' + R<f>' 3 + &c, 
where P, Q, &c. are functions of 6, <p, &c. When we substitute 
8 = a + w, &c. and reject oil povjers of the small quaidilies above 
the second, this reduces to an expression of the form 

2T = A^ + 2Au&'y' + A^y'- + &c (1), 

where the coefficients are constant, and are known functions of 
a, ft &c. 

The work function U is a function of 8, <f>, &c and when 
expanded takes the form 

2*7= 2!7 + 2ft.r + 2B$ + &c. 4- B sl a? + 2B^y + &c....(2). 
We assume that these expansions are possible, 

Since the system is in equilibrium in the position defined by 
a' = 0, y = 0, he, we have by the principle of virtual work, 
dU__ 
die 

If the position of equilibrium is nor, known beforehand, the values 
of «, ft &c. may be obtained by solving the n equations (3), 

To find the equations of motion we substitute in the n 
Lagrangian equations typified by 

±<W_dT^dU 

dtdx' dx dx * 

Since the expansion for .7' does not contain the coordinates x, 
y, he, we have dTjdx = 0, dTjdy = 0, &c. The equation (4) there- 
fore becomes 

A u x" + A^y" + A lt e" + &c. = B a sc + B^ + B^z + he\ 
A,&" + A^y" + A.J' + he = B 12 x + B w y + B^s + fee. \ . ..(5). 
he^he 



= 0, B t =0, &c (3), 
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ART. 516.] 



SMALL OSCILLATIONS. 



i Art. 



To solve the equations (o) we fallow the rules given i 
■292. Let any principal oscillalwn be represented by 

ce=Gsm(pt + a), ■y = Bisw(pt + a), &c (6), 

where G, H, &c. are constants. We find by an easy substitution 
(A u p* + Bn)G + (Aup> + B a )&+...=0) 

(AuP' + B 1 JG + (A a p> + Bn)H+... = o\ (7). 

&c. = oj 
Eliminating the ratios G : H : &c, the n values of p- are given 
:>v the Laj;Ta:igia:i i..-t; :iat ii.m 

I Anpt + Bn, AirfP + Bn, 

AnjP + Bu,, Arfp + l 
Sue. &a 



.v.- 



,\-e. 



= 0.. 



..(8). 



514. It is shown in the higher HyTia.mios that, because the 
vis viva 2T is necessarily positive for all real values of ai ', y, &c, 
the values of p 2 given by this detcrmiuantal equation are real. 
If all the I'oots are positive the values of p are real, and the 
system of particles then oscillates about the position of equi- 
librium. If any or all the values of p* are negative, some or all 
the values of p take the form ±q>J—l. The corresponding 
trigonometrical terms in (6) become exponential and the system 
does not oscillate. See Art. 120. 

515. If a value of p 2 is zero p has two equal zero values, and 
the corresponding term in (6) takes the form A+Bt. In such 
a case the coordinate may become large and the system will then 
depart so far from the position of equilibrium that it will be 
necessary to take account of the small terms in (1) and (2) of 
higher orders than the second. 

516. Rule. When applying Lagrange's equations to any 
special case of oscillation about a- position, of equilibrium we begin 
by writing down the expressions for the vis viva and work function 
for the system in its displnced position, and express these in the 
quadratic forms (1) and (2) (Art. 513). If the whole motion is 
required we follow in each special case the process described in 
the general investigation. But if, as usually happens, only the 
periods are required, we omit the intervening steps and deduce 
the determinant (8) immediately from the expansions (1), (2). 
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320 LAGRANGE'S EQUATIONS. [CHAP. VII. 

To help the memory, we notice that, if we drop the accents in 
the expression for T, Hie determinant (S) is the discriminant of the 
tjuadric Tp 2 + U. 

517. To apply Laaro.vye's equations to determine- the initial 
motion of a system. 

The method has been already explained in Art. 282. The 
Lagrangian eqn&tiona give the values of 6" , <£", &c. in the initial 
position without introducing the unknown reactions. Differen- 
tiating the .Lag ran gi an equations of Art. 306 wo obtain &" , tf>", 
&c, and any higher differential coefficients. 

If x, y, z are the Cartesian coordinates of any point P of the 
system, we have by Art. 510, 

<» =/i (0, <f>, &&). y =f* (0. 0. &c-). * ~ &c -. 
and therefore by differentiation the initial values of to', x", be., 
if, y", &c, /, &c. may be found. The initial radius of curvature 
follows from the formula* of the differential calculus, Art. 280. 

518. Let, for example, the initial accelerations be required 
when the system starts from rest The initial position being — a, 
<f> = f3, &c we put, as in Art. 513, = a + x, <j> = B + y, &c Since 
the system starts from rest, the velocities ,'/, y' , &c. are small and 
we can make the expansions (1) and (2) as before. Since the 
initial position is not one of equilibrium, we no longer have B, = 0, 
Bi — 0, &c. Retaining only the lowest powers of x, y, &c. which 
occur in the equations of motion, we have 

&c. = &J 
These determine the initial accelerations of the coordinates and 
therefore the component accelerations of ever}- point of the system. 

6J8. Ex. 1. Let Ud app'y the L:t|_<in.n!;i;in nidations to iiiid tin; small oscilla- 
tions of tlie two p.i.ni<;!ij,-v dt.-crihed in Art. 511. 

The quantities f, 9 represent the deviations of the rod from its position of 
!Ct.;iil-riu;i!. The vis tivjl iiinl v.-uv: 1 1 1 : 1 1 ■ I i ■:■ r- :;<pi('.'Si-il in (piidrntic forms are 
T=b(M+m)g 2 + iiilt'9' + §mV ! 8' 2 , U=mgl(l- %fl). 
The determinant is the discriminant oi 

Tp ! + p_ j (j; .,. .,„) j,3£= .:. miii-'id + iml {Ip^-g) 9- ; 

;. j {M+m)pl>, mip s I =0. 

I Kilp*, int{tp 2 ~g) | 
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( )jic pi-iric;;;al median is given by 

"'■IT?'' S-»'"(J' + -). ».H.m(pl + «). 
The other is determined by p'- — ; this implies that one coordinate takes the form 
A + Bt. It is evident unit the rod could ho so projected alor. ; .- tl.e horizontal wire 
that £ has this form while 8 = 0. 

The studojit should apply I-aL'range's siqua-ions to the prohlems on small oscil- 
lations and initial motion- already considered in the chapter on motion in two 
dimensions. He will thus he able to form a comparison of the advantages of the 
different methods. 

Ex. 2. Three uniform rods AB, BG, CD have lengths 2a, 2Zi, 2a and masses 
mi, m\ m. They <>ro U:?i;.;( -.i to^.ther it I B and 6', and at A, D are small smooth 
rings which are fieo to move along it fixed tint; iioii/octal bar. The rods hang in 
equilibrium, forming with the bar s, vertical rectangle. When a slight symmetrical 
displacement is gtv m, tic period of a ninae r.i=silliil.:oi: i-i jiv.;]L by -1:;i ( ,7j' = % {m + iii). 
Find also the periods when the displacement is tin symmetrical. [Coll. Ex. 1897.] 

Ex. 3. Two equal .-rth-gs AC, ISC have their un:i ~ at the li.u-d points A, B, on 
the same horizontal line, and at C a heavy particle is attached. From C a string 
I'D hangs down with ;t -ratmt! heavy pitrticU: at I). Find the periods of the three 
small oscillations. [The two periods of the oscillations |;i;rp^i!a;cular to the verti- 
cal plane through A and B are given in Art. 300, Ex. 1.] 

520. Solution of Lagrange's Equations. Our success 

in obtaining the first integrals of the Lagravigian equations will 
greatly depend on the choice of coordinates. When the position 
of the system is determined by only one coordinate, the equation 
of vis viva is the first integral, and this is sufficient to determine 
the motion. 

When there are two or more coordinates, integrals can be 
found only in special cases. The goiicml problem of the solution 
of the Lagran giiii.i equations is too great a subject to be attempted 
here. It is sufficient to state a few elementary rules which may 
assist the student. 

521. We should, if possible, so choose the coordinates that some- 
one of them is absent from the expression- for the work function U. 
For example, if there be any direction such that the component 
of the impressed forces is zero throughout the motion, we should 
take the axis of z in that direction and let z be one of the co- 
ordinates. Again if the moment of the forces about some straight 
line fixed in space, say Ox, is always zero, the angle <fi which the 
plane POx makes with xQz will be a suitable coordinate. In that 
case d1T/d<t> = and U is independent of <f>. These, or similar, 

r. d. 21 
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322 LAGRANGE'S EQUATIONS. [OHAP. VII. 

mechanical considerations generally enable us to make a proper 
choice. 

Let 8 be the coordinate absent, from the work function, then 
if 6 is also absent f row. the expression- for T, though the differential 
coefficient 0' is present, the Lagi'angian equation 
d dT dT dU , dT . 

JtdJ>-de = dJ hecome * dT' =A > 

where A is the constant of integration. Thus a first integral, 
different from that o/'vis viva, has been found. 

522. Iiimiville's integral. LionviUe has given an integral of L'i,L;ran;;e"? 
equations which has the advantage of great simplicity when it can be applied. 
This may be found in vol. si. of his Journal, IS-ifj ; the folio w-hi<; is a slight modi- 
fication of hi-; ijiot l:Oii. 

Lot us suppose [ha: tie- vis viva has the form 

2T = M(P0 ,3 +Q<p r ' + Ry + &c.) (1), 

where the products Q'/p\ ip'f, &c. are absent. The method requires that the ko- 
cjiheient F xhoultl oe. a fiinr.tioii if I) oahi, while ',), 11, tie... are not functions of 0, 
We notice- that- M may be a function of ail or any of the coordinates, and Q, R, &e. 
functions of any except II. Jr is ai--:o nceeasary Hr.it tho iinpiess.e.d forces should be 
such, that the mark function U has the form 

M{V+C) = F 1 ($) + Fty, f, &e.) (2), 

where C is the constant in th-a nidation of vis viva, 

T-U+C (3). 

We shall now prove that v;'uea tiu:«i: am-.tili'ini are s«ti*ji.iil. : a first integral U 

bM*Pff*=F 1 [ffj+A (4). 

We Inst put J J (J'- = ; ;J . then J is a function of B oniy ana we mav teniporaiih 
take £, 0, ij/, &e„ as the coordinates. We now have 

und the Lagrangian equation for J is 



V :'«).»«' ,. -■■",„- . V I <J 



Liiiif! (.lie equation of vis viva, this lakes the I'onii 

Substituting on the >igljt-han<:i side from (ij and innllipiying by £', we have 



Since /'\ (r<) is a function of J and not of any of the oi'ioi coordinates, this 
Hive- l;v &r. i-'iiy integration 

Returning to the coordinate i : ', we have the integral (ij. 

When ;hc initial conditions are :;iven, the value of (.' can lie found by introduc- 
ing these eouuit.icais into the equation of vis viva. 1: a solution is required for all 



,GoosIe 
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initial conditions C is arbitrary and in that case the condition (2) requires that 
both Mil and M should have the ;:ei:cval luij-i indieuiod on the right-hand of that 
equation. If 

M(U+C)=F 1 (0)+F il M+&a., 
and Q, It, &c. are respectively functions of tj>, \p, &c. only, it is evident that the 
method supplies all the first integrals. 

Ex. If T=M [Fe'z + Q-p 1 *), JH=/i (#) +/a (*), MU=F 1 (9) + i\{i/>), integrate 
the J.agrangitm equations by I.iouri.i.te.'s method. The integrals are 

adding these and ii;::y the Ci|uation o; vis viva we see that ,-I. i + ^ J = 0. The paths 
lire thai given by 

Multiplying these by ■■, , /„ ;.na adding, L-ho time is found by 

f iS JPdd_ JWW 

where all the varia-bk? have been separated. 

623. Jacobi's integral. If T be a homogoneous function of die coordinates 

6, <p, &c, of n dimensions and (■* n h;>jiLi;;;eni.oas iuac'jon ot the same coordinates 
of - (ii + 2) dimensions, then one integral is 

where C is the constant of vis viva and jf an arbitrary constant. 

To iirovo this, we multiply '.he La;-:a:i;;ian equation h by 8, 0, Ac. and add the 
products, llemembeving Fuller's theorem on homogeneous functions, we have 

•££♦— --•"■»"■ 

The left-hand side is the same as 

(it \. <ifl' 7 | dB' \ dt\ dff J 

since T is a homogeneous function of (?', 0', itc. of two dimensions, lieinemtiering 
that T - 17= C, we have ~ jfl^ + Ao.l =(n+2) 0. 

£.1!. A free system of p'irr.ie.ies moves amlor the influence of their mutual 
iittr act ions, the law of foice bchi^ tin: uivtrsu cade: sho-.v that £jjir- = ^ +Bi + Ct 2 
where »' is i'-ic distance of the particle in Iron the ovf;hi. 

[Varlesiuniten Me.r Dynamik.' 

Some developments of these results are given in the first volume of the author's: 
treatise on Rigid Uytia.in.ies. 

534. Change of the independent variable. It is stimuli met useful to be able 
to ehange the independent rariahle in Lagrange's equations from t to some other 
quantity t so that dr — I'dt, where P is any function of the coordinates. 

We suppose that the geometrical equations do not contain the time explicitly, 
so that T is a homogeneous function of the form 

r=iJ 11 fl' a + J li fl'0' + Ma*' 2 + (i). 

21—2 
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Let suffixes applied (o the coordinates mean di£:c:enLiutions with regard to t 
just as accents denote differentiations with regard to t. Then 
fl' = PSj, £'=Pfo, Ac. 
Consider how any one of Lagrange's equations, sar : 
d dT dT _ 

is affeetcii by the change of f. Lei us write 

2s=ft^iA , +^iA*i+ ) p ( 3 >- 

Supposing that P is a function of the eoor dimt;es only, not of a', $', &c.,\ve have 
£-^+^ + ... = <^ + ^ + ...>P-^, 

The La^anynu: i:er-.i:L tio:"i '.i.e-cuae becomes Lifter n sliidit reauetion 

dr chfo d<p'~ P d# + P rf(&" ( '' 

If we use the equation of vis viva, viz. T= U+ G, and notice that T = PI\, the 
light-hand side of this equation becomes .■ ' . The typical Lagrangian form 
therefore takes the form 



d dT„ <IT. 2 _ d U+C 

dr d$ s dip ~ dtp W~ * '' 

We notice that though T=PJ\, they aro liiil'ercnlly expressed. To obtain the 
partial differential c.oeliicientp of .'/'... the quantities 0', $', etc, must be replaced by 
1'ilj, Pip- ± , itt. before iiilTei critietiom 

Suppose for example tliat tr.e cam'.'ion of vis viva (Art. 509) is 
T = M {iAB't+dst).} - U + C, 
and that we wish to remove the fuctjr II iie:e:e deieaeim; the Lii^rungian equations. 
Changing the iiidcpeniient vnriiihie so that itr — l'dt, we deduce the Lagrangiac 
equations by operating on 

T^-MPHAe^ + Sie.], U^= V ~ . 
Choosing MP=1, we have 

T a =£jei*+&0., V 2 =M{U+G). 
The factor M has thus been transferred from the expression for the vis viva to 
the work function. Here M is a function of the coordinates only. 

We may now change the sal'iixe; Into accents if we remembei' that the dill'eren- 
tiations are to he taken with regard to t instead of (. This difference is of no 
importance if we- require only the paths of the particles ami net Lheir positions at 
any time. If the time also be require;), we add the equation dt — Mdr, 

525. Orthogonal Coordinates. The Lagiangian liquations are much sim- 
plified when the expression for T can be pot into the form 

r=J(P0' 2 + Of* + &c], 
where the. ■priidueta O'tp', if;c. ire absent. We shall now prove that this will be the 
ease when the coordinates of the particle are the parameters of systems of curves 
or surfaces at right angles. 
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ART. 526.] ORTHOGONAL COORDINATES. 32.5 

Let the equations of throe system? of =uvl'aces which intersect at right 

angles be f,(x, y, z)= Pl , /,(«, y, *)=p a , /„(«, y, *)=/>,, (1), 

where ft, p 3 , p ;i are thi-nts constants or parameters whose values determine which 
sun'ace of each system is taken. These pais meter;; may be regarded as the co- 
ordinates of the point of intersection of the three surfaces.. 

Such coordiniLtes nit: called sometimes uriiKiijonitl r.t.tirt'inalc-i ana sometimes 
curvilinear r.otii-riiiiutci. Their theory was given by I'.iimi! in his Lccoits stir l<;s 
cottrdonnies curvilit/itez, IS.'iU . In what follows we adopt his notation as far as 
possible. 

As an example of ortho ; ;ur.uJ coordinates we c;i.!l to mind a .-t::<!,:m uf cviijbad 
ellipaoitls and hi/peiliolokis of one mid tico shu-u, the lensths of the major axes 
beiny usually l:i3;e:i as tin; parameters. These aii; called elliptic coordinates. We 
may also notice- thai :!■ ' the i:i-!.rdi:!titij* in L'ii.<i!,y™ n-e, u-ht.i'htr Cii-rUsi<ai t e.y '.iiitlrif.nl 
or polar, are orthogonal. In the first the point is defined as the intersection of 
three orthogonal plane.;.:, in the second wo ase a cylinder cut by two planes, and in 
the third a sphere cut iiy a ri.sTit cone and a plane. 

Let (a,, 6,, cj be the direction cosine-; of a normal to the surface whose 
parameter is p t , then 

» = i ^i h -- ^ c =i - Pl 121 

1 h^dx ' 1 li t dy' l hi dz ' '' 

\Tx} '"KdJJ ~ 

Let if.?; he an elemental y are tii the intersection of the two surfaces ft, ft ; then 
lis, is also an elementary length measured a'o'ij the normal to the surface ft. As 
we travel along this are x, y, z and ft vary, while ;;.., ,->, are constant. Hence 

'^th:+'-' l '--titi +-p(U-dp,; 
dx dg dt " 

.: a 1 dx + \dy + o 1 dz — dp l lh l (1). 

Bat the left side is the sain of the infections of ti.i:, if;/, ;/;: on the normal and is 

therefore ffe ( ; hence <ls i = dp-ih l . It follows that the component i.\ of velocity 

along the norma! to the surface ,i, is b, = — -:'-. In the same way the Components 
ot velocity normal to the other iivo siur'aces mav he round, and since these are at 
right angles, 

" 2= ^'' B + 7^' ! + fc?^ |5) ' 

where accents deno'i: (uiTcrcr.'.ial coofnca.ats. 

In order to use this e\pression, it will lie necessary to express h,. 7( 2 , li.j, in 
terms of the new coordinates ft , p.,, ,■>.-. To ( fleet this wo solve, the equations (1) 
and determine x, y, z as functions of p 1} ft, p ;i ; (ijialiy substituting these values in 
the expressions (3) for ft., ft,,, ft.,. This is sometimes a lcnkjthy process. 

Motion on a Curve. 

526. Fixed Curves. To find the motion of a particle on a 
smooth curve fixed in space. 

To find the velocity, we resolve the forces along the tangent 
to the curve. If F be the component of the impressed forces 
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X, Y, Z, this gives as in Art. 181, 

dv „ „da: „dy „dz 

as as as as 

If U be the work function, F^dTJjds, and we have 

which is the equation of vis viva. 

To find the pressure, we resolve in any two directions which 
may suit the problem under consideration. Supposing that we 
choose the radius of cu rvatu re and binomial, we have 

--=(? + £,, = H+R 3 , 
P 
where G, H are the components of the impressed forces; Rj, iS 2 
the corresponding components of the pressure on the particle. 

These equations show that the pressure of the particle on the 
curve is the resultant of two forces, (1) the statical pressure due 
to the forces urging the particle against the curve, (2) the centri- 
fugal force mv^jp acting in the direction opposite to that in which 
p is measured, Art. 183. 



027. Ex. 1. A pla 
v. itl". the osculating plan' 



i is drawn through the tangsnt at P making s 
If p' be the radius of the circle of closest e 



!.!'.(: Impressed ilOCfjlCr'aVltlf! fijTCC and of the ]!! 

This follows from the theorem on curves , 
theorem on surfaces. 



— ,- —G' + R' where C a 'id IV aie the co-.rip or lotus or 
P 

espectively. 

,j, correspoDuiurr to Meunier's 



A helix is placed with its axis vertical, and a boad slide-; c 
the action of gravity, Find the iv 



we see that C=2gh. 

descending thai height is 







Let a be the radius of the cylinder, a, the 
inclination of the tangent to the horizon. 
Drawing I'L pcl■|JOn:il;'.^^al , to the axis of e, the 
radius of curvature is a length measured along 
PL equal to a sec 2 o. If FT is the tangent, the 
OsouiivtiiifT p'.ane is 'LPT. If the helix is smooth 



If the particle start IVom r>'st at a liBij.Lt It. 
v- -dsjdt and rfs sin a=ds, we find that the time of 
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MOVING CURVES. 



If the helix is rough, the friction is u^/fA',-- Il.p). Supposing that the cooilicienr 
of diction is ,!- tan ■:<„ ■,:ii- resolution n.:.::;i;r ;he ui: : .:ont becomes 



To integr;uo this we multiply tin: numerator and donoioinafov of the fraction 
n the left-hand side by the denominator with the minus sign changed. We 



logj*' 
To find C w 



require the initial value of v. If this wet 



o the particle would 



Ex. 8. A rough helical tube of pitch a and radius a is placed so as to have 
its axis vertical and tho cooilit-jcui of friction is tan a cos e. An extended flexible 

string which just, tits thu tuoc is ph.eod in it : show that when the string has btllen 
through a vertical distance ma ha velocity in iaii sec a sinh iu)' 1 , where *i is 
determined by the equation 

cotl<Ftonh J u = tiiiih[^Bine-H(B00BoBin2e). [Math. Tripos, 1886.] 

Ka:. 4. Two small rings of masses tit, in- cjl:: s.ido liocly on two wires each of 

which is a, helix of pitch _,,, r.he axes boing coincid^n: und tlm principal normals 

common; the rings repel one another with a force e;pai,I iu bmiV when they are at 

a distance r from one another. Prove that if be the angle the plane through <>; 



rini; a; i i.l ft 



makes with the plane throngn thi.- other ring and thea> 
fromato^is j {A&-2B cos0 + C[~i«0, where 



'.-.: time 



e drawn. 

[Coll. Ex. 1896.] 



A - tarn p | m (([l + pl) + m , (ijI +yS)1 
and a, 6 are the radii of the cylinders on which the 1 

528. Moving curves. Ex. 1. A particle F 
plum: i: it roe. z = /(■/:), tr-liieft rotate* about a strtiitjht. 
line Os in iU plane with ait annular velocity a. 
U is required tii form tin; equal-wits of motion. 

Applying to F an acceleration u>~<: tending 
from the axis of rotation, we treat the curve as 
if it were fixed, Art. 495. Taking the tangential 
and normal resolutions, we have 
— -- %c J, v l-^.-a? 

where n is tho reloi'Uy of the particle re.lntieela u 

at F makes with the axis of x, and p is the radius of c 

the components of the impressed forces along the tangent and radius of curvature 

at P. 

Wo may reph.ci the Urni, of Iboso efpialion> hy the integral of vis viva, via. 
j mtfl = j{Fds + mtfedx). 




o the en 
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328 MOTION ON A CURVE. [CHAP. VII. 

The second equation then gives the component J. 1 of pros^uie in the plane of the 
curve. The component R' of pressure perpendionlsr to the plane of the curve 
is given by 

•: >->=*+*'• 

where H is the corresponding component of the impressed force, and a; is the 

distance of the particle from the axis of rotation. 

Ex. 2. A circular wire is constrained to turn round a veilicul taiegent Oz wilh 
a uniform angular velocity w. A heavy smooth 
bead, starting from the highest point A without 
any velocity relative to the curve, descends under 
the action of gravity. Find the velocity and 
pressure. 

Let C be the centre, OG-a; let P be the 
particle, the angle AGP=B, v-adejdt. We re- 
duce the plane to res,; try applying to P an accele- 
rating force measured by b-,v, where v = a+a sin 6, 
and acting parallel to OC. The equation of vis 




B^o-fa-acos <!)+«* l%te; 



The components R, R' of the pressure on the particle respectively along PC and 
perpendicular to the plane are given by 

The latter equation reduces to li'^'imat- eon 8. 

Ex. 8. Two .small riugs of masses hi, m', (m. :> .■;/; are capable of sliding on jt 
smooth circular wire of radius a, whose vertical diameter is fixed, the rings being 
below the centre ami connected by a h;.'ht- sti ing of length « v '2 : prove that if the 
wire is made to rotate round the vertical diameter with an angular velocity 
J "■': "' v ' ' ' !- , the rings can be in relative equilibrium on opposite sides of the 

vertical diameter, the radius through the ring m being inclined at an angle 60" to 
1 </S-l 

[Coll. Ex. 1897.] 

Ex. i. A smooth circular cone of angle in lias its axis vertical and its vertex, 
pierced with a small hole, downwards. .V mass ."./ hangs at rest by a string which 
passes through the vertex and a mass in- attached to the upper extremity describes 
a horizontal circle, on the inner surface of the cone. Find the time T of a complete 
revolution, and prove thai- Sinnll ijscir.atioiis aoout the st( inly motion Jake place in 
the time T eosec a j (Jtf + m)/3i»}*. [Coll. Ex. 1896.] 

Ex. 5. A smooth plane revolves wilh uuiionn i-.ng-jlar velocity m about a fixed 
vertical axis which intersects it in the point (), at which a heavy particle is placed 
at rest. Show that during the subsequent motion «'- — j;-«- — 'hit ; where s is the 
depth of the particle below 0, p its distance from the asis and v the speed with 
which the path is traced on the plane. [Coll. Ex. 1893.] 



the vertical. Show also that the tension of the string is ■ 
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ART. 529.] FREE MOTION, TWO CENTRES. 329 

529. A ease of free motion wltli two centres of force. Ex. 1. A particle l\ 
of unit muss, is constrained to move ■r.'uHy "ii elliptic, wire without inertia which can 
turn freely about its major axis. The. particle is acted on by two centres of force, 
situated in the foci S, H, wliich attract according In the law of the inverse square. 
Prove that the pressure on the curve is writ in certain case?. 

We take the major asi.- a; the axis of - and the origin id the centre. Let w be 
the angular velocity of the wire. .f!.!"p:e-cniir.;; ihc distance of the particle J' from 
the major axis by i;, the component jY of pressure on the particle perpendicular to 
the plane of the curve is given by 

But since the wire Is without inertia, i.e. without mass, the wire moves so that 
the pressure B' on it is aero, Art. B67. We therefore have throughout the motion 



Let the distances of the paiticle from Luc bci -S'. II be r, , iv; a: id let the central 
forces be p^/r, 3 , ii^rf. 

To find the motion in the plane zQP, we apply to P an acceleration w 1 y = l''iy'\ 
tending from the major asi*, mid then treat the curve as if it were fixed. We 
notice that the ['article could freely describe the ellipse under any one of the forces 
W,/r, s , ps/r^, B'iif if properly projected ; see Arts. 333, 323. It immediately 
follows that if all the three forces act simultaneously, the pressure on the particle 
will he a constant multiple of the curvature, Art. 272, 

The pressure will he zero, if the square of the ve'oc:;y o. poojcciion is equal 
to the sum of the squares of the velocities wlun the particle describes the curve 
freely under each force -oparntcly: Ait. 3?:b We find therefore that if «j be the 
velocity relatively to the curve, the pressure is aero, if 

*-*(H-(H)-»G*^). 

If ube the resultant velocity of the particle in space, we have v- = v-,- H- a'y 1 . Hence 

When the pressure is zero, the wire may be removed and the piirticlc describes 
its path freely in space under the action of the two ;;ivcn centres of force. The 
general path under all ciroumstauco- of projection has not been found. If the 
particle is projected uhaoj the la.itaent to any ellipse i-arira S, 11 for foci Kith it 
velocity u-ho.se eouir,o,ien.t. in the plane of the ellipse is i\, and whose compainiit 
perpendicular to the -plane is v' = m)-C!y, it u-ill continue to describe the ellipse 
freely, while the ellipse itself moves round the straight line SII with a variable 
auauhir Telocity u-ISjtf-. 

Ex. 2. If the particle is also acted on by a third centre of force situated at the 
centre and attract ne' according to the direct distance, prove that the pressure on 
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330 MOTION ON A CURVE. [CHAP. VII. 

S30. Ex. A particle P of unit mass moves on a smooth curve which is con- 

strained to turn about a fixed avis with an adiiidar velocity a. It is required to 
find the relative motion. 

Let the axis of rotation be the axis of t and let the axes of as, y be fixed to the 
curve and rotate round Oz with the angular velocity u. Let us refer the motion to 
these moving axes. Since 8, = Q, 3 = O, S s -w, the equations of Art. 499 become 
du Ax i 



Z+Bs -Tt' ' l "-dl ) 

where B lt R % , E s are the component* of the pressure op. the particle. Eliminating 

3'T + M-».-»d ». 

£-*+*■ I 

The resultant of the two accelerating fortes X, = <A:, F^w^ is a force tending 
directly from the axis of rotation and whoso magnitude is l\-a"r, where r is the 
distance of the particle P from tho axis. 

The resultant F 2 of the two forces X^ydajdt, K a = -srdw/rft is P,= -r<(w/d(, 
and it acts perpendicularly to the plane containing the axis of rotation and the 
particle in the direc:ion in which (lie an;;ul<ij' velocity u is measured. 

To find the resultant F a of the forces X s =i»dyjdt, Y 3 = -2uda;/<&, we notice 
that, tho com lion on t along the tangent to the curve, viz. .V.. ti.viib- + I'-diil'ls, is zero. 
The resultant nets (H.-i pcii:lk'i.iEai-iy to the c;;.ven curve, and maybe compounded with 
and included in the reaction. When only the motion of the particle is required, 
the force F t may be omitted. 

Reasoning as in Art. 1117, we see that the equations of motion (2) become the 
same as if the particle were moving on a fixed curve, provided wo impress on the 
particle (in addition to given forces X, Y, Z) licit accelerating force*, viz. (1) a force 
F, = tfy and (2) a force F 2 = -rdu/dt. 

The process of including the two forces F„ F 2 among the impressed forces is 
sometimes called reducing the curve, to rext. 

The curve having been ic'ducc-d to vest, the velocity of the particle relatively to 
the curve is found either by the equation of vis viva or by resolving along the 
tangent. We find 



i"~c*v+ [.**-['%■•**, 



where V represents the wori; [unction. If the a.nguiai velociiy is uniform, this 
reduces to 

lo s =C+r/+i 1B Sr". 

Tin; vuhiulLy thi; : j i'.jund is shi. vi-h::;ity icln:iva to the curve. The ar/.ial velocil.v 
in apace is the resultant of velocity v and the velocity hi- of the point of the curve 
instantaneously occupied by the panicle, 
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ART. 534.] A CHANGING CURVE. 331 

531. The pressure of the fixed curve on the particle is not the same as the 
lictuiil pressure of the luoviiuj; curve. Representing the first by li' and the second 
by R, we see that R' is the resultant of R and the two forces X i —2udyldt, 
y s = -ludxjdt. "We may compound these two forces into a single force F s . "We 
project tho moving curve on a plane perpendicular to ;!io axis of rotation. If P' 
he the projection of P, d.i'UU anil 'li/jilt are the component velocities of P. The 
resultant is then evidently /< : ,^2«»' where v' is the velocity of P' relatively both 
to the curve and its projection. The direction of F 3 is perpendicular not only to 
the given curve but also to its projection. The eoie.poncn*; along end perpendicular 
to the radius vector are -\-2urd6jdt and -2wdrjdt. 

632. Ex. A small bead slides on a smooth circular ring of radius n which 
is made to revolve about a vertical, axis imssiii^ tcroug'r. its centre with uniform 
angular velocity «, the plane of the ring being inclined nt n constant angle o to the 
horizontal plane. Show that the law of angular motion of the bead on the ring is 
the same as that of a bead on the ring of radius it /sin a revolving round a vertical 
diameter with angular velocity <■> sin a. [Coll. Ex.] 

533. A changing curve. A bend of iit'il ■)»((.« -movm on n smooth r/rirtv 
whose form in ctiotininit hi n.i»j tjimii mrttti'ur. It U rc-iuimt to Ji»<! tin: motion. 

Let the equations of the curve be written in the form 

■»/i(#, Q. »=»/i(». «). •-/.{». (!)• 

where 8 is an anvil in.ry vai iable. We may regard the position of Lite particle at 
any given time I as defined by some value of 0. Our object is Lo find $ in terms of 

Let us use Lagrange's equations. "We have 

T=|S(V+/^ (2), 

where 2 implies snmimition for el! the eoordiuaLos, and pa:tial differential coeffi- 
cients are indicated by suffixes. The Lagrangiau equation is 

t il. _ it - — 

It d&' <w~ de ( ,! 

"■ a s(V+/ ( )/»- a CV+/p(/i/'+/«)-^ w- 

This is a difio^outui ! equation of the soeor.a order from which o may in- r'ouml. 

The three component- o: tlio presisiiie oil the paiticle in the directions of the 
axes may be found by differentia Ling tin: equations jl). If X, Y, Z, be the com- 
ponents of the impressed forces; R lr Jf 2 , R.j those of the pressure, the Cartesian 
equations of motion are 

2-M,, g=r + s„ S=*+*- 

dt 1 at 1 at" 

Wince the pressure im;; bo po'.pc:idicnl;iv to the langcn: to :i.o in^tiiniixneer.s 
position of the curve, we do not necessarily require all these equations, though it 
may be convenient to use them. 

634. Etf. A helix is constrained to turn about its axis Oz, which is vertical, 
with a uniform angular velocity a. Find the motion of a particle of unit mas3 
descending on it under the action of gravity. 

Let the axes OA, OB move with the curve and let OA make an angle at with 
some axis of x fixed in space. Let the angle AON ~=S. See the figure of 
Art. 527. 
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332 MOTION ON A SURFACE. [CHAP. VII. 

The equations of the helix refei'rfd to a:;rs iixed in Epace are 

s=ocob (fl + ut), y = a sin (0 + wi), *=ofltanaj 
.-. 2r=^+^+i''=o»{(fl' + u)*+tflna (9'a}. 

Substituting in La-riav.fro's ij:ju;L[-i(m. we find after a little reduction 

which admits of easy integration. It siioi;kl be noticed that this result is inde- 
pendent of the angular velocity of the guiding curve, pros idod only it is constant. 
A similar result holds for any curve on a right laicuiar (".-'{mier mrum;; uniformly 
about its axis. 

To find the pressure of the helix on the particle we use- cylindrical coordinates. 
Art. 491. Let P, y, R be the components of the pressure, then since in the helix 
p — a, <p — B + at, we find by substitution 

P=~a(6 , + af, Q = «0", Z-g=a tan aS". 

These show that the pressure on the particle is equivalent to a. sustaining force 
n tos a acting perpendicularly to the osculating plane toacLhev with the radial 
pressure P. 

Motion on a Surface, 

535. Any Surface. To find the ■motion of a particle on a 
fixed surface, 

Let P be the position of the particle at the time t, Pi} a 
tangent to the path, P% a normal to 
the Kin-face, and Pj~ that tangent to 
the surface which is perpendicular to 
the path. Let PC be the radius of 
curvature of the path, PA the bi- 
nomial, then PA, PC lie in the plane 
g£. Let x be the angle GP£. 
Let X, Y, Z be the resolved impressed forces parallel to 
any axes x, y, z fixed in space. Let the equation of the surface 
be/(^y, *)-0. 

The resolved accelerations of the particle in the directions 
PA, Pr\, PC are known to be zero, vdvids and if'ip respectively, 
Art. 496. Hence resolving in the direction Pi}, 

dv „,dx -, r dy „dz 

mv-j-^X ■. +1 ■■■:'- + % ,■ , 
as as as as 

which if JJha- the work function at once reduces to 

Jflrf-D' + O (1). 

This is the equation of vis viva 
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ART. 538.] ELEMENTARY RESOLUTIONS. 333 

Let R be the pressure of the constraining surface on the 
particle measured positively inwards. Then resolving along 
the normal, 

mv'* Tr r , 

cos v = n + K. 
p *■ 

where H is the component of the impressed forces. If p be the 
radius of curvature of the normal section ijPf of the surface 
made by a plane through the tangent to the path, it is proved 
in solid geometry that p = p cos %. We therefore have 

™'=H + R (2). 

P 

536. If a, b are the radii of curvature of the principal sections of the surface 

o the path niakes ■■villi the section «, v,c have by 



a be the resolved velocities of the particle along- 'lie tar 
tions, then v^—vcos-p and ii 2 = usin $. The equation ( 



•(*♦*)- 



537. If the forces are conservative, the velocity of the particle 
is given by the equation (1) in terms of its coordinates at any 
instant and of the initial conditions. To determine the velocity 
at any point we do not require to know the path by which the 
particle arrived at that point (Art. 181). 

The pressure R is given by (2) in terms of the velocity at; 
that point, the normal component of force and the radius of 
curvature of the normal section of the surface through the 
tangent. The pressure is therefore also independent of the path. 
The -whole energy C being given,, the pressure depends on the 
position of the par tic i-e and, the direction of motion. 

The equation (2) shows that the acceleration of the particle 
normal to the surface is V s I p'. It is therefore independent of the 
position of the osculating plane but depends on the direction of 
motion. 

538. To find the path of the particle we resolve in some 
third direction. Choosing the direction Pf, we have 



i = F.. 
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334 MOTION ON A SURFACE. [CHAP. VII. 

where F is the component of the impressed force along that 
tangent to the surface which is perpendicular to the path. This 
may also be written in the forma 

imp , „ mv 1 _ 

p' x p" 

where p" is the radius of curvature of the projection of the path 
on the tangent plane. It is also called the geodesic radius of 
curvature. 

539. Geodesic path. If the only impressed forces acting 
on the particle are normal to the surface, F = 0, and the third 
equation shows that either sin^ — or that the path is a straight 
line. The path is therefore necessarily a geodesic line. 

If the surface is rough, the friction acts opposite to the 
direction of motion, and F would still he zero. So also if the 
particle moves in a resisting medium the resistance is opposite to 
the direction of motion. Generally we conclude that the path of 
a particle on a rough surface in a resisting medium when acted on 
by forces normal to the S'/rfuce is a geodesic. 

Conversely, ■ifthepaih is a geodetic line we must have sin% = 
and therefore F=0. The component of the impressed force tan- 
gential to the surface mud then also be tangential t... the path. 

540. To find the radius of curvature of the path and the 
•position of the osculating plane when the position and direction of 
motion of the particle are given. 

To effect this we use the two equations 

mi? . __ „ l_cos 3 sin s ^_cosx 

The particle being in a given position, v s , a and b are known. 
Since <£ is the angle the direction of motion makes with the 

principal section whose radius of curvature is a, we have 

F= A cos <j> ■+ B sin <b, 
where A and B are the given components of impressed force 
along the tangents to the principal sections. Thus the values of 
both svn%lp and cos%Jp follow at once. 
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ART. 541.] A SURFACE OF REVOLUTION. 335 

541. Motion on a surface of revolution. When the 

surface on which the -particle -moves is one of revolution, it is 
generally more convenient to use cylindrical coordinates. 

Let the axis of figure be the axis of z and let £ be the 
distance of the particle P from that axis. Let the equation of 
the surface be z =f (£). Let V be the work function, and let the 
mass be unity. The equation of motion obtained by resolving 
perpendicularly to the plane zOP is 

jW «• 

We have also the equation of vis viva 

r=Hr+^+fV*} = P'+c (2), 

which, by using the equation of the surface, may be written in 
the form 

if {i +(!)}+ a-*" - u + c < 3 >- 

Here accents denote differentiations with regard to the time. 

By solving (1) and (3) we determine the two coordinates f, <£ 
in terms of the time. 

In certain eases the solution can be effected. The equation 
(1) gives 

Let the impressed forces he such that 

?U = F 1 (<j>)+F i (£,z) (4), 

where F lt F 2 are arbitrary functions. We then have 

WjW-^fi ••■ if'f'-J?,(«+^-(5>. 

Substituting this value of $>' in (3) we hnd 

iPe-{l + {^)'\-F,{(,z-) + 0p-A (6). 

Since z is a known function of £, the variables in this equation 
are separable. The determination of £ as a function of t has 
therefore been reduced to integration. The differential equation 
of the path is found by dividing (5) by (8). It is evident that 
here also the variables are separable. 
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336 MOTION ON A SURFACE. [CHAP. VII. 

Since the expression for the vis viva, given in (3), can be 
written in the form 

where P is a function of | only, this solution is an example of 
Liouville's rnothixl of solving Lugmnge's equations; Art. 522. 

542. Motion on a sphere. When the surface on which 

the particle moves is a sphere, we may use polar coordinates, the 
centre being the origin. The equations corresponding to (1) and 
(3) of Art. 541 are found by putting £=Zsin0, where I is the 
radius ; wc then have 

These admit of integration when U. expressed in polar coordinates, 
has the form 

sinW= ^(r, <f>) + F,(r, 9). 
The resulting integrals are 

lPBm i dtf> , > = F 1 (l,4,)+A } 

543. Examples. Ex. 1. A particle of mass hi moves on the inner surface 
of a cone of revolution, whose soiui-vi.Tl.ical angle is c. nniiev the action of a 
repulsive force ui/tj-r' from the axis ; llui angular momentum of the particle about 
the axis being m^/>tann; prove that its path is an arc of a hyperbola whose 
eccentricity is seen. . [Math. Tripos, 1897.] 

Iiesolvc along the ^rnoratur and take moments about the axis, thus avoiding 
the reaction, Art. 541. Those prove by inief! ration that die path lies on a plane 
parallel to the axis. The angle between the asymptote* is therefore equal to the 
angle of the cone. 

Ex. 2. A particle P moves on a sphere of radius I under (he action both of 
gravity and a force X = ixl.r' lending direetly from n vertical diametral plane taken 
as the plane of yi. Show that the del or initiation of the motion can be reduced 
to iulegiation. If the partible- is projected horii-.ontii'J.y from the extremity of the 
axis of x, show that when next moving horizontally, it is in a lower position. 

Ex. 3. A parliele is acted on by a force the direction o( which meets a?i 
infinite straight iine A J! at rbdit aii;.:fos and the intensity o; which is inversely 
ptoportional to the cube of tlia distance from .-1 II. The particle is projected with 
the velocity from infinity from a pom 1 1' at a distance « from the nearest point i) 
of the line in a direction perpendicular to 01' and inclined at an angle a to the 
plane AOP. Prove that the particle is always on the sphere the centre of which 
is 0, that it mods Cicry mondial! lino ihrovigb .1 1! at the t-n^ie a, and that it 
teaches the iine AH in the time a- sec n./ v /.u, where p. is the absolute force. 

[Math. Tripos, I960.] 
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ART. 545.] VARIOUS SURFACES. 33*7 

Ex. 4. A particle moves on a spherical surface of unit radius, its position 
being determined by its polar distance 8 a-nd its longitude -p. If the tangential 
ute filer at ion is always in tin; meridian, and sin ! Odipjdt^k. eotO^w, prove that 
il,v.l,.i, l ,.( 1 «.)(, + 5). 

Prove also thai the .aw "■' : v -v.;i- perpendicular tc t'ae equatorial piano under 
which the sphero-conic . ., .: — .-':--' i- '. .;' oan be described is that of the inverse 
cube of the distance. [Math. Tripos, 1893.] 

Ex. a. A particle niovo; on a smooth hehcoid, t.---ai/>, 'jrdi.'t the action of a 
force jtr per unit luas- ilirnf.it-d i;t each point along the generator inwards, r being 
the distance from the axis of z. The particle is projected along the surface 
pevpeinlknliirly to the generator at a point where the tangent plane makes an 
angle a with the plane of .17/, its velocity ot projection being 11^. Prove that the 
equation of the projection 0.'' ir.n p.rl'n on the plane of .?.y is 

l + a^^sec^a {cosh (£/coe a)} ! . [Math. Tripos, 1896.] 

544. Cylinders. Ex. 1. A particle moves on a rongh circular cylinder 
under the action of no external forces. Prove that Ihe splice de-cribed in time t is 

log ( 1 + - ) where the particle ha- '.alii ally a ve'oeity V in a direc- 
tion making an angle a with the transverse plane of the cylinder. 

[Math. Tripos, 1888.] 

Ex. 2. A heavy particle moves on a rough vertical circular cylinder and is 
projected horizontally with a velocity V. Prove that at the point where the path 
cuts the generator at an angle <o, the vc'ocity i- is given by 

aglv* sin 2 0= ag\ V s + 2fc log (cot 4. + eosec f), 
and that the azimuthal angle 8 and vertical descent s are agB = jv 2 d^i and 
Hi = fu 2 cot 4, dip, the limits being 0= Jit to ^. [Math. Tripos, 1888.] 

The cyliiidtioal equations of motion give 

First eliminating dt and putting v = ljw we obtain the first result. Secondly 
eliminating ji we obtain the others. 

Ex. 3. A smooth cylinder whose cross section is a cardioid is placed with its 
generators inclined at an angle a to the vertical and having the generator through 
the cusp in its highest position, and a particle is projected from the cusp line with 
velocity V along the inner surface of the cylinder inclined at an angle £ to the 

generator; show that it will leave the surface if V % <- . . , where 2a is the 
breadth of any section through the cusp. [Math. Tripos, 1887.] 

54fi. String on a surface. Ex. 1. A string, one end of which is fastened 
at a point of the surface of a smooth circular cylinder whose axis is vertical, winds 
round the cylinder for part of its length, and terminates in a straight portion of 
length e at the end of which a particle is tied. Show that when the particle is 
projected in the direction horizontal and perpendicular to the string it begins to 
rise or fall according as the velocity is greater or less than sin a (jmseo a)*; a being 
the angle at which the string cuts the generators. 
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Prove also that during the ensuing motion - (r-uj + (f«- = 0; r being n-t \u:y 

time the length of the projection of the straight portion of the string on a 
horizontal plane, w the angular velocity of the vcrf-leal plane drawn through the 
string and a Liu; radius of the cylinder. [Coll, Ex. 1895.] 

Ex. 2. A string is wound round a vcrricni cylinder of nsdjus a in the form of 
a given helix, the inclination to the horizon being i. The upper end is attached to 
a fixed point on the cylinder, and the lower, a portion of the string of length 
I sec i having been unwound, has a material particle attached to it which is also in 
contact with a rough horizontal plane, the coefficient of friction being p. 
Supposing a horizontal velocity V perpendicular to the free portion of the string 
to be applied to the particle so as to tend to wind the string on the cylinder, 
determine the motion and prove that the particle will leave the plane after the 
projection of the unwound portion of the string upon the plane has described 
an angle 

S-7— -■ l °S a t/* t »■ r it • ■ [ JIath - T - 1St60 -J 

2,utan J. 2.» !■■ - tan- 1 - 2,i jlkn i-ya 

Ex. 3. A fine string of ler.giii ' is fattened to a poiei A uf a -moolh cylinder 
of radius a, and, bi;in;_ T wound reuud the cylinder, bus a jjitit.iule of given mass 
attached to the free end. Show that, if the partie'e is prelected in any direeticu. 
it will, so long as the string i-. li^ht and solvit cor; i or of it remains wound on the 

cylinder, describe a evodi sic line on loo surface 

where the axis of the cylinder is the axis of s, and the axis of x is the radius 
through A. 

Show also that r.ho pitrlicSc csouol bo so pvopefel thai the string s'uall not slip 
on the cylinder, except when the path lies in this plane of tiie circular section of 
the cylinder drawn through A. [Math. Tripos, 1893.] 

S46. Gauss' coordinates. The motion of a particle on a surface may also 
be investigated by :isir.._- i hi: yeodosle pobir eoMrainufcs of tiauss. in this method 
evi ry surface has a sjeometry of its own, in which ilII [he hues under consider a I 
are drawn on the surface. The geodesies on the surface correspond to straight 
lines on a plane, una the properties of the hooves are discussed by n 
uiiiuoeous to that of two dimensions. 

Let be any origin, p the length of the geodesic drawn from O to any 
point P. Let w be the angle OP nukes with seme fixed geodesic Oar. Let OP' be 
a neighbouring geodesic, PL the perpendicular to OP'. Then in the limit LP' — dp. 
PL = Pdiu. The theorem that OP-OL is proved in Salmon's Solid Geometry, 
Art. 394, edition of 1882. The quantity P is a function of p and », whose form 
depends on the particular surface under consideration. On a plane P = p, and on 
a sphere of radius a, P-as'mpja, On an ellipsoid when the origin is at an 
nmbilicus, P = y eosec w, where u is the aueli. ;ne ;.codcsJe OP makes with the arc 
containing the four unilulici. The dill'. cully o: iir.ding the value of P for any 
surface prevents this method from comiu-r in'.o general use. 

The vis viva 2'f of a particle of unit mass is given by 

r^ty+pv*), 

where accents as usual denote differential oocilieients with regard to the time. 
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Let U be the work function; F, G the accelerations at P along and perpendicular 
to the geodesic radius vector OP. We have by Lagrange's 
d dT dT dU . 



dt dp' dp 
<f_ dT_ dT_dU 
di d<S~tfa~dw : 
dP , dP , ... 



,», , o,li,J'-i.: 



(teW+j-^+l ^ m . 



547. We may also arrive at then: nsnlts ■initlnui.t uthi;/ Lt: : irtt;i-;ie's i:(/\mt!«ii>>. 
Let u, v be the component velocities of P along and perpendicular to the tangent 
FT at P to the geodesic OP. Let P'T be the projection of the tangent to OP' on 
the tangent phm.j at P. Since the tangent planes at F, F' make an indefinitely 
small an;rl(; with each other the component velocities at ./' alonp; end perpendicular 
to P'T BXeu+duvaAv + dv. If dB he the angle FT makes with P'T', the accele- 
rations along and ncipeiLdicu.iir to J'T arc (aa in Art. 'i'ij), 

'~~di~ V dt' ~di + U dt' 

Nowu-p', v-Pui', and by a theorem proved in Salmon's Solid Geometry, Art. 
392, d9- — da. We therefore have 

These reduce to the same forms as before. 

048. Etc. A particle P, constrained to move on an ellipsoid, is attached to 
an umbilicus by a string of given length, which also lies (in the surface. Prove 
that the particle descvil>i:s ;■■. peodosic Click- wli.li a uniform velocity V, and that the 
angular velocity of the string about llic umbilicus is V sin w]ii. Prove also that 
the accelerating tension is r-cus;-i/i/, where 3 is the angle Lhc tangent at F to the 
string makes with the axis of y. 

549. Developable surfaces. When the surface on which the particle moves 
is developable, we may sometimes :"ix the position a: '.In; particle by using the edge 
as a curve of reference. Let s be the arc of the edge measured from some fixed 
point A to a point Q, such that the tangent at Q passes through P. Let QP=u 
measured positively in the same direction as s. We then have 

■..£,'■+(.'+.')■. 

The form of the surface being given, the radius of curvature p of the edge at 
Q is known as a function of s. When V is given as a function of it and s the 
Lagrangian method supplies two eqviarim-.s to find the coordinates u and s. 

Ex. A heavy particle moves on a developable ta.rfaeo whose edge is a helix 
with its axis vertical. Obtain two integrals by which a' and u' may always be 
found in terms of u and e. Show also that if the particle is projected along a 
tangent to the liolis, it will continue to describe that tangent. 

22—2 
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340 MOTION OF A HEAVY PARTICLE. [CHAP. VII. 

Motion of a heavy particle on a surface of revolution. 

550. To find the Motion of a- heavy particle on- a surface of 
revolution the ax-is of which is vertical. 

Let the axis of z be the axis of the surface and let z be 
measured upwards. The velocity i) is then given by 

v-- = 2<,(h-,) (1), 

where h is a constant depending on the initial conditions. Let 
the plane z = h be called the level of no velocity. 

Let | be the distance of the particle P from the axis of figure, 
and <f> the angle the plane z<)P makes with the piano zOx. Then 

r%~* «■ 

where mA is the constant angular momentum and its value is 
known when the initial values of £ and dtj>;dt are given ; Art. 492. 
The velocity v at any point being given by (1), the angular mo- 
mentum A must lie between zero and »f. It is the former when 
the particle is moving in the plane zOP and the latter when 
moving horizontally. The particle therefore can occupy only 
those points of the. surface at which v£>A, i.e. those points at 
which 2r/ (/< — z) p > A'K If then we describe the cubic surface 

(*-.)p-4'/Jj (3), 

the £ of the particle for any value of z must be greater than the 
corresponding f of the cubic surface. 

This cubic divides the given surface of revolution into zones, 
separated by horizontal circles, and the particle can move only in 
those zones which are more remote from the axis of figure than 
the corresponding portions of the cubic. The zone actually moved 
in is determined by the point of projection. The particle moves 
round the axis of figure and must continue to ascend or to descend 
until it arrives at a point at which the vertical velocity can be 
zero, that is, until it reaches one of the boundaries of the zone. 

If the particle is projected horizontally it is on the boundary 
of two zones. It will move on that neighbouring zone which is 
the more remote from the axis than the corresponding portion of 
the cubic. If the cubic touch the surface of revolution, the 
particle is situated on au evanescent zone and will then describe 
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a horizontal circle. The path is stable or unstable according as 
the neighbouring zones are less or more remote from the axis of 
■figure than the cubic surface. 

SOI. Ex. A partkl.ii is projected horizontally v.iih » velocity V tit a point 
wiiose. coordinates are £, z. Will it rue or fall! 

If mE be the pressure on the particle, ^ the angle the radius of curvature 
makes with the vertical, we see by resolving vertioally, that the particle if inside 
and f *; Jir will rise or tali according as II cos <</ is frreatcr or less than g. 

To find R wa resolve along the normal to the surface. Since the particle is 
moving along that ]>;in<-:pn" h ■: . r ■ 1. 1 1 > 1 1 ivhnso radius of curvature is the normal n 
we have V^ln^R-g vasty, Art. 536. Since n sin ^=f, we see that tin particle will 
rise, fall, or deserilie a horizimtai circle accordlr-a a- I"- is yreater, las, or equal to 
Si tan ^/. If z-f{s) he. the equation of the surface of revolution, tan ■ i i = rfs/nf. 

To find the level to which the particle will lisc or fall we use rhc cubic- surface 
described in Art. 530, the constants A and ft being known from the equations 
Vi = A, F a =2(;(7i-.z). The intermediate motion may he deduced from the equations 
(1), (2) of the same article. 

552. Ex. To full the pressure on the pa.rtic'e irhen in any position. 

We use the formula given in Art. 536. The principal radii of curvature of the 
surface arc the radius of c-urvaune o of the meridian and the normal n. The 
velocity perpendicular '.;■ the meriaian bcim; t:,—?'l!:>iili. the velocity v s along the 
meridian is given by v- — v 1 ' : \-v./. The formula 

^ + ^l=R-g OOBf, 



•*^^(H> 



This problem lists ,! special interest because we can use it to represent experi- 
mentally the pa-Lb of a p;)i--;c!o under lire action of :i ct-ntre of force. If Q be the 
projection of the particle on a horizontal plane, the motion of Q is the same as 
that of a partiole moving under the action of a central force whose magnitude is 
R sin i)i. If then » surface !:■ so consti'.icted thai the yenerafiu;.' curve satisfies the 
difierential equation /■' sin -y — aii', where It. lias the value- mven above, the path of 
Q should be a conic with a focus at the origin. 

The experiment eannol be ;oiij:ci ly tiled witii a particle, for the surface must 
then be very smooth. It is better to replace f.lie particle by a smell sphere which 
is made to roll on a reach surface, but in th;Ll case, the :jioo;y mast be l.iodited to 
allow for tho size of the particle. Nature, 1897. 

553. Small oscillation. Ex. A inovi/ particle J', dcscriidioi a horizontal 
circle on a surface of revolution, is al.ii/lit.ly disturbed. It is required to find tlu> 
oscillations in a first approximation. 

The plane ;'.>V nay be reduced l.e icst i: we ripply ro the pn rr.ic'.e n horizontal 
acceleration ({d4-ldt)\ Art. 495. Since ^drpjdt = A, this acceleration is equal to 
i4 a /£ s . Resolving aion;; the meridian, we have 

dp £* V flsmy, 
where ■£ is the angle 1'GO which the normal to the surface malice with the axis. 
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42 MOTION OF A HEAVY PARTICLE. [CHAP. VII. 

Let the radius of the mean circle be A* 1 P I = c and U-:t tli: : non-ial to the surface 
t any point of its cli'eumf'MTiiei! meke an a'i;';lc /'/V' — "' with the vertical. 




between the particle and the 



Substituting, we find by Taylor's theorem -r-^—F-^s, 



iven by s = L E 
To find the ; 



a zero; we then have F=0. The mean ch- 
are .so related that .4- — c :: <" fan 7, while the 
n(jit + M) where L, JU are the constants of ii 
lotion round the axis of ijj-ui-o we use the equal 

■"■df = F = ^( 1 '^° 0S7 ) ; 



•y except that the 
alue of s (taken for 
le and the angular 
•dilatory motion is 
egration. 
&m?d$ldt=A; 






e-w. We then find 



1 hi, ■.'!-. est position to the lowest or the 



where N is the constant of integration. 

If we write w for the mean value of d$Jdt, \ 

cw s =jr tan y, p s =u 2 \~^~- 
The time the particle takes to travel from t 

564. THe Paraboloid. Ex, 1. A smooth paraboloid is placed with its asis 
vertical and vertex downwards, rind its equation is ^ — ias, A heavy particle is 

projected hoii/.ouoiLlly v,i;h velocity I", the hi!*.! a! uli.irudi-. iiem;.' z—.b, show that the 
particle is again moving horizontally at an altitude z-V-i'iij. Show also that 
the pressure 011 tiio su-fiiee ai. an-,- •)■■;■: :ii of ihe pa-lt'i U '.r.w^i'W proportional to the 
radius of curvature of the parabola. 
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To prove the fir si:, v.c notice th.it ilio angular momentum A = V% where £- = 4«.j. 
The eubie ^ (ft - .3 ) = A 2 /2(7 becomes z'-' -/).-; + V%;2:) = (>, one root of the quadratic 
being z = b, the other 6' ia given either by b + b'-h or b' — V s j2g. The second part 
follows from Art. 552. 



I (*)■♦? 



the oilier be reqniierl. 



.'. ,/%T= ( ; 



vV_ 



the limiti- being 6 and 1'. This integral can lie, reiinctd to elliptic forma by putting 

a +z={V+ a )c<&g. 

Ex. 2. A particle moves under the action of gravity on 11 ?moolli paraboloid 
whose axis ia vertical, vortex LLo-,Ymv:.rds ami lat'.is )?(t.iim 4k. If the particle be 
projected along tin; sud'aee in the horizontiLl plane through the focus with a 
velocity v /(2™«). prove [ Kill, toe initial 'a.ii'.is of curvature of the path, and the 
angle 9 which the radius of curvature: makes with inc. axis, are given by 

*/{n a + l) p = 2na*/a, (1 - ») tan 9 - 1 + n. [Math. T. 1871.] 

Ki. 3, A heavy particle move- on 11 paraboloid with its axis vertical, the 
equation of the surface being x-lu - ?/ J /;'i = 4.i. Show thai the particle when moving 
horizontally rrr.ist lie- on tin.' (innrtii; surface -? (—5 — 41 [ = s) = s — . 

4 \j) 2 J\2g yV & 

where —„ = ^ -f ,-1-4, and fi is the initinl value of ,|" ■ : .----2g). Show also 
that when the paraboloid ia a surface of revolution, the intersection reduces to two 
horizontal planes and two oomc.df ill planes at the vertex. 

555. The Conical Pendulum. To find the motion of a 

keam/ particle 1 J on a smooth sphere*. 

It will be convenient in this problem to take the origin of 
coordinates at the centre of the sphere and to measure Oz 
vertically downwards. Let I be the length of the string OP and 
8 the angle it makes with Oz. Let <j> be the angle the vertical 
plane zOP makes with some fixed plane zOx. Let r be the 

* The problem of the conical pendulum has been considered by Lagrange in 

the second volume of jiis ^ie-aiiiiiuc lanlijUinu. He deduces filiations equivalent 
to (1) and (3) of Art. 555 from his geneialized equations, and notices that the 
cubic has three real roots. He reduce- the uetci'ru: nation of ( and A to integrals, 
and makes approximations when l.hf: bounding plcacs are close together. He 
refers also to a memoir of Clairaut in 1735. There is an elaborate memoir by 
Tissot in Liativ'dl/'s Journal, vol. xvii. 1852. He expresses (, z, 4- and the arc s in 
elliptic integrals in terms of u. A long communication by Cliaiian may be found 
in the Bulletin <h Hoc. Jfath.dc France, L8H9, vol. xvii. There is a brief discussion 
uf this problem in Greenhill's Application* of Elliptic Fioietivns, 18'M, Art. 208. 
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distance of P from Os, Let h be the altitude above of the 
level of zero velocity. We now proceed as in Art. 550. 
By the principles of angular momentum and via viva, 

"S-* -»-© , +-(35 , -%<* + '-«>-a> 

Eliminating di£/<fe and writing r = £ sin 0, 

Pdtfe(^J = 2c;(h + Uos0)sm*8-~ (2). 

Putting z — I cos 0, this may also be written in the form 

l' Cs)'= 23 (>> + *)('• -*•)-*• (3). 

To find the positions of the horizontal sections between which the 
particle oscillates (Art. 550), we put dzjdt = 0. We thus have 
the cubic 

(h + z)(l'-Z»)-A>/2g = (4). 

Since the initial value of z must make (dzidtY positive, the 
left-hand side of the cubic (4) is positive for some value of z 
lying between g= ± I. When z=±l the left-hand side is negative, 
hence the cubic has two real roots lying between + 1 and separated 
by the initial value of z. Let these roots be 2 = a and z = b. 
Lastly when z is very large and negative the left-hand side is 
positive, the third root of the cubic is therefore negative and 
numerically greater than I. Let this root be z = — c. The -particle 
oscillates between the two horizontal pluiuts defined by z = a, z~b. 
Since the cubic can be written in the form 
2 3 + hz* - H + (A'-jig - Mi) = 0, 
we have the obvious relations 

a + b - c = - h, (a + b) c - ab = I 1 , abc = A'/2g - l"h. 
Converse!}-, when ihe depths a arid /; of the two boundaries of 
the motion are given, the values of the other constants of the 
motion, viz. c, h, and A, follow at once. We have 
= f + ab A? = (l *-a?){P-¥) 
a + b ' 2g a + b 



c = - — r- , „- = - xr ' , h = c~a — b. 



558. lilx. Prove (1] that one of the two horizontal planes bounding the 

notion lies below the f-ontvts : \'l) thut t-lif pliei.- i^juidb.-ta-n !Voi:i the two bounding 
planes also lies bnlow tin- rontre; (B) ihiit both tin; k>;ui(lmi< pianos lie below the 
centre if 'iijld- < A"' ; (i) if a length OO-e be measured i-ijv.-htiIs from the centra 0, 
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the point C is not only above the top of the sphere, bat nljovi? the level of zero 
velocity. 

To prove (1), we notice that if all the roots were negative, every coefficient of 
the cubic (4) would be positive, which is not the case. To prove (2) ; since both 
a and b are numerically loss than I, it follows from the value of c that et + b is 
positive. (3) The two roof? a and I; will bavo the same- oi: iliuci'cvit ^ii;i:s accord inf.; 
as the left-hand aide of tint cubic when 5 = 11 mid e — l. has the same or different 
signs. The fourth result follows from the fact that c-h, i.e. o + i, is positive. 

The lirst and third ves-ulls follow also from Descartes' rule of signs; for since 
all the roots of the cubic are real, there are as many positive roots as changes of 
sign, and as many negative roots as continuations. 

8»7. Ex. To find His tension of the string we produce the radius veotor OP 
outwards to a point Q so that PQ is half the length oi the string. Let z' be the 
depth of Q below the level of zero velocity. Prove that the tension mR is given 
by lR = %gz'. Thence show that the. strina run become ,b:i:h only wlie.it Q crosses 
the level of zero velocity. It may be noticed that the tension or pressure on a 
sphere is independent of the angular momentum mA. 

55B. Ex. 1. A particle P is project):'! horizontally with a velocity V. 
Determine -whether it irii! rise, or fail, and find tin- position, of the oth'.rr boundary to 
the motion. 

Let the initial radius OP make an angle a with Ik; vertical. Resolving along 
the normal, we find that the loitiai tension mil is given by li — geos a-l-V'^il. 
The particle will rise or fall according as R cos a is =» or <#, that is, according as 
F 2 cosn is > or <Ig sin 2 a. If these are equal the particle describes a horizontal 
circle. See Art. 551. 

To determine how far it will rise or fall, we notice that one root of the cubic in 
Art. 555 is known, viz. z—-l cos a; the cubic may therefore lie reduced to a quadratic. 
But it is more easy to repeat the rea~c,nii>y. "We have by the principles of angular 






'■(S'*-(S)"='" + «™»— '■ 

i rWidt, the limiting values of B 



V- —~ - V- + ■lyl. (eos e - cos a) ; 

.: r a (cose + coe ) = 2 fl isin^. 

I'll loin ;■; V'riyi- 'in fur brevity, we find 

cos<*=-« + V(l-2recosa + ^), 
where the positive sign is given to tile vadieai because Co- must be less than unity. 
This value of eos 6 and cos B = cos a determine the positions of the bounding planes 

Ex. 2. A heavy particle, con strained to move on the surface of a smooth 
sphere of radius a. is pvi.jeef.od ;e:e i^eit^Li with a vck>eby i' fioin a point on the 
suvfaco whose depth below tin cer.tve is x. Prove that, when next moving liori- 
Kont;! I It.-, the depth r of lac iiartiele la- low the same point is given by 

%(»'■-,.•) ■n"(«'+.»>=t>. 



,GoosIe 



346 MOTION OF A HEAVY PARTICLE. [CHAP. VII. 

Ex. 3. In the centre of a hollow sphere resides a repulsive force. A heavy 
particle is projected horizontally along the surface of the sphere from a point 
distant 60° from the highest point with a velocity due to falling through the 
diameter by its weight only. Prove that it will he again moving hum on tally at a 
point whose distance from the lowest point is tan -1 4^. [Coll. Ex.] 

Ex, i. A particle is attached by a string to the top of a hemispherical dome, 
and is projected horizontally along the interior surface, which is rough, with a 
velocity just sufficient to prevent it from at once leaving the surface. Find the 
velocity alter dcsei.'uuiij a ;:ivut] a;e, and diov tbiit it will ahvay.- remain in contact 
with the surface. [Math. Tripos, 1853.] 

S58. Ex, 1. Show that the radius of eitrratnre of the path ami the. inclina- 
tion x '■>/ '<''■• tiscii'atin;/ plane to the. noneal te, the epiierr. are yiren by 

inkers v is the velocity and viA the constant anyidar momentum. 

We follow the method given in Art. 540. Let F be the component of accele- 
ration along that tangent to the sphere which if perpeiiaicuhir to the direction 

of motion. Then ?^? = i, — sinx=F. To find F, we notice that the accelera- 
tion perpendicular to the meridian plane is aero, while that tangential is g sin 0. 
Hence if the direction of motion mahes an angle $ '.villi the meridian, 



Since the components of velocity in and pt-.pch:lici\ar to trie meridian plane are 
off and asiaSij,', we have vooe^=a8', VBmf^lrinBfi. Choosing the latter 
component to find i/< and remembering thai I- sin- Hip' = A, the values of eos xlp and 
sin xlp are evident. 

Ex. 2. A particle is projected with velocity [' horizontally Iroui a point on 
the surface of a smooth sphere. Prove thai the radios of curvature of its path is 
-■rnrr. — - „ - .. , where ! is [he :.aaiu- ol' liio sieii:;.c a:n.i a lite inclinalion to the 
vertical of the radius at the point. [Coll. Ex. 1SH1.] 

Ex, 3. A parti cie is projectcil inside a smooth fliers cf vadium 1 with a velocity 
*J1gl along a tangent to the horizontal equator, prove that at firet the radius of 
curvature is 2ljJ5. [Coll. Ex. 1897.] 

580. Ex. Prove thai the projection of the -path of the purtiele on a Jmriu>nt/il 
plane in a central orhit. desct Uitd under a. force II sin (? — '.; {'Hi !- S */{l s - )' a ||, where 
the. radical eiianyen sign when ?■=!. 

Show also that if the two roots a and b of the cubic in Art. 555 have the same 
signs, the central path is a spiral curve touehir..-.' alternately two circles, whose 
radii are y(P- «.-) and V '(P - 1> ! ), the curve being always concave to the centre of 
force. If « and ft have opposite signs the cenir;il path ar'tcr t.iv.iching each bounding 
circle, touches the circle r—-l and then touches (he oilier bounding circle. There 
will be a point of inflexion only i:.' It vai::-lit^ ami changes sign. 
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ART. 562.] 

561. Ex. If we write ^h + leosS — ncos'p, the genera} equation af motion of 
a conical p'.i-:diiiu.i:>. <nay he rcducctl to the. form 

hi/ properly choosing the constants K and a. 
Show that these values are 

Find aleo tlie positions of the bounding planes when the constants k and o of the 
motion ate given. 

562. Time of passage. The motion of the particle as it 
travels from one boundary to the other may be found by an elliptic 
integral. 

We write the equation (3) of Art. 555 in the form 

iW t= f ' dz _. 

I V(a-*)(#-6)(* + o)' 

where the limits are z = a and z=b, and a > b. Putting z = a — f 2 . 
the integral takes a standard form which is reduced to an elliptic 
integral by writing f = sin i/r \f(a — b), i.e. we write 
z — a cos ! i^ + 6 sin 5 ■$■ ; 

. &) t 2 f *t 

■" I VC« + c)JV(l-* a sin'^)' 

2 _a — b _l' + ab 

a+ c' a + b 

If the time of passage from one boundary to the other is required, 
the limits are and Jit. 

If the two boitudin-fj plane* are close together, tc is small. By 
expanding in powers of « and effecting the integrations we find 
that the time from one boundary to the other is given by 

If the two bon.iid.rnr/ planes are also close to the lowest point, 
we put 

a = lcosa = l(l-%a?), b = lcos(3 = l(l -i/3 a ). 
We then find that the time of passage from one boundary to the 
other is 



where 



I y^ + feci 
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the fourth powers of a and being neglected. This result is 
given by Lagrange. 

Let u = I —r^r- — ^-^~ --T-; and K be the value of u when 

■ty = -Jtt. Let t be the time of passage from the lower boundary 
to the depth z defined by any value of yfr, and T the time from 
one boundary to the other, then tjT = ujK. 

503. Ex. 1. Prove that when litilf the time of psi-ssiny from tin; lower to the 
upper boundary lias elapsed, the purtiiils in above the mean level between the two 
boundaries. Prove also that the depth of the particle is then W't- -i- S)/(k' + l)i where 

l"=l-«* [TiBBOt.] 

Ex. 2. Prove that when a quarter of the time has elapsed, the depth s of the 
particle is 

a y*'( v /(tW ) + i) + Mv'( i+*')-V*') 

564. The apsidal angle. To find the change in. the wko.e 
of tp as the particle move* front one bounding plane to the other. 

Eliminating dt between (1) and (3) of Art. 555 we find 

&)a = /"____*! ____ 

Al 9 WC«-*)V(*-6)V(* + o)('-/)' 

where the limits of integration are z = b and z = a, and a > b. 

Putting a = m + ft, b = m — fj., z = m + £ so that m is the middle 

value of z and jj. the extreme deviation on each side of the middle, 

we have 

•IWl . _ I i± 

~H * JVfr'-EOVtm + c + HIP-Cm + f)'!' 

whurc the limits are f = — fi and p. 

565. When the bounding planes are close to each other, the 
range /t of the values of £ is small. If also the planes are not 
near the lowest point, the two last factors in the denominator 
are not small for any value of f. We may therefore expand 
these in powers of f and thus put the integral into the form 

After calculating P and B, th is gi ves 

TTi ( _ 3( 3i- + 13 m')m>' ) 
* ~ V(P + 3m-) | 4 (!■ - m>) (P + 3m')') ' 
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866. If both /.:■:'■ ! :,!,tisn!hi'j -planes are near '.In: Imeat pr-iat '■/ tin sphere, I and 
z axe nearly equal, and the last factor in the denominator of <(> (Art. 564), may be 
so small that its changes in value a?e coesidc:aUi: tractions of itself. We write 
the integral in the form 






i)V(i-&)(!-') V(°+<)(H-')' 



may ba expanded in powers of some small qniinrity properly chosen. We shall 
make the expansion in powers of I - z — ij. 

Eeinembering the values of A and c found in Art. 555, we have 

all these integrals are common forms. To find the first we put i-z = l/«. We have 
f dz _ 1 f _du 

where h and ,8 are two constants which we need not calculate. For since the 
limits of the first integral, viz. z = a, z = b, make the denominator vanish, the 
limits of the other must be »=o, K=p. Putting »=4(o+£) + J we see at once 
that the value of that integral is ir. Since ?j = J-s the values of the remaining 
integrals have just been found. Hence 

♦-Jji+iJi'-i^-^dr^nr+D+i)}. 

where we have written for e + Mts value given in Aft. 553. 

If p, q be the nulii of r-iu: circles which bound the i;;eillr:(ion, wc have 

■— & •-»-£■ 

and in the small Mms v.i:;<;li contain l;ie product >--■; :■./, a fiieior, we can write 
a=l, b=h hence (see Art. 5C2) 

The first of those results differs from that given by Lagrange, The eorrcetiou 
was first made by M. Bravais in a note to the Mi- cant que. Analytiqiie. 

867. Ex. A simple spherical pendulum of length I is drawn out to the 
horizontal position and is then projected hovisiontiilly with a velocity 2pJ. Show 
that, if 8 is the angle that the string malo c wi'ji tin: vertical, and i/> the azimuthal 

angle of the vertical plane through the string, sin Ssin {i/,-pt)='- *j2coz8, where 

tl is equal to JJfl. [Math. Tripos, 1893.] 



,Google 



350 MOTION ON AN ELLIPSOID. [CHAP. VII. 

Motion on an Ellipsoid. 

568. Cartesian coordinates. To find the motion of a 

fiariich: of unit ■mass on an ellipsoid*. 

Let X, T, Z be the components of the impressed forces in 
the directions of the principal axes. Let R be the pressure on 
the particle measured positively inwards. Since the direction 
cosines of the normal are p.TJa", &?,., the equations of motion are 

J'-X-Bp^,, jT-T-Bpfc, /'-Z-Rp^...(l), 

where accents denote differential coefficients with regard to the 
time. We also have from the equation of the surface 



V s a 2 , mm vw 
6 2 c? a 1 ly 



,„ - 1 . ^F+ w+^- = ° ( 2 >> 



-+--+^ + ^=0 (3). 

c' a' f) a c* 

Multiplying the dynamical equations (1) by %', y' , z', adding and 

integrating, we have 

i(x'* + y-* + z'*) = C+j(Xdz+Ydy + Zdz) (4); 

.-. ^=0+U, 

where U is the work function and C is a constant. This is of 

course the equation of vis viva. 

Substituting' from (1) in (3), we find 

„ fa? y* s s \ fee' 1 if* z'*\ fXx Yy Zs\ ,_. 

r \a l b 4 e*J \or b- c 2 / \a? ft c* } 



* The motion of a part idle constrained to remain on an ellipsoid is 
by Liourille in his Journal, vol. XI. 1846. He uses elliptic coordinates and shows 
that the variabilis can be separated when (7 (ii' J - ^ s ) = Fj{^) -F 2 {i-}. There is also 
a paper on the same subject by W. 1!, YV'cstropp hubevH jv. :,hc Proceed-intm of thf. 
M/ithsruniiad Svcklij, 188;!, He also uses elliptic cooidhmtcs and especially treats 
□f the case in which the path is a line of curvature. The case in which the 
particle is attracted tn the centre by a force proportional lo the distance is solved 
in Cartesian co-ordinales iiy I'siii^ivi-, /awis -■*■;.■■ Viate^rathn dip equations diffii- 
rentielUs de la Me.camque, 1895. He also treats separately the limiting case of a 
heavy particle moving on a paraboloid whose axis is vertical. There is a short 
paper by T. Craig in the Amerkv.o- Jounml of Matlitinntic, vol. i. 1878. He 
discusses the same problem as Faintev', beginning with Cartesian coordinates, but 
passing quickly to Elliptic coordinates. lie sluuvs that riie path is a geodesic when 
the central force is aero and the paitielc is iLtted on by what is equivalent to a 
force tangential to the path and varying as/(f) + ■£'(*) < : where .< is the arc described. 
This result follows also from Art. 539. 
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In an ellipsoid we have 

1 a? i/ ! z'* IP m? if ,„, 

p-'a'+l + c" ff=S + ¥ + cF < 6 >' 

where D is the semi-diameter of the ellipsoid whose direction 
cosines are (I, m, n). Also the radius of curvature of the normal 
section whose tangent is parallel to D is p = D 1 jp. Taking D to 
be parallel to the tangent to the path l = so'jv, m = y , /u l n = z'/v. 
The equation (o) is therefore the Cartesian equivalent of 

R=~-N (7), 

where N is the inward normal component of the impressed force. 

569. In certain cases we ma;/ find another iideyral. Differ- 
entiating (5) ami re me in be ring (6), we have 

to\p)~ \a* + ~P~ + c*) + dt\a? + b* + *)' 
Substituting for so", y", z" from (1) and using (6), 

•*(-#+s(D-s( m+ tt)+*- 

, iw + <» (8)- 

If then the forces acting on the particle are such that 

w«<»h£;s<w+££c«>-o m, 

we have R = Ap s (10). 

Substituting in (5) or (7), we have the third integral which may 
be written in either of the forms 

x' % y'* s' 5 Xx Ty Zz . fi 
a? 6 s c 2 a 2 o 2 & * 

-~N=Af 
P 

If only the direction of motion is required, we eliminate it 
between the equations (4) and (7). Remembering that p = D lt {p, 
we see that the direction of motion at any point of the path 
is parallel to that semi -diameter D whose length is given by 

ifi+a_ 4f , + * (12). 
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Supposing the condition (9) to be satisfied we notice that 
when the initial velocity and direction of motion are such that 
the equation (11) gives .4 = 0, it follows by (1.0) that the pressure 
R is zero throughout the motion. The particle is therefore free 
and moves unconstrained hy the ellipsoid. Conversely, if the 
particle, when properly projected, can freely describe a curve on 
the ellipsoid, the condition (9) is satisfied. If it can describe the 
same curve when otherwise projected, the pressure varies as p\ 

If the components X, Y, Z do not satisfy the condition (9), 
we may sometimes make them do so by adding to them the 
components of an arbitrary normal force F and subtracting F 
from the reaction R. The condition (9) then becomes 

where F is an arbitrary function of x, y, z and p is a function of 
x,y,z given by (6). The equation (10) then becomes R = F + Ap s . 
It is only necessary that the condition (9) should hold for the 
path of the particle, but as this is generally unknown, the con- 
dition should be true for every arc on the ellipsoid. 

870. E.r. A particle is acted on by a centre of ret. tractive force situated at the 
centre of the elliiisuid, Lhe I'oit-.p being nr. If D is the semi -diameter parallel to 

the umfrent tii ijio fiith, y.vove thirt 

These reduce to the ordinary formulae of central forces when A-0. 

Since X— - ax, Ac. the condition (ii) is satisfied. The first of the results to be 
proved then follows from (II), for N- kji. 

571. Ex. A particle P moves on the ellipsoid under the action of a force 

Y— - k/j/ s , whose uiTcctiot! v.- <iiv.:iy,j ;:aL!.lkl to the axis of y, and is projected from 
any point P with a velocity o 1 = KJtj- in a. direction perpendicular to the geodesic 
joining P to an umbilicus. Prove that the path is a geodesic circle having the 
umbilicus for centre, i.e. the geodesic distance of I'i'roin the umbilicus is constant*. 
We see by substitution that the condition (ij) it satisfied by this law of force. 
The path is therefore given by 

£-*+;■ "■-?+»". 

where, as before, I) is !,]iu scmi-Jiamctc; pariuld uj tbe t' rgent to the path. Since 
the cosine of the ar.;!> the i:ora:a; makes with the axis of y is pyj!i s , we have 

* This result is due to W. K. W. Roberts, who |jives re inooi tv elliptic co- 
ordinates in the Proceedings of the London Math. Son. 1883. 
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-V = upjb'j/K Tllr conditions CI' pVuiiXtion sliuiv L.f 1 E.t C — 0. IlellUi! ■ -, = —jfy'-r Ti . 

If p, a are the somi-jixes of the diametral plane of P 

/ i 2 + D- 2 =o' J + 6 s + c 5 -r i , /w=a6e/y, 
If also Z>, D' are two semi- diameters tit right miiih.s of the same plane 



H;il;Htitiuiri{.: for ji ami ■;■ their Cartesian values 

1 1 a' + C 1 /, I s Z 2 \ / 1 1 i\, 

jTB5 = «+«3 ( l -*-?)-{jV? + V + 7) + 

Using the equation to the surface, this become. 

1 1_ K<t a - 6°) (&'-«') ^1 g* 

j) s O' 2 A I+ | oW k J P" 

Since the partielo i;- 1 proY-.e-cd iiei'iier.dicularly to the geodesic defined by pD' — ac, 
the coeliieient of y- mutt be boo. I.t t.aen follows that throughout the subsequent 
motion pB' — ac, and the path cuts all the geodesies from the umbilicus at right 
angles. These ;reu!.U.-;lu:.. ;:i:o therefore a'l of ecnsliLnt length. 

Let a be the angle which the geodesic joining the particle P to an umbilicus U 
makes with the are joining the umbilici. If <7s lie an arc of the orthogonal trajectory 
ol' the geodesies, dr. = Ptix, where P — >//sin m (Ait. 510). Since v- = r.jy^, it follows 
that the angular velocity a' of the geodesic radius vector is given by u' = --„ sin «. 

When iho eJI;i;="icl ''educes tu ;i disc lying in the plane m/.the geodesies become 
straight linen anil the geodesic circle i'oui;cos to a Euclidian circle having its centre 
at if (Art. 570). The theorem is then identical with one given by Newton, \iz. that 
a circle can be dosciibrd aude: the action of a force Y— -Ji/t/ 3 . 

Thi' motion of jl panicle in a .'li'i-di.-.'ic ci,\-U vr-ilt.r tin: art ion of •xjtstcR, or tension, 
along the geodesie radhi* is given in Art. 548, where the result is deduced from 
Gauss' coordinates. 

373. Ex. 1. A particle, moving on the ellipsoid, is acted on by a centre of 
force situated at any given point E. If the force F is such that the condition (9) 
is_ satisfied, prove that F^/tr/P", where r and P are the distances of the particle 
from E and from the polar plane of E respectively. Thenee show that, if the 
initial conditions are such that the constant A = 0, the path is a conic and the 
velocity at any point is given by v' ! = pN. 

To prove this we put X=G(s-a), Y=G(y-p), Z=G(z-y), where G=J/f 
and (a, (3, y) are the coordinates of K. Substituting in the equation (9) and 
remembering (2) Art. 56S, we have an ea3y differential equation to find G. When 
A-=0, the particle moves lYo«!y on the cllii'HOid under the aotion of a central force. 
The path is a plane curve and is therefore a conic. The equation of vis viva fails 
to give tbe velocity, but this is determined by (11) Art. 5159, when the direction of 

E. D. 23 
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Ex. 2. A particle moving on a prolate spheroid is anted On by a central force 
tending to one focus ami I'.ltracthi;: ac cor din;! lo tlio Newtonian law. Prove that 
the integrals oi the equations of motion are 



/dr'V 1 2ji jib*- 
\dt) ~ r ar^ 



where p is the perpendicular from Hit centre- on the tangent plane, r tint distance 
from the focus, and A, B the constants of integration. 

573. Ex. 1. A particle under the action of no external forces is projected 
from an umbilicus of an ellipsoid, prove that the path is one of the geodesies 
defined by pD = ac. 

Ex. 2. A particle is projected with a velocity c along the surface of an 
indefinitely thin ellipsoidal shell bounded by similar ellipsoids. Prove that when 
it leaves the ellipsoid the perpendicular p from the centre on the tangent plane is 
given by MF'R* .i^it, where E is the radius vector parallel to the initial 
direction of motion, P the perpendicular on the initial tangent plane, M the 
attracting mass and a, b, c the semi-axes of the ellipsoid. [Math. Trip. I860.] 

674. Ex. Let the forces be such that - 3 (X<i\+ Yd/i + Zdr) is a perfect 

differential, say dS, for all displacements on the ellipsoid, where k, ft c are the 
direction cosines of the normal, i.e. X=j>s/a*, &c. Prove that 

where Jf is the constant of integration. 

IHiido i^i, Avt. ilij'J. hy j'" and ^liLci'-rfLic iiy part/;. The iiiR-;;;ii,'; of tlie u-.jTTL.ti ;.■):. - 
Of motion are then obtained by using f(j) mid (7), remembering that p—B^jp. 

575. In arrffii' ?» include, in one form till. '.:■<.■ tliit'eretti mses oj jioru!io!oi'k\ com:;, 
and ci/Uiuhr-i, it mi:y be useful to star,- the results when :;ii ! quaoric on which the 
particle moves is written in its most general form -p {x, y, z) — 0. 

Writing - = 1>£ !- <!'/ I <pr, where suilixts denc.le purlin] differential coefficients, 

let the forces saiisrY the condition 

sl»5.il»p l »' ">■ 

for all displacements on the quadric. We then find that the pressure B=Ap s . 
The three components x'. if, a' of the velocity may ec deelacerl from the equations 

fcrf + ft-Z+f^O (2), l^ + l^ + ^-U+O (4|, 

J . :c a.'' 2 + *c. + 2^K'y' + &o. + I X + ^i'+9l.,Z = — (5), 

where the numbers appended to the equations correspond to those in Arts. 568, &c. 

576. Elliptic coordinates. Preliminary statement. The position of the 
particle Pin space is defined by the ir.teii'cetion of three iii;adncs confocal to a 
given quadrie. In the figure ABC, A' MM', A"NN' are respectively the ellipsoid, 

liyperboloid o: one sheet and tbal of two sheets; only that part of each being 
drawn which lies in the positive octant. Let their !:ie;ci axes OA=\ OA'=fi, 
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ART. 577.1 



ELLIPTIC COORDINATES. 



OA"=v. Let a, 6, c ba the three a* 
thea OH=h, OK = k are the major a 

The quantities \, p., t are the eJJiptfc coordinates of P; the first X is always 
positive and greater than k\ the second p ia less than h and greater than h; the 




third v is less than It, and change? fun whsn the particle ci-ohkbk the plane of yz. 
The y axes of the quadries are J{\ v -h% ^{p?-h\ ^/(^-ft 5 ); two of these are 
real and the third is imaginary. These radical? are positive when the particle lies 

in liii' positive octant, but the second 01 third vanishes unl iVuingts sign when the 
particle crosses the plane of ,rs, according as ii travel-; along J\V or PM. Similar 
rem ::]■!; s apply to the s axes. 

The major axes of the three confocals which intersect in any point [x, y, z) are 
given bv the cubic 

»*., y a , *' ,_i 

where ft and S are the constants of the system. Clearing of fractions and arrang- 
ing the Cubic in 'lesceiK'iini; pov,- ,-■:;; of ■■■■-, w<- sec iiiat ihe three roots \% jj?, v ri are 
snch that 

\*+ /l *+P=x*+y* + iP + h'' + K> 

XV + A 2 + * ^ = W {«? + " ! l + ft2 fa" + !/ s ) + *'** 
X^n = ftfe! 
From the third equation we infer by symmetry 



577. To jm'ow itoi £/<e velocity v of a particle in elliptic 



f>^73^ .> a - x 'H^.-0.^ , (^-^^. 



.. (3). 



We notice that the three quadricw con focal to a given quadric cut 
each other at right angles at P, so that the square of the velocity 
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is the sum of the squares of the normal components of velocity. 
It is therefore sufficient to prove that the first term is the square 
of the component normal to the ellipsoid; the other terms follow- 
ing by symmetry. If p is the perpendicular on the tangent plane 
to the ellipsoid, the normal component is p', Let {I, m, n) be the 
direction cosines of p, then 

p 2 = X»P + (X ! - h?) m? + (X 2 — l?) n? 
= X 2 — hPm* - &V ; .". pp' = XX'. 
If D lt A are the semi-diameters of the ellipsoid respectively 
normal to the tangent planes at P to the two hyperbole-ids, we 
know that 



b;-D.? 



D, 2 = X* — ju. 2 , A 2 — x-' J — v\ p- 

See also Salmon's Solid Geometry, Art. 410. 

578. To find the wstiyn uf a particle on art- cllipvtrol {,, elliptic. 
coordinates. Let the ellipsoid on which the particle moves be 
defined by a given value of X. The mass being taken as unity 
the vis viva is determined by 

( ^ 'tfr'-^V-i') (»'-*')(»--f)|- W ' 
This we write for brevity in the form 

2T=M\P^ + Qv'*} (5). 

If we express the work function U in terms of (X, n, p), we 
have (since X is constant) the Lagrangian {'unction T+ U expressed 
in terms of two independent coordinates jj., v. 

Comparing ( j) with Liouviilo's form, Art. 522, we may obviously 
solve the Lagrangian equations by proceeding as in that article. 
The results are that when the forces are such that the work 
function takes the form 

(jS-S)U-FM + F,(,) (A), 

the integrals are 



-W- v-Tv, , { :'Z)l°l m -r.v -w-a 



...(B). 
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There is also the equation of vis viva 

fr-U+O (C). 

Dividing one of the equations (B) by the other, and remembering 
that X is constant, the equation of the path takes the forms 

if?-h?)(tf-k*) {¥,{,,) + €<,? + A) ^ - h?)(v* -W) {¥.,{*) -Cv^- A) - l '' 
in which the variables Fire separated. 

078. Ex. 1. Let u-l and u a be tha components of the velocity of the particle 
i:i tin; dhectioi^ of the '.liich ;if (;i;vv. : iti;n! delinoi by /.i- constant- and r. 
i-L'EiiOjtiviily. Prove that 

1 , F a {,)-Gv*-A 1 3 _ J'' 1 (ri + Cf. s 4- J l 



e also tliat the pressure B on the particle is given by 

f ^frQ + CV-M F 3 (-)-<V-J ( 2p 



K ■ -V - 



where p is the perpendicular on the tangent plana and N the normal L 
force. The value of j> in elliptic coordinates is given in Art. 577. Sep Art, -liil. 
Ex. 2. Supposing that the equation (D) of Art. 578 is written in the form 

I'd::.-- Qiiv in '.vkieii Ll.it: variable;' a'C sepiiiuind. show i'i; : .t the time 

t = jPp?dij.-$Qe*tii>. [Liomille, xi.] 

The equations (13) beeome 

(ij? - v 2 ) Pdfi = dt, ip? - v*} Qdv= At. 
Multiplying these liy ,u-. -j~ ii;si:i. ^lively ami -ubtraetini.; wo obtain the result. 

5 BO. To trari.-lair. I'm: cUi/ittc espi-ni-sitHls into f,"«i't'J*i«li /jWinetnj we -.is!: the 
equations (1) and (2) of Art. 576. Let the normals at the four umbilici (7,, r/ 5 , &e. 
intersect the major axis in the two points /■.',, E„, which of course arc equally 
distant from the centre 0. We easily lind thai 

O^.f, E I U,,^,^'Z3^-'Q (1). 

The equations (1) Art. 576 give 

Let cj, r, be the distances of the particle from the points iff,, 2? 2I and let in 
be the distance of K from the umbilicus t7 : ; then 

fr-v^rf-m 1 , (^+^=r 2 "- m » (2). 

From these /*, n may be found iu terms of ..■■, ;/. s and the constant J\. 

5B1. Bar. Show that the equation V (jt 9 - t 2 )-F, (ju) + J' s f» is equivalent to 
^ (OipW=^ a (OftP>), where ft-^-iB 1 ), ft=*/W-«^. 
Wehave^ ; !7( :il s-„2) = o j and by (2) Art. 580 

A- d _ A i. = J? -A 

d.u rfps ' tir^ ' d* dpj dp L ' 

The result follows at once. 
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582. TU condition (A) 0/ Art. 578, viz. 

(/£-'»*) P-* 1 , (,») +.F,M (A), 

can he satisfied by several laws of force. 

1. Let the force tend to the centre of the ellipsoid and vary as the distance-. 
Representing the force by Sr, we base, by (I) Art 576, 

.-. F 1 ( / .}=-ia> 4 +vV- fta -* , V*}. iF,(i.)=iir{*«+(x*-fc»-*«)p«}. 

Substituting these in the equations (l'j, Hie motion is known. 

2. Let the direction of the farce be parallel to the axis of a, and X= - 2IIIx s . 
Then 

3. Let the work function U= ,, , ,. , where j-j is the distance of the 
particle from the point 7-,', . Art. 5.S0. We then have 

To find the force we notice that since dVjd\=0, the direction of the foree is tan- 
gential to the ellipsoid. Also 

■'■ X -'dx~~(»T-v?f~~-k + \K~~ )dx)' 
with similar expressions for I' and Z. Now the equation to the ellipBoid being 

\ — constant, the last term of e;;ch of the three expressions represents the compo- 
nent of a normal force. This normal foree has no effect on the motion. Taking 
oh.Ii/ the remaininij terms we see tlinr X, Y, 7. are the eawqiumnls of a central force 

Ic-ndinf) to the /mint E whose niaii-nitmU i« — .— --,— ■ When the ellipsoid is reduced 

to a disc, X= ft (Art. 576), and m=0 (Art. 580}. The point E l becomes a focus and 

the law of force is. the hrvorsc square. 



583. Ex. 1. Show that a particle can describe the line of c 
by /i. = [i a under the action of the central force >— | tending to the point E v 

Show also that the velocity at any point is then ;.■ ivcii by v- = H \ =- ->. 

We notice that when the ellipsoid reduces to e. plane, ,-.■■-0, and this becomes the 
n expression for the velocity under the- actioji of a central foree varying as 



lid'errm;' U> the general ( ipiCS-.:ci'- : ;v.a i 1 !-;'.' .1 (A) riiiii i'ti) i:i Art. 578, ivc see that 
the particle w!L; desrWU' i.he line of ci:.:vatr,re if both ,</ = and /i," — Q when fi = /u t . 
This will be the case if we choose the constants C and A so that 

where A [;t) is some function of ,«. Si'inposing this dime, we have, when /j.=/i i> , 
(Art. 579) 4w*= u + C = F -^- ~ C - t ~~ - . 
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SPHEROIDS. 



In the special case proposed U=HI(n-n). We have therefore to make 
Cp?+H i i.+A = ij 1 .- l j. a fC. Thisgives -%Cp v =H, A^Cp^. Also F 2 (v) = Hv. 



,.^. H fL..ll. H J_> 

A particle is constrained to move on thi 



Her.tie k1:«v: th;it v.-hen t. r 1 ■> forcos arc such that 

(A* , +l)17=F 1 ( ff )+F 11 ( S ), 

the Lii«riint''if!ii cipations can be integrated. The path is given by 

If the particle is acted on by a force tending direotty from the axis of z and 
varying as the distance from that axis, find the components of velocity along the 
lines of curvature. 

5B4. Spheroids. When the ellii^oid on which the particle moves becomes a 
spheroid cither prolate or oblate, the i'omiul;;- (A) yv\ (I!) r.i Ait. 578 require some 
.-ii;L-;ii: liudiiicstions. 

Let f^, b, e), (v., b', e'), (n, b", c") be the semi-axes of the three guadries which 
"n P\ then also a — \, a' — n, a" — v. 
a prolate spheroid b-e, k = k, and the focal conies become coincident with 

Co- 




rrelate. 



Oblate. 



Oil and HA. The axes of the hyperboloid of 
therefore reduces to the two planes y-jh'- -, ;-,. 



sheet are p=A, fi' = 0, e' = 0; it 

.0, the ratio {//'■'' beini; indetei- 
Art. 576. 

In an ohlate spheroid \=b, /i = 0; one focal conic becomes coincident with OC. 
while the other is a circle of radius k. The axes of the hyperboloid of two sheets 
are y = 0, 6"=0, e" 2 = -fc 2 ; it therefore reduces to the two planes .r a /^ + )/-/ft" 2 = 0, 
the limiting ratio njb" being indeterminate. 

In the figure the positions of the focal conies just before they assume their 
limiting positions are represented by the dotted lines, while PM or PN represents 
one of the planes assumed by the hyperboloid. 

Before taking the limits of the equations (A) and (B) we shall make a change of 
variables, In the prolate spheroid we replace n by a new variable 4., such that 



tan 2 = 



-k" 



**=-»■- 



(&-»*)&*-& 
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360 MOTION ON AN ELLIPSOID. [CHAP. VII. 

Thus tan varies between the limits and oo as p varies between k and ft. Since 
b^—pf-h?, c' 3 = (i 9 -ft 2 , and ■;/-,'!.'■ -:-; ,| A:"'.-:0, if. is deur Unit rt is ultimately the angle 
the plane PM makes with the plane AB. Putting (*=ft, tlit formulB (A) and (B| 
become 

-i(^-^ < - ,|2 "^ )0 ' 2 =/,(0) + CT' + J J, 
In the oblate spheroid, we replace > by the variable £ where 

thus tan <t> varies between and m is r varies between ft and 0. Also since 
s ! /t a + j 2 /6" a = 0, <p is ultimately the angle the plane PM makes with the plane AC. 

Putting r = 0, li-0, tha limiting forms of the equations (A), (Jj) ti.-u 
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CHAPTER VIII. 

SOME SPECIAL PROBLEMS. 

Motion under two centres of force. 

585. To find, the motion- of a particle of unit mass in one 
plane under the action of two centres: of force*. 

Let the position of a point P be defined as the intersection of 
two confocal conies, the foci being H lt H„, and let OH, = k. Let 
the semi-major axes be OA=p, OA'^v: the semi-minor axes 
are therefore V(^ 2 — ft*)> V{" 2 — & a ). 

Since — + ^ , = I, we have 

ft *-( a * + tf + h*) f i* + k a !i? = (1). 

The relations between the elliptic coordinates ft, v of any point 

P and the Cartesian coordinates m, y are therefore 

• _ T' y= W-i ' ^-* i+ ^- A ' 

where r is the distance from the centre. We also have r 2 = /t + v, 
r, = fi — v, where r, , r 2 are the distances of P from the foci. 

* Euler was tho firs): who attacked the problem of the motion of a particle in 
one plane about two !ixed ecnlres of force, .I/kn'm/iy? dc V Aattitintie. J« Hftrli.li, 17(10. 
Lagrange, in the Mic.miiqiic. Aittib/ttqvc, page ii3. beghih hy eieushifi himself for 
attempting fi ptoblem which ba> notiiing correspond n;,; to it in the system of the 
world, where all the centres of force are in motion. He supposes the motion to 
be in three dimensions and obtain.-, a solution v-heic tho lurces. are a!r 2 -i-2yr and 
fS/i a + 2-yt'. Legemltc in his Fniiulivti* xWi-iiyi'i-* pointed out that the variables 
used by Enlcr wore really elliptic cooiui;iaic- : ami .Soviet remarks that this is the 
first time these coordinates were used. .Tacobi took this problem, as an example 
of his ininciplo ol the least multiplier, i'.Vs .'■''', xxyij. and xsix. Liouville in 1846 
and 1847 gives two methods of solu'.ion, the first by Lagrange's hi] nations and the 
second by the Hamilton ian equation.-. Serret exiemis Liouvillo's first method to 
three diniensious, Lions tile'* ■lnunta!, .Mil. I HIS, and given a his. tiny of the problem. 
Liouville in the sitmc volume gives a further « 
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362 TWO CENTRES OP FORCE. [CHAP. VIII. 

Proceeding as in Art. 577, the velocity v of the particle ex- 
pressed in elliptic coordinates is 

2r =»'=<"-- ! >fc-T--/i! <?>■ 

where the accent re- pre suits dhil. Comparing this with Liouville's 
form 

in Art. 522, we may obviously solve the- Lagrangiau equations by 
proceeding aw in that Article. The results are that when the 
work function has the form 

to»-WK 00+ JIM (3), 

we have the two integrals 

K^— ?;^S -*><*> + <7 * , + -' 
- i to* - ft ^j-, -r.M-Of-j 

There is also the equation of vis viva which may be deduced 
from these by simple addition, viz. 

iV=U+0 (5). 

586. Let the central forces tending to the foci be respectively 
11-Jri 1 and H^rf. We then have 

u =~ + ff ; ■■■{n.'~v)u={H 1 + H; )P .+{H 1 -H.;>,...{Si). 

The integrals (4) then hecome 

i0*'- *■)'-£■ U -Kj* + Cr' + A\ 



■■(*)■ 



Kf— >■;£» = ■*>-<*' 

where K^Sj+S,, K^H^-H*. To find the path we eliminate t, 

fa'-JPHCit'+ZiH + A) (p*-IM-W+X?-A) {u*-rT v '■ 

The initial values of ji, ft, v, v' being given, the equations (7) 
determine the constants A, 0. Another constant is introduced 
by the integration of (8) which is also determined by the initial 
values of ft, v. A fourth constant makes its appearance when the 
time is found in terms of either p or v. 
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ART. 588.] ELLIPTIC COORDINATES. 363 

587. Ex. 1. Show that the particle will dc^ciibe (he ellipse defined by 
/i=/i , if the particle if prokrLcd nlony tl)!> tnn-out at imy point with a Telocity v 
given by 

To prove this we notice that if the pitr; ■ clc :u-v<: ■. it"- l>o cli'p^e, p. is constant 
throughout the muLion. >;nd i!;c values of p.', /i" given by (7) must be aero. The 
right-hand side of that equation must take the form (.' (k-Ai,)" i and therefore 
- 20^=^. Substituting for C in the equation of vis viva (5) the result follows 
at once. See also Art. 274. 

Ex. 2. A piuticlt: h projected so th;U belli the constants A and C are aero. 
Show that the velocity is that due to an infinite distance and that the path is 
given by 

f j* - (Ztf [ * +B 

where ti = hm<P<t>, p = 7jcos 2 S and # is a constant. 

.Ea. 3. A particle moves under the action of two equal centres of force, one 
attracting and the other repelling like the poles of a magnet. The particle is 
projected with a velocity due to an infinite disfcinue. Show that if the direction 
oi projection bo pvoperly chosen 11: n purtiulo will o-f-Miiie in a semi -ellipse, the two 
poles being the i'ooi. If otherwise projects the path is given by 



^/I^W^-^t+a-Jj, 



^{l-ABinV)' 
where f = ft cos 2 # + £ sin 2 #, 2 i = 1 - ,3/ft and J = 3HJ3. 

Ex. 4. Prove that the lemniscate, rr' = c a , can ho described under the action 
of two centres of force each ll-i ' tendin;; to thi- foci, provided tl'.e velocity at the 

node is ? */^- See Art. 190, Ex. 11. 

588. To find, the motion of a particle of unit mans in three 
dimensions under the action of two centres of force attracting 
according to the Newtonian law. 

Let the two centres of force H lt B 2 , be situated in the axis 
of z and let the origin bisect the distance izV/%. Lot ^ he the 
angle the plane zOP makes with zOx and let p be the distance 
of P from Os. 

Since the impressed forces have no moment about Oz, we have 
by the principle of angular momentum (Art. 492), 

P'V-B... (1). 

We now adopt the method explained in Art. 495. We treat the 
particle as if it were moving in a fixed plane zOP under the 
influence of the two centres of force together with an additional 
force noV s = B-.y tending from the axis of z. This problem has 
been partly solved in Art. 585; it only remains to consider the 
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364 TWO CENTRES OF FOBCE. [CHAP. VIII 

effect of the additional force. This force adds the term -S 2 /2/j ! 
to the work function U. 

Taking 1I X , II* as tins foci of a system of confoeal conies, let 
fi, v be the elliptic coordinates of P, As before, we suppose that 
the work function U of the impressed forces satisfies the condition 

(p,'-v')U.F,(v:> + F,( v ) (2). 

Since p is the ordi.uaie of the conies [Art. 583] : 

■,_ 0*-*0(»*-fr) . . (*-* _ J!__ #_ m 
r -h? ■ ■■ p* ~ p?-h* f-fr—w- 

The term to be added to U has therefore the same form as those 
already existing in U and shown in (2). To obtain the integrals 
we have merely to add the terms given in (3), (after multiplication 
by - i-B 3 ) to the functions F s , F 2 . 
In this way, we find the integrals 

When the central forces follow the Newtonian law, 

P"=— l +^*; .-. (/S-v^U^K^ + ILv, 

whenli-fl'. + ir,, KfM.S 1 -H % ,aain. Art. 586. We therefore 
write in the solution (4), j^ (/*) = Kjfi, F a (y) = K,v. 

If the particle is acted on by a third centre of force situated 
at the origin and attracting as the distance, we add to the 
expression for 17 the term —\H 3 r* = — \H 3 (p?+v i —h?). The 
effect of this is to increase the functions J^, F a by — %E a (/** — htp?), 
and ^S a (v* — AV) respectively, 

In the same way if the particle is also acted on by a force 
tending directly from the axis of z and equal to «/p 3 , or a force 
parallel to z and equal to kJz s , the effect is merely to give 
additional terms to the functions F l and F a . See Art. 582. 

589. Ex. A p.irticlc- F lnovus imd.T ills? iL'.traulion d' two centres of force at 
A and B. If the angles PAS, PBA be respectively fl,, B a , the distances AP, 

BP be »'j, r. it and ihc noe derations be i-^/y^-. <i.„v.,-, prove that 

(*2)(*3)-.fc-***-**« 

where AB — a, C in a coiiKtsml iiml th« motion is in one plane. 
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ART. 501.] BHACHISTOCHRONE8. 

it the motion is hi three dimensions, prove that 

where ft is the areal destruction round the line of cent) 



On Brachistoehron.es. 

ninary Statement. Let a p;i i tif-I.: /', yji-cijerstiiri from a point A at 

velocity -e u , move along a smooth fixed wire under tire influence 

potential 6' is a given function of the coordinates of P, and 
irrive at a point li at ;i time t- with a velocity »■,. Let us suppose 
stances of the motion arc slightly varied. Let a particle start 
tring point A' at a lime f,, -j- e( L , with e veiocity !\,-'rSv . Let it be 

smooth wire to describe mi arbitrary path nearly coincident with 
■ forces whose potential is the same [unction ol lire coordinates as 

arrive at a point II' ne.ar the point 11 at a time t, + Si, with velocity 



According to the same notation, if x, y, s; x', y', z', are the coordinates 
and resolved velocities at any point P of the first path at the time t, then 
x + 5x, &c; x' + Sx', &o., are the coordinates and resolved velocities at any point 
P' of the varied path occupied by the particle at the time t + St. 

Let P, Q be any two points on lire two paths simultaneously occupied at the 
timet. Let the coordinates of Q be x + Ax, y + Ay,Scc. Then Sx exceeds An by 
toe space described in the time St, 

,'. Ax = Sx - f x' -f Sx') St - Sx - x'St 
when quantities of the second order are neglected. 

We may regard Sx, Sy, Si, as any indefinitely small arbitrary functions of 
x, y, z, limited only by the geometrical conditions of the problem. 

We here consider two independent changes of the coordinates. There are 
(1) the differentials: dx, dy, •>:; when the particle travels along the undisturbed 
path, and (2) the variations 5a-, hi. 5; when the particle is displaced to some 
neighbouring path. It fellows from the independence of these two displacements 

that dSx=ldx. 

591. The Brachistochrone. A particle of v nit Mass mooes 
under the action of forces so that its velocity v at any point is given 
by \if = U + C, where IT is a known function of the coordinates, the 
constant G being also known. Sup-posing the initial and final 
positions A, B to lie on two given surfaces, it is required to find 
the path the ■particle must be constrained to take that the time of 
transit may be a nanimvrn*'. 

* An account of the early history of this problem is given in Ball's Short 

History '■/ MnUii-niAitu:.-. Passing to later times, the theorem i: =Ap [or a central 
force is given by Euler, Mechanica, vol. ir. There is a memoir by Eoger in 

JAcuvitW.i Journal, vol. xin. 18J.S ; in: ai -cusses die lu.aooistochi one on a surface 
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366 ON BBACHISTOCHROKES. [CHAP. VIII. 

The time £ of transit being t = fdsjv, we have to make this 
integral a minimum. Since a variation is only a kind of dif- 
ferential, we follow the rules of the differential calculus and make 
the first variation of t equal to zero. Let the curve AB be varied 
into a neighbouring curve A'B', each element being varied into a 
corresponding element. Since the number of elements is not 
altered, the variation of the integral is the integral of the variation. 
Writing <j> for liv to avoid fractions, we have 

Bt =J8 (<f>ds) =J(<t>dBs + dsfy). 
Since (dsy = (dxY + (dyf + {dzf, we have 

dsSds = datBdse + dyBdy + dzBdz; 

,. 8( =/,(|» + |^ + fc ) + /(ga, + # 8y+& «.),, 

Integrating the first three terms by parts, 

where the part outside the sign of integration is to be taken 

between the limits A to B. 

We notice that in this variation, C has not been varied. If C were different 

for the uii:.;:i:i.iL 1 1'a.juclovlcs. v.; should iiavf 

dx dy dz dC 

There would then be an add:',: or inl UTm k'.s.id<; tho integral. It follows that u s is 

regarded as the. sume function nf x, ij, t /or all the trajectarUs. 

Since the time t is to be a minimum for all variations con- 
sistent with the given conditions, it must be a minimum when 
the ends A, B are fixed (Art. 144). We then have at these points 
Sa; = 0, By = 0, Bz = 0, and the part outside the integral vanishes. 

The required curve must therefore be such that the integral 
is zero whatever small values the arbitrary functions Son, By, Be 
may have. It is proved in the calculus of variations (and is 

and generalises Killer's theorem that the normal force is equal to the centrifugal 
force. Jellett in his Calculus of Variations, 1850, proves these theorems and 
deduces from the principle of leas! ccrinr iliat the- 'm;«.-.hii<i:cchrone becomes a free 
path when v — k-jt:'. T;iit has anijliod ]la:i;i!.Loa'-.: diaraiiturisLie function to the 
problem in the i'.db'b»r\}h. Tnu'.sii-.-tku-.s, vol. xxrv. 1 3t!5, and deduces from a more 
general theorem the above relation to free motion. Townsend in the Quarterly 
Journal, vol. xiv. 1ST", obtains uhu relation c -- ■-' in free motion, and gives 
numerous examples. There are also some theorems by Larmor in the Proceedings 
of the London Mathematical Society, 1884. 
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3.] THE GENERAL EQUATIONS. 

s evident) that tho coefficients of Sx, By, Bs must 
vanish. We therefore. h;i-ve, writing \jv for tj>, 

^(1—) A (-\ -A(l^y) iL(V\-A (- —\ 

ds\vds)' dy\v) dswdsj' dz\v) ds\vds/' 
These are the differential equations of the hrachistochrone. 

Those three equations really amount to only two, for if we multiply theni by 
ip&cjds, ^tdyjds, &e. and add the products, we find 

if 1 i U/iM' ■|'*/\" ^Wi 

*S=1S \"\T,) +* \s) *« / {s) (■ 

■■■- Iilcii is -;i; •:■■; Men:, identity. 

592. Supposing these differential equations to have been 
solved, it remains to determine the constants of integration. To 
effect this we resume the expression for St, now reduced to the 
part outside the integral sign. We have 

which is to be taken between the limits ^1 to B. Since we may 
vary the ends A , B of the curve, one at a time, along the bounding 
surface (Art. 144), this expression for Bt must be zero at each end. 
The variations Bw, By, Bs are proportional to the direction cosines 
of the displacement of the end, and dxid.i, &a. are the direction 
cosines of the tangent to the brachistochrone. This equation 
therefore implies that the hrachistochrone meets the hounding 
mrface at right angles. 

The expression for Bt may be put into a geometrical form 
which is sometimes useful. Let B<Ti, 8<r? be the displacements 
AA', BB' of the two ends. Let $ u a be the angles these dis- 
placements respectively make with the tangents at A and B to 
the hrachistochrone AB. Let v,, v B be the velocities at A, B. 
Then 



593. In some problems the velocity v is a given function of 
the coordinates of one or both ends of the curve. This docs not 
affect the differential equations, Cor in these the coordinates of the 
ends, when fixed, are merely constants. 

The case is different when we vary the ends in that portion 
of the expression for Bt which is outside the integral sign. We 
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must add to that expression the terms of S<£ due to the variation 
of the ends. If x„, y , s„; x,, y u z,, are the coordinates of the 
ends A, B, we then have 



'* = [* (£ *" + & °')T + hx "H ds + &C ' + &% 



■64 



where the &e. indicate terms with y and s respectively written 
for w. The conditions at the ends are then found by equating 
this expression to zero, 

S94. The equations of tin: brad ::;;roch rone are found by equating the first 
variation of the time to zero. To determine whether thia onrve makes the time a 

second order. For this we refer the reader to treatises on the calculus of vt 

In most cases there in obviously some one path for which the time i: 
and if our equations lead to but one path, that ijath must l;o a (rue brachistoohrone. 
In other eases we can use .laeobrs rule. Let AB be the curve from A to B given 
by the calculus of variations. Let a second curve of tin- miiic hind but with varied 
constants be drawn through the initial point A and make an indefinitely small 
angle at A, with the curve AB. If they :i:/ain iiuerseiit b) some point C, the curve 
•.::t^tif:S the eouditioi:- for a true miinnir.nt only if (.' he beyond /;. 



595. Theorem I. When the only force on the particle acta 

(like gravity) in a vertical direction, <fe = ljv is a function of z 
only, and the first two differential equations of the curve (Art, 
591) admit of an immediate integration. Remembering that 
dx/ds = cosa, dy/ds — cos /3, it follows that the brachistoohrone for 
a vertical force is swell a carve fJ/n-t at every point v = acosrx, 
v = b cos 13, where c, /3 are the angles the tangent makes with any 
two horizontal straight lines, and a, b are the two constants of 
integration. By equating die two values of v and integrating, 
we see thai the hraehistochrone is a plane curve. 

596. Theorem II. Let X, Y, Z be the components of the 
impressed forces, the mass being unity ; then since ^v 1 = U + 0, 
we have X = hfo-;da:, &e. The differential equations of the 
brachistoohrone therefore become 

Let X, ft, v be the direction cosines of the binomial, then since 
the binomial is perpendicular both to the tangent and the radius 
of curvature 

tfo dv (fo d?x dh) d's _ . 

ds ds ds ' ds 3 ds 2 rfs 2 
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Using the values of X, Y, Z given in (1) we find 

\X + pY+ vZ = (3), 

the resultant force is therefore -perpendicular to the binomial, and 
its direction lies in the osculating plane. 

Let (=/)-,- , m — pfj, &.C., be the direction cosines of the 
positive direction of the radius of curvature, then 

IX + inY + nZ_l P + m s + n s d /1\ Ldw . 1 
v 3 v p ds \v) \ ds ')' 

Since the radius of curvature is at right angles to the tangent, 
the last term is zero, and we have 



..(4). 



This equation proves that in any bra.chistoch.rone the component 

of the impressed forces along the radius of curvature is equal to 
ntinus the component of the effective forces in the same direction. 

597. To find the pressure on the constraining carve. Let F lt 
Fv be the components of the impressed forces in the directions 
of the radius of curvature and binomial. Let R u R% be the 
pressures on the particle in the same directions. Then by Art. 526 

rfp-Fi + Ik, Q = F 2 + R 2 , 
In a brachistochrone F t = and F l = — v i jp, hence R^ — and 
A — Ml. 

598. . To find a dynamical interpretation of Theorem II. 

We see by referring to the equations of motion in Art. 597, 
that if we changed the sign of F lt the component of pressure R, 
would be zero, and the path would then be free. We also suppose 
the tangential component of force to remain unchanged so that 
the velocity is not altered. It follows immediately, that a 
brachistochrone and a free path, may be changed., either into the 
other, by making the resultant force at each point act at the same 
angle to the save direction, of the tangent us before, but on the other 
side, and still in the osculating plane. In this comparison the 
velocities of the particle, when free and when constrained, are 
equal at the sarae point of the path, i.e. if = v. 

k. n. 24 
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599. Theorem III. The equations of motion of a pavbiclc 
P constrained to describe the- brack Btuchi'one are 

ds \v 'tis) dx \v) ' ds \v dsj dy \v) ' 
If we now write vv' = fe t or, which is the same thing vds = k <t dt l , 
where v' = dsjdt', the first of those equations becomes 
d I , dx\ _ dv 1 
ds\ ds) dw' 
Now v'dxjds being the a; component of the velocity, is equal to 
dsejdt'. Multiplying by v' or da kit', the equations take the form 
d 2 x _ 1 dV d?y _ 1 dv"* . 
dT'~2d^' dl s ^22y' 
These are the equations of motion of a free particle P' moving 
along the same patk with a velocity v and occupying the position 
ic, y, z at the time ('. It follows that the bm.chi'ttoch.rmw from point 
to point in afield (7 + G is the same as the path of a. free particle 

inafield V + 0', provided V -f 0' — ~r - ,> .-; ; i.e.ti' = — . 

To understand better the relation between the two fields of 
force we notice that if X, X' be the components of force in any 
the same direction at the same point, 

x _dv x ,w ., z ,_ w*v 

die dx \vj 

We also notice that dt'/dt = v/v". 

BOO. This theorem is useful, as it enables us to apply to n braehisfoehroi:!: 
ihc dynamical rules wo have already studied for free motion. It also enables us 
to express at once the fundamental ditterer.tia! filiations in polar Or other Co- 
;':dll;;;to- : . 

The first theorem (Art. 595) follows ;i: once ftoui tin: Limd, for when tin: force 
is vertical we see by resolviuc; hori^-mtnlly that v'eosa is constant. Since -v'-J^jv, 
this gives the result. 

To dedneo the; second theotom. wo not ice thai in the free motion v'-jp — F^, 
where F,' is the component of force along the radius of curvature. Using the 
theorems v' — Wji:, X' — - X (kjv) J , (whore X is hero FJ this becomes ii 2 /p= -&!■ 

801. Ex. 1. Tofind the lirtie.hiiitorfironr; j'rom one jiivcn curve to another, 

the acting farce, he in;/ gravity and the level of -no velocity given. The motion is 

e in a vertical plane. 

t the axis of z be at the level of no velocity and let y be measured down- 

i then i? = 2gy. By Art. 595 the curve is such that u = aeosa. This gives 

eos'a, where b is an undetermined constant. This is the well-known 
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equation of a cycloid, having its cusps at the level r.f no veloeity. The radius of 
the generating cii'de and the po-.ition of the cu?ps on the axis are determined "by 
the conditions that the cycloid cuts each of the bounding curves at right angles; 
Art. 592. 

Ex. 2. If in the last example the bounding curves are two straight lines 
which intersect the axis of no velocity in the points L, L'\ and make angles j3, 0' 
with the horizon, prove that the diameter 21: of the generating circle is LL'l{fS-$) 
and the distance of the eusp from L is 26j3. Explain the results when the lines 
are parallel. 

602. Ex. Show by using Jaeobi's rule that the Cycloid from One given point 
A to another B is a real minimum, the level of aero velocity being given (Art. 594]. 

The eyoloid found by the calculus of variations passes through A and B and 
there is no ensp between the^e points. Describe a neighbouring cycloid pausing 
through A and having its cusps on tlie same horizontal line, the radii of the 
gerieriiinif; circles being h and b + dh. Since the base of a cycloid from Cusp to 
cusp is 2tt6, it is easy to prove that the next intersection of the two curves lies in 
a vertical which passes between the two next cusps. The cycloids therefore 
cannot again intersect between A and B and the time from A to li must be a 
;e also Art. 054. 



803. Ex. Find the brachistoc.hr one from one given curve to another when 
the iiCliog io>:;i: is gravity and the particle starts from rest at the upper r.:inc. 

Fixing the ends, it follows, from An. iiOl, that the iiro.eiii'tcciirunc is u. cycloid 
having a cusp on the higher curve. To determine the constants of the curve, we 
examine the part of St due to the variation of the two ends. Lot x , y a ; x t , y, be 
the coordinates of the upper and lower ends, then -<----'2i! {;/ y,.). By Art. 593 



tvrvi. i:!i:il 
!s V its) ' 



where Q — ljv and the expression i.' rakf-ii hetweer [imits. 



dy ds\ 

of the braohktochrone in Art. 591. We there- 



np>^>)i-*4*mr°- 



Remembering that £=l/« andu = «.cosa, this takes the form 

[3a + tanaSy];-5j/„[tana]i=0. 
When we fix tin: lower end, wc have, since y i= measured downwards, 5.r..:=0, 
Si/! = 0. Hence 

-(Sa; o + tana c 3y ]-5(/ o (tanii 1 -tan(i a ) = O (1), 

When we fix the upper end, Sx = Q, Sy n = 0; 

.-. S^ + tana.ay^O (2). 

The last of these two equation- proves that tin: i,i-ii:histneh:mnc cull the. tower 
curve at right angles, while the first, giving ct/ :i IS.s . = oy,JSj-_, proves that the 
tangents to the. hounding curves at the paints when: the britchistoc krone meets them 
are parallel. 

24—2 
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372 ON BKACHISTOCHRONES. [CHAP, VIII. 

804. Ex. 1. A particle falls from rest at a fixed point A to a fixed point 0, 
passing through another point jl ; find tin* entire path when the time of motion is 
a minimum, (1) suiiposinH U to to a fixed point, j'Jj supposing 'J constrained to lie 
on a given curve. [Math. Tripos, I860.] 

The paths from A to B, B to C are oycloida having their cusps on a level with 
the point A. tl is supposed thai there Is no impact at It in passing from one 
cycloid to the next. The particle describes a small arc of a curve of great curva- 
ture and moves oil atom; the next cycioid vi'.kou! loss of velocity. 

We have yet to find the position of B when it is only known to lie on a given 
curve. Taking the origin at A, and the axis of i vertically downwards, we have 
j! a =232. The time is given by 

where accent? refer to the lower cycloid. 

•w*)«-K(s«.H-g* + s*)i + r^(aF-^**s-)i-* 

by Art. 593. Let (a, /S, y), (a', £', 7'), (0, 0, j!>) he the direction angles of the 
tangents at B to the two cycloids and to the constraining curve. Then remember- 
ing that A and G are fixed points and lliiit K is varied on the curve, we hiive 

It follows that the tangent to the larvx '.if II iiafes equal awih't trith tin- tangent* to 
the two cycloids AB, BG. This detennines the point B. 

Ex. 2. Find the curve ot quickest descent from 1: fixed point A So another C, 
supposing that a screen is interposed between A and G having a given finite 
aperture through which the path must pass. [So long as the curve AG can he 
arbitrarily varied the minimum curve is found by Arts. 591, 601. Hence if the 
single cycloid A C does not pass through tin- aperture, tin minimum carve must pass 
through a point B on the boundary ol the aperture. The curve then consists of iwo 
cycloids AB, BC, and the position of B is found by Ex. 1.] [Todhunter.] 

60S. Ex. 1. If the brack: Htcrhrono is a parallel '•'■■ whin the force is parallel to 
the axis, prove that the magnitude of the force is inversely proportional to the 
square of the distance from the directrix. [This follows from the equation 
v — a COS 0.] Prove jilsfj that the time ct describing any lire I-'(,i varies as the area 
contained by the focal radii, HI', SQ. [For cos a, varies as 1/p, therefore dt varies 
as pds.] See also Art. 649. 

Ex. 2. A point moves in a plane with a velocity always prcpoi-Jomtl to the 
curvature of the path, prove that the brachislochrorrc of continuous curvature 
between any two [liven points is a complete cycloid. [Math. Tripos, 1875.] 

We here have \pds = \1j1dx a minimum, whore <p-{1 -?/ 2 ) ";';/'. The curve can 
be immediately found by using two rules in the calculus of variations. First, 
we have 8fodx= l />8x + {Y l - Y„") a + Y„<J+j(- Y/ + Y u ")adx, 

where Y,, l'„, arc the partial dii.oroe.tial coefkeiems of a wit:! regard to y', y" ; 
u — By-y'&s, and the part outside the integral sic;n is to be taken between limits. 
Also accents denote ditierentiation with regard to x. The extreme points being 
given, 3#=0, Sy~0 at each end. Hence exactly as in Art. 591, 592, the 
differential eipiation of Ike curve is l'/--l' ( " = and Y a = at each end. This 
gives Y,~YJ—A. 
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Secnndhj, the calculus of variations gives also the integral 
,/,={¥,- J ll ')y' + Y l ,y"+B. 
Eliminating )',/ between our two f-ist integrals we find 0= Ay' + Y„y" + B, 

which contains two arbitrary canslsn-s A. II. Substituting for $ and Y„ , this 
leads to (l + y'-)''ly" = ^Ay' + ^B; .: pds-^Ady + ^Bdx. 

Taking the straight line Ay + Bx = Q as an axis of £, this is equivalent to 
p = Csin^ where aia. f = dyl;U and V is a constant. This is the known equation of 
a cycloid. The condition Y„ =0 at each end gives y" infinite and therefore p = Q. 
The cycloid is therefore complete. 

Ex. S. Provo that ihe f:::T':rentie! ij-.j nation o" [lie bracliistoohrone from rest 
at one given point A to another point B, when tin: Uunth of the ciwi'c U also given, is 

S + '-\/! 1+ (2)l- Hi./.T,,*.] 

To rnahe {V,i/i: il miiiii-iun- subject to the eorsiitnm thai us is a given quantity 
we use a rule supplied by the calculus of Variations. We make \(\fv + l)ds a 
minimum without regard ;.o the ai',v:i c:)r.iliHo:i and trsjly determine the constant 
X so that the are has the given length. 

608. Central force. Ex. 1. Prove that the braehistoohrone for a central 
force F is given by v~Ap, where -Vt- = J l/'dr and p is the perpendicular from the 
centre o: lb rco on "J".e tangent. The mass is unity, as is usual in thcae problem*. 

The brachistoe'irmit- is a tree path lor a particie moving about the same eon t re 
but with such a law of force that the velocity v' = k*lv. Since v'j> = h by Ait. 306, 
we have v = Ap. 

When F—//.U", and the ve'oi'it.y is e;|u;i.l !.;) that tYoi:] inrinity, the differential 
equation a — .-'.p tun be iiuoj-valed exJittiy as b: Arts. 360, 363. 

Ex. 2. Prove that the same path v,a "j i-o a brachistiichrc-ne for F = /w, n and 
a free path for F'—.t/u"-' it n,-~n' = 2, provided the velocity in each case varies as 
BOme power of the distance. 

For the braehistochrone and the free paths respectively, we have 
v*=2^«-V{n-l), ^WW-W-l). 
These satisfy the condition vi-'-k' if n+n'~2, (Art. 599). 

Ex. 3. Prove that the ellipse is a brachistocbrone for a central force tending 
from the focus and equal to /i/(2a-r) a . [Townsend.] 

The conic is a free path for a force lijSP 2 tending to the focus S, Hence 
making the force act on the other side of the tangent as described in Art. 598, the 
conic is a brachistochrone for an equal force tending from the other focus H. 

Ex. i. Prove that the centra! repulsive force tor the brachistochronism of a 
plane curve varies as d {p^/dr, the circle of zero velocity being given by the 
vanishing of p. 

Prove that the cissoid a; (a: 5 + y-) = !>«>/- is brachistochronous for a central 
repulsive force from the point (-«, 0) which at the distance r from that point is 
proportional to rKf + lda?) 2 , the particle stalling (Voni rest at the cusp. 

[Math. Tripos, 1896.] 
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374 ON BEACHISTOCHBOHES. [CHAP. Vlir. 

Ex. 5. Prove thai the iimiii^cale of iiornnr.lil can be described as a brachis- 
tochrone in a field of potential ia", r being measured from the node of the 

k?Toii'i!;Ltt-, i-.nil find the necessary velocity . [Rue Arts. SiiO. !i!)0, Ex. 2.] 

[Math. Tripos, 1893.] 
E#. fi. A partible, acted on by ;t oentrd aiu^cLne :broe whose a,ece^::a:iji:\ 



effect at a distance r is ..,''' ....,, a being a eoiifjaiii. is projected horn a given point 

with the velocity from infinity. Prove that the form of the groove in which it must 
move in order to arrive iH Kiioilur ;'iven poiiu in the short est possible time is a 
hyperbola whose centre coincide:; with ti.e centic ei I'oicc. [Math. T;ii;o?.] 

Ex. 7. Show that the force of attraction towards the directrix of a catenary, 
a'cug pci/pervdieulars to Ji, I'oi 1 -.vli!;;!'. lite catenary is v. hrachis.Loclnone. will vary us 
the inverse cube of the perpendicular. [Coll. Ex. 1697.] 

607. Brachistochrone on a surface. To find the brachis- 

tochrone on a given surface we require only a slight modification 
in the argument of Art. 591. Proceeding as before, we find 

where P= ~, r (--,-'], with similar ex Dictions for Q and 

ax v as \v as J 

R. Since Bt is zero for all variations of the curve on the surface, 

we must have 

P8a;+Qty + B&s = 0. 

If f(x, y,z)=0 is the equation of the surface, the variations are 

connected by the one equation 

where suffixes imply partial differential coefficients. We must 
therefore have Pjf x = Qjf y = Rff z . The equations of a brachisto- 
chrone on the surface f{n:, y, s) = are therefore given by 

/'^.1_^_^ 1C \//_('^_ 1 _^ dy\ I, _/d 1 __ d de\ j . 

\dx v ds vds) j ■ /x ~ \dyv ds vds) : \dz v ds vds) j''*' 

If the brachistochrone is to begin and end at given bounding 
curves drawn on the surface, we equate to zero the integrated 
part of St, taken between the limits. Fixing the ends in turn, we 
see that at each end the cosine of the angle between the tangents 
to the curve and to the boundary is zero (Art. 592). T/ie brachis- 
tochrone therefore cuts the boundaries at right angles. 

608. By writing v =i D /»' its in Art. S99 these equations may be put into 
the form 

\di'- d-x.)i J * \dt'* liyjr" Vat'* dz ) /->'- 
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These are the equations of motion of a particle moving freely on the constraining 
surface. It follows that the hrnehiMochrone from point, to point, on a- constrain i-ny 
surface in a field U+C h a free path on the same surf a no in a field U + C, where 

iv s = U+C, liP= U' + C, vv'=e. 
The relation between the component forces in any direction is F"= - F I - J . 

Ex. If tho pariito i : . : coi^U.rJr.ed 1 .■ y a sn-oath wire in rh'-ciibi! t.]:o. briichls;;:;- 
ehronc on the su.ri.icc '.viuinut a change in the (:(/id of farce, prove that 

-,'im x [,=a, ,' mx !,,in.R, -2a. s,, 

where H, G are tin: ea;iii!e;ioi:i ; ; of :'ic impressed 'oreos alcn:; ilic normal to the 
surface, and that tangent to the surfaHo ivliich i- porp-onrlicnlar to tilth path, arid 
R, B 2 are the components of the pressure in the same directions. Also p is the 
radius of curvature of the path, and x tri ~ angle the osculating plane makes with 
the normal to the surface. 

The first is obtained by ti;Lii:-tbr:iiLiu; ilia equation of motion of a free pe.vti;.do 
P', viz. v"* sin xlp = G' by tnc ™' e given above, the others then follow from the 
ordinary equations of motion of the particle P. 

BOS. We ma; els;) semeliiLu s lind the biac^istocliroue. on a ;:iv..-;i surl'iicc by 
making a eompurivr.m with the brachistochrone On some other more suitable 
surface. 

Let mi derive a sceoild surlACt from tho i.dvan one by v.-ri'.iij.' fur the coordinates 
x, y, z of any point P some functions of £, ?j, f, the coordinates of a corresponding 
point Q. Let those. I'i; no '.ions be such that 

where v, is a function of £, ij, f. Geometrically this equation implies that every 
elementary arc: da drawn from a point P on tire surface bears the same ratio to the 
corresponding arc da drawn train Q. vk, the ratio u, : 1, 

i the given surface is found by making t 



fds _ fp.de 



imd iLiii velocity c at P is sonic ;;iveu function of the coordinates of P. 

Expressing v in terms of $, ij, f, this intof;va.l implies that the corresponding 
curve on the derived surface is also a brachistochrone, the velocity v' being given 
by v'=v}il. The work functions for the motions of P and Q are respectively 
ifl=S(U+C) and U'=(U+ C)I,A 

If we arrange matters so that /i/w is constant, the velocity on the second 
surface is constant. The brachi'tochrones on the given sur!\i::e then Correspond to 
iii-i/dmici on the derived surface. 

This comparison assists us in determining the point on a brachistoehrmio vvir.li 
one end given at which the time ceases to be a minimum. 

The derived surface may ba obtain.^! i:i many ways, for example by using the 
method of inversion. The theory of ibis surface is also used in making maps; 
see the United States Coast Survey, (.'rain's treatise on. Projections. The applica- 
tion to brachistochrones is given by Darboux in bis ThM) ■'■: : otnCroio des Xurfiees. 

Ex. A particle P moves on a sphere under the action of a centre of repulsive 
force situated at a point an the surface, and the velocity u at any point distant 
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376 ON BRACHISTOCHRONES. [CHAP. VIII. 

■r from is v=Ar*. Prove that the braehistochrone from one given point to 
another in a circle whose plane passes through 0. 

Inverting the sphere with regard to 0, the diamet 
inversion, the derived st"in'aec is :i tangent plane. T 
usually called the /ieir.oiri^'iplii; pnjnc-tim of that tra> 
elementary area described by P and Q are in the ratio 
of P is a brachial oehrone for a velocity -o — A-fi, that 
a uniform velocity. The path of Q is therefore a stri 
circle. Another proof follows from Arts. 608, 316. 

610. Bartrand'a theorem. A series of brachist 
surface from a point A, and the arcs AB, AB', &c. £ 
the velocity at A being given. Prove that the locus 
thrones at rip]:: angles. 

The following amounts to fieri rand's pro. 
acute. Drawing the aro BC so that the 
triangle BCB' will then be elementary and the triangle may be regarded as recti- 
linear. It follows that the arc CB'^CB. The time of describing CB' is > than 
that of describing CB because the velocity i>.t every r.oinl in the neigh b on ihoeii a:' 
C is ultimately the same. The time of describing the line ACB is therefore less 
than that of describing AB' or AB. The path AB could not then be a brachisto- 
chrone. This proof is the same as that used by Salmon in his Solid Geometry, 
Art. 394, to prove the corresponding theoTeii! to:: iroodi- u ics. Berirand's theorem is 
now generally enunciated in a generalized form and to this we proceed in the nest 
article. 

611. A surface S l being given, let us draw from every point A on it that 

brachistochronc which stmts oiV sit right singles ;o the snri'nec. Let lengths .-1 Is be 
taken along these linos so that the time I of transit from the surface along each is 
equal to a pivon rruar.l;;y. 'the locus of the e-.iz-m: lities ii tr-.vr.n or. e a second 
surface which we may call S„. LSy Art. 592, we have 

3J=&r, cos flg/d, - Bo-j cos SJ^ . 
liy construction cos L\ — ''or each line and, since the times of describing neigh- 
bouring lines are equal, St = 0. It jcllou-s th/it the su riaee ',>.. nl.m ,_-itn the lines at 

i i-lfrl Uil;lU,1. 

If the surface S, is an infinitely small snhere all tin: h-.ncinsrodirones diverge 
from a given point A. The locus of the other extremities at the aioa drawn from A 
ami Jr "ioiboa in o pia: '.hues is s.h ere love an orthogonal surface. 

This proof may be applied to biachistoehvones dra'-vi: on a given surface by 
expressing the conditions at the limits in Art. 607 in a form similar to that in 
Art. 592. 

J'his tiieoicm iboiifjh enunciated for a brachistoehrone applies gcr.oit.l'y to 
problems in the calculus of variations. The time t may stand for any integral of 
the form ftp . dg where <p is a given function of it, y, z, and the curve is sueh that 
the integral is a minimum between any two points taken on it. 

613. Ex. 1. Prove that the equations of a brachistoehrone on a surface of 
revolution for a heavy particle with a given level of aero velocity are r 2 -^- = Av, 
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v" — '2(iz, where r, >p, s arc cyli-iurical co.jr.linaies. .: bchi;- measured downwards 
from the aero level. Prove a'i«o tlict the braehistoclmme -ouches the- meridian al. 
the zero level. 

Ex. 2, A heavy pitrticio is pvivooioil IVovri a ;,-iven point alone n. smooth groove 
cut on the surface of a right circular cone whose axis is vertical and vertex 
upwards, with a velocity due to the ■.]. yiih fiom I L-l: vcitc.s. Prove that, if it reach 
another given point not more than half-way round the cone in the least p 
time, the curve of the groove must be such as would, if the cone > 
become a parahela v.-Liti lIic polr.t correspondine to the vertex lis focus. 

[Math. Tripos, 1873.] 

Ex. 3. Prove that the br ael lis toeh rone on a vertical cylinder for a heavy 
particle with a given level of zero velocity hecomes the brachistochrone on a 
vertical plane when the cylinder ie developed on the plana. [Roger.] 

Ex. 4. Find the brae his Mi:;! rone K'heu the velocity n; uny poinv of space is 
proportional to the distance from n eiven straight line. Prove that the curve lies 
Oil a sphere and cuts all the circles whose planes are perpendicular to the given 
straight line at a constant angle, i.e., the curve is a losodrome. [Taife] 



Motion of a particle relative to the earth. 

613. Let be any point on the surface of the earth and let 
\ be its latitude. Then \ is the angle which the normal to the 
surface of still water at makes with the plane of the equator. 
Let OL = b be a perpendicular from on the axis of rotation, 
Let w be the angular velocity of the earth, then the earth turns 
round its axis from west to east in the time 27r/w. 

As we intend to discuss the motion of a particle P relative to 
axes moving with the earth and having the origin at 0, it is 
convenient to begin by reducing to rest, We therefore apply 
to the particle P an accelerating force equal to q> 2 6 and acting in 
the direction LO. We also apply an initial velocity equal to mb 
opposite to the direction of motion of 0, i.e. in a direction due 
westwards from 0. 

When the particle has been projected from the earth it is 
acted on by the attraction of the earth and the applied force w%. 
The force usually called gravity is not the attraction of the 
earth, but is the resultant of that attraction and the centrifugal 
force. The form of the earth is such that at every point of its 
surface this resultant acts perpendicularly to the surface of still 
water. Let g be this force at the point 0, then when the particle 
is at 0, and has been reduced to rest, the resultant force is 
represented by g. 
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When the moving point P has ascended to a height h, the 
attraction of the earth is altered and is nearly equal to g (1 — 2hja), 
where a is the radius of the earth. Since h is usually not more 
than a few hundred feet mid a is roughly 4000 miles, it is obvious 
that the change in the value of gravity is so small that, for a 
first approximation at least, we -may regard gravity as a force 
constant in direction- and- magnitude. Since 27t/g> is 24 hours, we 
find that oi-a is nearly equal to y/289. Hence if we neglect ghja 
we must also neglect w 2 h at all points near 0. The applied force 
a"-b is not neglected because at points near the equator b is nearly 
as large as the radius of the earth. 

614. The equations of motion of a particle referred to axes 
moving with the earth have been already formed in Art. 499. 
We have here merely to express the components B u 6^, 6 a in 
terms of the angular velocity <o of the earth. We. then substitute 
the values of the space velocities u, v, w in the equations of the 
second order and neglect all terms of the form (o-a:, t,fy, ta'z. We 
thus find 



i gravity, the 



615. It will clearly be convenient to choose as the axis of z 
the vertical at 0. If the axis of x be directed along the meridian 

towards the south and the axis of y towards the west, we have 

#, = wcos\, e 2 =0, B = -Msin\, 
since X is the latitude of the place, 

It is sometimes necessary to take the axis of x inclined to the 
meridian at some angle /3, the angle /3 being measured from the 
south towards the west. We then have 



616. If we wish the axes to move round the vertical with 
an angular velocity p, we have fi = pt + e, where e is some constant. 



»=£-*+*, 


a 2 S e " +2 S"' 


»=!-**.+«».. 


at- at at 


dz 


av at at 


where X, Y, Z are the 


impressed forces othei 


mi^s being unity. 
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We then have 

6, = (o cos X cos 0, # 2 = — w cos X sin /?, <? s = — &> sin X + £>. 
The components 0,, f? E , # 3 are not now constants, and in making 
the substitutions for w, v, V) in the equations of motion their 
differential coefficients will not disappear. But if p be any small 
quantity of the same order as o>, these- differential coefficients are 
of the order a>\ The equations of motion will then be still 
represented by the forms given in Art. 614. 

617. As in some few cases it is necessary to examine the 
terms which contain w\ we give the results of the substitution 
when the axis of s is vertical, while those of x, y point respec- 
tively southward and westward: 

-i— + 2&>sinX ■■■ . ■ — o>- sin 2 Xx — o>" sin X cos Xz = X, 
dp at 

ffly =. , dz „ . , dm „ „ 

' - 2&> cos X -j- - 2o> sin X -,-, — my = X, 

dP dt dt J 



■ 818. Ex. A particle P U attacked to "- point- A at the sitiniieit of a high toice.r 
and when in relative rest the particle is allowed to fall freely. The point A being 
at a height h rertie.a'iy above. 0, it. is required to Jlnd the point at whivh the. particle, 
strikes the horizontal plane at 0, 

Taking ihc axes of x, y to point due south and west, tho equations of 

s"-V#a=0, V" -2z'8, + 2x'8 s =0, s" + V s i= -3, 
where 0, = wco9X, S s — -losinX, and the accent!! denote djdt (Art. 014). We solve 

Ah a first approximation, we neglect the term? which contain w. Kciniiniji/riiig 
that initially x, y, x', y', z' are each zero and z — h, we arrive at #=0, y — 0, 

X~ o. second aiipioximiEliit.-i v.-.; siibMiLMic- li'.e^.c values of x, y, z in the terms of 
the differential equations which contain S or a. We obtain after an eusy integration 

x=At + B, y = Ct + D-& S £>e„ e=Bt+F-$gt*. 
The particle hems initially in relative ret I we have s-' — i), >/ — 0, z' = 0, hence 
,1 = 0, C=0, E—Q. The initial velocities in space, are not required here, but (after 
has been reduced lo rest) these arc given by u — 0, ■u=-/ifl 1 , !i> = 0. To the 
value of w we may add the velocity of 0, viz. -ioi. Also when [ = 0, we have x — 0, 

.-. a:=0, ?=-!#% *=A-iji s . 

We see from the value of s that the. vertical motion, is unaffected ly the. rotation 
of the earth. The time of falling is given by h — ^gt 2 . Since ,r = throughout 
the motion, the particle strikes the horizontal plane on the axis of y, and there is 



/Google 



380 MOTION RELATIVE TO THE EARTH. [CHAP. VIII. 

no southerly tlevvilion. fiinct: /?■, = w cos \ we have .<;= - i 1 , ;,.■« cok \! 3 ; (Tzere is rta'O 
/ore (i (Ji'wiu-d'fjyi- (■■.".'« rd ■■: tin- ens! which is pi;.i|);n Lio:ial to the Cube of the time of 
descent. This deviation is tii-!':itc-,Hi at tho equator. 

SIB. Ex. 1. Show that the path of a particle failing from relative rest is 
nearly the curve 395o;y ! — co^Xa 3 . 

Ex. 2. A particle i;, projected vertically upwaids in v;w:uo v-il'a a velocity J". 
Prove that when the particle "readies the ;:roand these is no deviation to the 
south, and that the deviation to the west is iu aos\V 3 l'6g'. [Laplace iv., p. 341.] 

Ex. 3. A particle fal'..H from relative rev. at a point .1 situiLtou at ;i, height h 
ahove the point 0. Supposing the resisianee of the air to be represented by kv 
where v is the velocity and k a small quantity, find the effect on the easterly 
deviation. 

Measuring z upwards and neglecting the terms x'0 s , ij8 x , as we now know 
that they are of the order a 1 (Art. 618), the equations of motion become 

The vertical motion is sensibly the same as if the earth were at rest. . Substi- 
tuting t' = ~gt in the first equation. 



where 5—djdt. This leads at once to y—-hg9 1 f(l--j-t\. The easterly 

di:-,:iatian. is iherej'ori- sii : i!iUi/ iHM.-iiiiii-jii :,:/ tin: rr*>?tti.i::-K nj the air. 

Ex. 4, Prove that, if the attraction of the earth on the (ailing particle were 
represented by X— - gxja, Y~ -gyja, Z= ~g (l-2*/a), the time of falling from 
rest at a height h. as deduced tiom the eiin.Uiuns oi Art. lil-i. would be increased by 
the inappreciable fraction 51ij6a of itself. Thence show that the easterly deviation 
is not perceptibly altered. 

Ex. 5. The southern deviation. A particle falls from relative rest at a point A 
situated on the vertical at a lyvlnt O en the surface of tiic earth. Let the southern 
horizontal component of the attraction of the earth be represented hy 

Jt = sin\cosX(/l;t+Cs), 
where A and C are very small functions oi' the cl'.ipilcity and the angular velocity 
of the earth, the point having been reduced to rest. Prove that the southern 
deviation measured or. tlu> ';;n>:ent plane a; O is sin \ cosiW' (■? u'- + ,! , i t). 

This result is obtained by substituting the approximate values of y and » 
obtained in Art. 618 in the small terms given in Art. 617. Expressions for the 
components of the attraction of the earth a*e to be found in treatises on the 
"figure of the earth" (see Stokes' Mathematical and Physical Papers, vol. n. p. 
142). These give approximately (after some reduction) C= (Bj» - e) 2g /a, where 
ra=tfia/g ana ^=1/300, hence C=2u* nearly. 

620. Two cases of motion. Two special cases of the motion 
of a particle deserve attention ; (1) when the particle in its motion 
does not deviate far from the vertical and (2) when the motion is 
nearly horizontal. 
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Supposing the axis of s to be vertical, the horizontal velocities 
dwjdt and <fo//cft are small compared with the vertical velocity 
rfe/d( in the first case. The products of the horizontal velocities 
by w are therefore of a higher order of small quantities than the 
product of the vertical velocity by <u and should be neglected in 
a first approximation. 

In the second case, on the contrary, dzjdt is small and we 
neglect its product by to. The two sets of equations are therefore 



ows (Art. 614) : 




*« , adz . v * 




dt*~ % dt e '- ¥ -. 


S+»£*-* 


£--»+* J 


£-»£*+»** 



-g + Z.j 

Wo notice that when the motion is nearly vertical the com- 
ponents 0„ f? 2 enter into the equations, while $ s does not appear 
until we proceed to higher approximations. It is therefore the 
component of the angular velocity about a tangent to the earth 
which affects the motion. 

On the other hand when the motion of the particle is nearly 
horizontal it is the component of the earth's rotation about the 
vertical, viz. #„, which plays the principal part. 

If we compare the x and y equations for the case in which 
the motion is nearly horizontal with those given in Art. 614, 
when the square of <a is neglected we see that they express the 
motion of a particle moving freely in space but referred to axes 
which turn round the vertical with an angular velocity 8 3 . If, 
as is generally the case, the forces X, Y are either zero or in- 
dependent of the changes of the nearly constant quantity z, we 
can thus obtain these equations in, an- elementary way. The particle 
moves freely in space, unaffected by the rotation of the earth, 
but the axes of reference move round the vertical and leave the 
particle behind. This geometrical interpretation of the equations 
may be made more evident by considering some simple cases. 

831. As an example ;:«,';■< i-ri !.-.'■ tin' '.''<•■(' >■;" it pendiii'.iii-. When il'.e licl: in;'.ki^ 
.small oscillations the mot: mi is nearly horizontal. To construct the motion we 
suppose the peudu'.uui 'o o;.eilla;e l v ee)v li ~y.-j.jx fwiV:: Ll'.o proper "uitiul conditions). 
This oseillation is left behind by the earth, and the effect is that the plane of 
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oscillation appear- to revoke about. ',\\c vovtinal with ai; angular velocity equal and 
opposite to the vertical comjionent of the earth's angular velocity. The plane of 
oscillation therefore turns from -.vest to south with an angular velocity o;sinX. 
This problem is more fully considered in Art. 624. 

622. Flat trajectories. A bullet is projected from a gun, situated at the 
point 0, with a great velocity V. in a direction making a small angle a with the 

horizon so thai <.!:■/ triijecttirji << hrnrly ihit. 1; i- require;! to :ind tin: :in:i i.)?i. 

The initial velocity of t.ln: bulb: f, in space (after Las been reduced to rest) is V. 
After leaving the huh the huliet describes a paraljolie path in spuce, while the axes 
of reference turn with the earth round the vertical at 0, anil the bullet is left 
behind by the ayes (Art. (i:H)i. Stippcsia;' iVia;- the initio; plane of -.•::: contains the 
direction of projection, the coordinates of the bullet at the time t are evidently 
ic-Vtiosa, y- -x6 s t where 8 S = -oisinX. 

Tim deviation ;/ is -.he: c lb re dway-' to li:c light of the plane of firing in the 
northern hemisphere, and to the left in the southern hemisphere. If R be the 
range the whole deviation is Rtt>nm\. We notice also that the deviation ;/ is 
independent of the azimuth of the phme <.■;' I i r- i j i i.- . and iVii;i: the time of describing 
a given distance x is independent, of i-ie rotation of the earth. 

The third equation of motion (Arts. 614, 615) gives 

where e 2 = -« cos A sin 3 and 3 is the angle the plane of firing makes with the 
meridian. The. vertical deviation of the bullet from its parabolic path at the 
moment, of reaching a iavgej Libiaiit j: from tin; 15:111 is therefore - ;t';u cos A sin 3, 



c. A particle is projected with a velocity 
V in a direction making an angle a with the horizontal plane, and the vertical 

plane through the direction of projection mskt.s 1:11 angle ,'-, with the plane of the 
meridian, the angle 3 being measured from the south towards the west. If x is 
measured horizontally in the plane of projection, y horizontally in a direction 
making an angle [i+\ --r with the mer'dian, 11 nd .- vertically upwards from the point 
of projection, prove that 

I =rcos tt t + (Fsinat a -|gi 3 ) U o OS X B inS, 
y = {Fsin a t a -i ( ;! ! ) u ,cosXcosfl + Fcoeat E «s;nX, 
S = F6in a t-J fl t2-foos ( a a,cosXsin3, 
where \ is the latitude of the place, and u the angular velocity of the earth. 

Prove also (1) that the increase of range on the horizontal plane through the 
point of projection is 4io sin tfeos X sin o (£ sir. 2 a - COS a a) F s /3 2 , 
(!!) that the deviation to the. rl;/M of the plane of projection is 

and (3) that the time T of flight is decreased by IT cos a cos X sin 8 Fw/jf. 

It is not usua'. in prae:;cal nunnery to take aceoui:' of the rotation of the earth 
except when Fis very great, and then only the terms containing 1' are perceptible. 

624. Disturbance of a pendulum. A particle of mass m 
is suspended by a fine wire of length I from a point fixed 
relatively to the earth, and being drawn aside, so that the wire 
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makes a small angle a with the vertical at 0, is let go. It is 
required to find the motion ; see Art. 621, 

The equations of motion are those given in Art. 614. Taking 
the axis of s vertical and the origin at the position of equilibrium 
of the mass m we see that the ordinate s is less than I (1 — eos a), 
and the terms of the form ddzjdt are of the order lata 2 : these we 
shall reject. Let us also make the axes of x, y turn slowly round 
the vertical with such an angular velocity p relatively to the 
earth that d 3 — — msitiX+p becomes zero, as explained in Art. 
616. The equations of motion are now 

^ = _^? **«_£? ) 

dt 2 ml' dP ml' ,.. 

*J-s£», + S&!,=-, + ^J 

dt 2 at at m. I ) 

where T is the tension of the string, and ls 0% have the values 
given in Art. 616. 

The third equation proves that the tension T differs from -iiui 
by quantities of the order Iwa at least. Since xjl and yjl are of 
the order a, and we have agreed to reject terms of the order <aa 3 , 
we must put T =mg in the two first equations, 

Since the two first equations are independent of id, the motion 
of a real pendulum when affected by the rotation of the earth is 
the same as that of an ideal pendulum, unaffected by the rotation, 
but whose path, viewed by a spectator moving with the earth, 
appears to turn round the vertical with an angular velocity 
p = to sin A. in a direction south to west. 

If In? = g, the solutions of the equation are clearly 

x = Acos(nt + C), y = B sin (nt + D) (2). 

It appears that the time of oscillation, viz. 2ir/)i, is unaffected by 
the rotation of the earth. To determine the constants of inte- 
gration, ws notice that when the particle is drawn aside from the 
vertical and not yet liberated, it partakes of the velocity of the 
earth and has therefore a small velocity relative to the axes. 
This is equal to — luco sin \ and is transverse to the plane of 
displacement. Taking the plane of displacement as the plane 
of cos at the time t = 0, the initial conditions are 

os = Ut, y = 0, dxjdt = 0, dy/dt = — law sin X. 
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It is then easy to see that 

A = la, Bn = - law sin \, (7 = 0, D = 0. 

The particle therefore describes an ellipse whose serai-axes are 
A and — B. Since the ratio of the axes, viz. to sin X */(ljg) is 
very small, the ellipse is very elongated and the particle appears 
to oscillate in a vertical plane. The effect of the rotation of the 
earth is to make this plane appear to turn round the vertical 
with an angular velocity <o sin X. 

625. It is known that, ::idc[.'i:iiu(:itly of all considerations of the rotation of 
the earth, the path of the bob of ii pendulum is approximately an ellipse whose 
axes have a small nearly uniform motion round the vertical. Thin progression of 
the apses vanishes when the nrjg'.i: subtended at the point of suspension by either 
axis of tin; ellipse is v.aa ; see Art. 5S6. As the presence of this progression will 
complicate the experiment, it is imp. or lan I (I) chat the single of displacement should 
be small, (2) that the pendulum when drawn aside should be liberated without 
Sivinf; the boo more transversa velocity than is necessary. This is usually cliecled 
by fas toning the bo!) when displaced to some point fixed in earth by a thread, and 
when the mass has come to apparent rest it is set free by burning the thread. 
The progression of the apses; due to the angular magnitude of the displacement 
is in the opposite direction to thai canned by :/ie rotation of the earth. 

The advantage of using a long pendulum is that the linear displacement of the 
bob may be considerable though the Knr/uhir displacement of the wire is very small, 
The bob should also be of some v,'oi;.d]t, for otherwise its motion would be soon 
destroyed by the resistance of the air; Art. 113. 

626. As we have re;ee\cd some siiieH tonus ii: is inievestiii!-! to examine if 
these could rise into mipo: since a:\ |n.oeeedinc; ro solvs the equations (It to a 

etermine this we substitute the first approsimn-tioii of 
I equations. The third eq-.ietion shows that Tjm-g 
;, there are terms independent of u which lead to the 
Art. 555, and need not ho again considered he-re. 
lontain w as a factor and have- the form srn(nt±/3) 
e when multiplied by xjl or i/j! give no terms of the 
■i the terms which contain a can rise into importance 

627. The idea of proving the rotation of the earth by making experiments on 
falling bodies originated with Newton. But more than a hundred years elapsed 
before any observations of value were made. In 1731 Guglielmini of Bologna 
made some experiments in a tower 300 feet high. The liberation of the balls was 

effected by burning tne thread by which they were suspended, end this was not 
done until they had entirely ceased to vibrate as observed by a microscope. The 
vertical was determined by a pl.iir.ii line, but he had to wait several months licfove 
it came to rest. The results were disappointing for they showed a deviation 
towards the south nearly as great as that towards the east. This discrepancy was 
due to two causes, (1) the numerous apertures in the walls of the tower caused 
slight winds, (2) the vertical was not ascertained until a change in the seasons had 
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AET. 628.] INVERSION OF THE PATH. 385 

altered its position. Othev eiii^iimcnls wore made by tieK;'.ejib'Tg about ISO'J in 
Hamburg, but Beioh's SH peri inents in 1831 — 3 in the mines of Freiberg are 
generally consider >1 r:i be the most important. Tiio height of olio fail was 158A 
metres and the mean of 100 experiineiss gave a deviation to the east of 2B^ 
millimetres, the deviation to the south bom?: about a tivcuiiotii of that towards the 
east. These were the experiments that Poisson selected to test the theory; he 
showed that the observed easterly deviation was within a thirtieth of that given 
by calculation. Poisson also investigates the general equations of motion of a 
luations equivalent to those given in 
iety of problems. Journal de VSeole 



i a new method; he showed that the 
appeared to rotate round the vertical 
aito to the component of the earth's 
rethod is that the experiment can be 
; slow deviation of the pendulum can 
ig enough to malic the whole displace 
s widely repeated with many improve- 
ments. Among ILfinKsn OApo/iments. we may mention those by Worms in 185!) 
at Ring's College, London, in Dublin by Galbraif.h and llaughlon, at Bristol, at 
Aberdeen, nt Watcrford in lSfj5. The accuracy of the method is such that it is 
possible to deduce Hie lime of rotation of the earth. Foucault's observations gave 
23 h , 33™, 57", while the repetition of the experiment at Waterford led to 24", 7 ln , SO 8 , 
the true time lying between the two i>eo Kii'iiiiariiir/, July :'i, 1S'J;>). Though the 
experiment can lie easily tried ivbcn only the general result is required, yet many 
difiiculties arise when the deviation iia-i to be found with accuracy, indeed 
Foucault admitted that it was only after a long series of trials that he made the 
oxp crimeni succeed (-<■? lUiUtiiu ,le hi Society .■h'!royiOii'i<vtr. tie I-iaiie.e, Dee. 1896). 

Inversion and Conjuijats functions. 

628. Inversion*. Let a point P of unit mass move under 
the action of forces whose potential in polar coordinates is 
U—f{r, 6, <f>). Produce any radius vector OP of the path to Q, 
where OP.OQ = k*; the locus of Q is called the inverse path of 
that of P and any two points thus related are called inverse 
points. Let OP = r, OQ = p. 

Lot P', Q' be two other inverse points near the former, then 
since OP .OQ = OP' . OQ', a circle can be described about the 
quadrilateral PQP'Q'. The elementary arcs PP', QQ' are there- 
fore ultimately in the ratio r : p. If the points P, Q move so as 

"'■ The reader may consult a paper by Liirmor in Tin'. Piocee.<li>\'jt of the. London 
iLiUieniat.ie.nl Society, vol. xv. 1884. The principle oi least action is there applied 
to both the method ol' Inversion and that of Conjugate functions. 
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to be always inverse points, their velocities u, w l5 are connected by 
the equation uju l = r/p. 

The position of the point P in space is determined cither by 
the quantities (p, 8, ip) or (r, 8, <f>). Choosing the former as the 
coordinates, the Lagrangiau eqiiittioiia of the motion of P are 
deduced from 



U+C 



./£.*♦) 



These equations contain only the polar coordinates of Q. They 
primarily give the motion of a point Q describing the inverse 
path in such a manner that P and Q are always at inverse points. 
Let us now transpose the factor k'jp 1 from T to U. We then 
have (Art. 524) 

2WO' 2 +&c.), P.-£{/(jJ,M) + c}. 

The Lagrangiau equations derived .from those give the motion of 
a particle which describes the same path as that of Q, hut in a 
different time. Let the particle be called II. The form of 2\ 
shows that IT moves as a free particle, acted on by forces whose 
potential is U t . We see also that the masses of the particles P 
and II are equal. See also Art. 650, Ex, 2. 

The path of either particle may be inferred from that of the 
other. If the jJiUh. of the po.rticleP described with a work function 
f(r, 8, (j>) + G is known, then- lite other particle II, if properly pro- 
jected, will describe the inverse path, with a -work function 

629. To find the relation between the velocities u, v of the 
particles P, II, when passing through any inverse points P, Q. 
we notice that by the principle of vis viva ^it^—U+C, \tP = U i . 
It follows immediately Unit v — ulfjp-, and therefore that ur = vp. 
Since the planes of motion OPP', OQQ' coincide, the angular 
momenta of the particles, when at inverse points of their paths., 
about every axis thcovjh the centre of inversion are equal. 

The constant C is determined bv the consideration that the 
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known velocity w in the given path must satisfy the equation 
b* = U+0. 

The particles P, IT do not necessarily pass through inverse 
points of their respective paths at the same instant. Let t, t 
be the times at which they pass through any pair /', Q, of inverse 
points; t + dt, r + dr the times at which they pass through a 
neighbouring pair P', Q' of inverse points. Since the elementary 
arcs PP 1 , QQ' are in the ratio r : p while the velocities of P, II 
are in the ratio 1/r : \jp, it follows by division that the elementary 
times dt, dr are in the ratio 7* 2 : p 1 . The relation between i and t 

is found by integration from -=- = — . This agrees with the ratio 
given in Art. 524. 

Supposing that the particles P, IT are projected from inverse 
points on their respective paths, their initial velocities must be 
inversely as their distances from the centre of inversion. The 
initial directions of motion must be in the same plane and make 
supplementary angles with the radius vector which passes through 
both the initial positions. 



630. If the particle P is constrained to move on a surface the argument 
needs "but a slight alteration. The inverse point Q describes a curve which lies on 
the inverse surface. Let (p, 8, 0) be the polar coordinates of Q; then these may 
also he taken as the Lagrangian coordinates of P. Using the equation of the 



e surface, we have p —~k S ' + "A 0'- Substitt 
■.sious for T End U+ C ;;ivcn in Art. 02S, we p 



_' the values of p, p' in the 
■ed as before and arrive at 



631. The Pressures. When the particles P, n are constrained to move on 
a surface and the inverse snri'aee respectively, tin- -/jrc-iS'tres R,, R,, at any pair of 
inverse points art: svek th/it R l r' = lt ! .p ) . 

To prove this we take any axis of z and resolve the forces on the partioleB 
perpendicularly to the meridian plane eOPQ, Art. 491. We then have 



1 dU 



-- + J-.',e 



) dj> 



-fl,cc 



n of either particle about the axis of 8, Art. 629, 

respectively occupied by the particles in passing from any 
• an adjoining pair. 

The force;: ]!- , P,., act along the normals to the two surfaces. To understand 
the geometrical relations, we describe a sphere passing through P, Q and touching 
one surface. Then since the sphere has the property that for every chord the 



where A is the angula 
and dt, dr are the tim 
pair of inverse points 



2i>—il 
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product OP . OQ is the same, the sphere will touch the inverse surface also. The 
normals therefore meet in ;he centre 01 tl.o sphere a::u will vuake equal angles with 
every straight line peri:'-i-d"'('iiliLv to tin- radius vector OI-'Q. The angles Oj, o s of 
resolution are therefore equal, if the reactions ore taken positively towards the 
centra of the sphere. 

Sinee p^dts^dr and i?V a =i* {U + C), we see at onoe that r 8 B, =p a lt 3 . Since 
ur — vp, we have i-,',,V — Ji?;'^ 1 , i.e. the pressures at inverse points are also as the 
eniuVK D- I.he v. -tic::.!.-. 

Ex. Deduce from the relations p 2 t/ a = r 2 ((/+C), £u s =Ei T +fJ, 

(1) Unit ill!? piiriLllcl compsnonts G. G' of the impressed forces on the particles 
P, II in any direction perpendicular to Lhe radius wctor iire connected by the 
equation p l G' = r s G. 

(2) that the radial components F, F', are connected by p"F' + r 3 F= -4r'(D+G). 



straight line; in this case v;c nave :i?-2(: -20, ISy inversion the path of a free 
particle, when ?;- = «' - „ = 2U.,, is the inverse of n straight line, i.e. a circle passing 
through the origin. This gives i r ., — Ck':p , \ and the central ioiec I |, =46*I- J /p-\ 
This is Newton's theorem that a eire'e nan be described freely about a Centre of 
force on the circumference whose attraction varies as the inverse fifth power of the 
distance. 

Ex. 2. Show that a particle can describe the curve p 2 = «- cos- 8-l>" sin s 6 
under the action of a force F in the origin which varies as -j j— 2 - —„ - ~ -., . 

When the axes a, 1> of the Curve are so unequal thai their ratio is greater 
than J2, the force F changes frou) attraction to repulsion as the particle proceeds 
from the extremity of one axis to the other. Verify this by tracing the curve, 

and show that the curve is convex at the extremity ei' the lesser axis, 

Ex. i 



+ — ■ -2—,; show also thai ::■:■ velocities r, r' a: iiiiCise points are connected 

ft' 2 h 2 p* 

by vr — v'r'. [This follows easily from the expression for F given in Art. 310. 
"When h-K, Art. 629, this agrees with Art. 631, Ex.] 

Ex. 4. A particle P moves on a sphere under the action of a centre of 
attractive force situated at a point on the surface, and the velocity v at any 
point is Bjr* where r- OP. Prove that llie path is a circle whose plane passes 
through U. 

Inverting the sphere, we find that the stereographie projection is a straight 
line. The result follows at once, see Art. 609. 

633. Conjugate functions. Let the Cartesian coordinates 

(;tj, y), ($, ii ) of two corrosponding points P, Q be so related that 

a + yi=f(£ + vi) (1). 



.Google 



ART. 634.] CONJUGATE FUNCTIONS. 389 

where / is any real function and i = \/( _ 1)- Expanding the right- 
hand side we have 

« + #-+(&*) + +&*)» (2). 

where and -^ are real functions. The transformation is therefore 
effected by using the equations 

» = + (£.*). *- + (£.*) (3). 

the motion of P following geometrically from that of Q. Differ- 
entiating (1) we find 

«'+j'»-/ , (f+tt)-{r+«w. 

.-. ^+^=^.jr 2 +vn w, 

where ft' is a real positive quantity given by 

/»■-/'«+<;■•)■/'»-<!») (5). 

Let U—F(x,y) be the work function of the forces which net 
on the particle P. The motions of P and Q may be deduced by 
the Lagrangian rule from 

the constant of L r being included in F for the sake of brevity. 
Transposing the factor ft 1 to the work function, the equations 
T,- i ({,■ + *■), U.-ii'F^,^), 

give by the same rule the motion of a particle IT, whose mass is 
equal to that of P, which (when properly projected) will describe 
the same path as the point Q, but in a different time. Art. 524. 

To find the relation between the velocities v., v of the particles 
P, IT at corresponding points of' their paths, we observe that 
since \v! ! — U, ^i> 2 = !7 2 , the velocities are such that v = /m. 

To find the ratio of the times dt, dr we notice that, by (4), 
the corresponding arcs ds, da- are such at ds = ftd<r, while ftu^v. 
It fellows by division that dt — ftHr. 

634. Ex. It is known that a particle uan rte^rik: tin: ellipse X'la"^-y-;}r = l, 
with n force temim;; :o lIk- eoutTT pq;.\\\\ t;i m: It i; required to find the uiir.y.vgnU'. 
path and law of force when we use the transformation ~. ± j/i = (f ± iii)"/c" -i . 

Let s^raoap, j = i'sin0; £ = pcos#> Ij=/J8in0; the equation of triiiisi'iirina- 
tion then gives 

The equation of the path is therefore 
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=2<I7- r C)=*( ". 



The ratio of the angular momenta, vik. vajnr, is easily seen to be equal to n. 

When «= -1, this transforms!. t ion becomes r-c^/p, 8= - tp. The transforms- 
tion reduces to n shv.iilo ir,voT=ioin, except that is measured positively in the 
opposite direclion to (>. 

635. Ksc. If the particle P is constrained to move on any given curve with a 
work function U, while the equal particle n is constrained to move on the 

conjugate (arvc, with a work function (. : ., = ,u-(/, the pressures A 1 ,, /?., On the two 
curves are in the ratio <.:' the cutos of '.iic velocities, i.e. ll i iif , = I!Jtr l . This gives 



I'/ie grouping of trajectories and Jacobi's solution. 

636. The Cartesian equations of the motion of a Iree particle 
of unit mass are 

das' y dy' S dz ^ '' 

and to these we join the equation of energy 

1 p = a /» + ^ + ^ = 2U+2C (2). 

When the equations (1) have been integrated we have cc, y, z 
expressed by three functions of t with six constants whose values 
become known when the initial values a, b, c of the coordinates 
and the initial velocities a', b', c' are given. 

Since t enters into the equations (1) only in the form At, the 
differential equations are not altered by writing ( + e for t. One 
of the constants of integration therefore enters into the solution 
as a mere addition to the time. When we eliminate the time we 
arrive at two equations which arc the equations of all the possible 
trajectories in space. The constant e disappears with t, and the 
equations of the possible trajectories contain five constants, of 
which the energy G may be regarded as one. To understand the 
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relations of these trajectories to each other it becomes necessary 

to group them into system*. 

We first group the trajectories according to the values of the 
energy C. Taking any one group, having any given energy, the 
four remaining constants are determined for any special trajectory 
when the coordinates of some two points A, B arbitrarily chosen 
on it are given. 

637. Action. If ds be an element of the arc of the trajectory, 
the integral V=Jmvds is called the actum as the particle passes 
from A to B. If mi? be the vis viva of the particle in any position 
we also have V=jmv 2 dt, the limits being the times t, and t of 
passing through A and B. When we arc only concerned with the 
motion of a single particle, it is convenient to suppose its mass 
to be taken as unity. 

Considering ;i single particle, let s be measured from A to B 
along the trajectory of least action and let the length AB be I. 
Let A'B' be a neighbouring trajectory (Art. 500) from some point 
.d'near A to a point B' near B. Proceeding as in Art. 591, writing 
v for c£, we find 

«4.£?. + *M{s-s('$}^ + » w ]*-<» 

where the part outside the integral is to be taken between the 
limits A and B and the energy C has been varied for the sake 
of generality. It is easy to deduce from the equations of motion 
(as in Art. 599) that the coefficients of Bw, By, Be inside the 
integral are zero. Also since ^v 2 ^U+G, we have vdvjdG = 1. 
Since vdxjds is the m component of the velocity we thus have 
BY= x'Zx + y'By + ttht - a'Sa - b'Sb - c'Bc + (t- *,) SO.. .(4). 

Whou v.u consider iac motion of a s/.su.ni of ijiuL'cL-;. clLLci con-.driLir.oil or free, 
and all taking different paths, it is more convenient to take t as the independent 
variable. Lot us jm^ii'.o the sy^tcro to be !ru)v;;ii; in some manner which we will 
call the actual course. Let the work function of the field be V and let X he the 
Lagrangian function, then L=T+V (Art. 506). Let ff,, S 2 , &c. be any indepen- 
dent coordinates of tiio system, >.i lt />..,, Ac. Inch values in some position A occupied 
by the system, at a time Ij. Then 0,, ff s , <fcc. are functions of t, whose forms it is 
our object to discover. 

Let us next suppose the system to move in some varied manner, i.e. let the 
coordinates be fundi or.; of ' nU./ntiy diffornr.t from t.bi^c ;:i the aetual course. By 
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the fundamental theorem" in the eif.au] it h of viii-i.alion^, we have 

where u = !iS - ff'oi, - LLiijilic j summaLioi: foi ii.l tin; coordinates y L . (i 3 , &e. and the 
limits of integration are (, and t. Hiiiee each separate term insii'te tin; integral 
vanishes by Lagrange's cqaafnu.s (Art. 506), we have 

If the geometrical conditions do not contain the lime explicitly T will be a 
3 function of 0,', &,', &c. (Art. BIO) and therefore 2 ¥~ff = %T. We 



also suppose that for each varied course 

principle of energy holds, i.e. T- U= C, though C may lie. different for each course. 

Hence L = 2T-C, and SjCdt = B{C (t- (,)}. We now have the two eqnationB 

ta.-.M.ig.J.igb) (M 

J/aT(B = (t-li)SO + 2^M)-zf4^a«] (B). 

The- action r of tin; system is Lbe sum of tin; iteLions of the several particles. 
We therefore have V= [ITdX, When the system redness to a single particle of unit 
mass 2T — x"-' ■:■;/- i-:'-, and the equation ; ■>; berates the .same us (11 . 

638. Lot ua consider the. motion oi' a single free particle and 
let the energy C be given, therefore SC7=0. Let v lt v 3 be the 
velocities at A, B; So-,, Bit., the displacements AA', BB'; 0,, 6 2 
the angles these displacements make with the positive directions 
of the tangents at A, B\ then, as in Art. 592, (4) becomes 

$V=v s coa0£<T 2 -v i cose i 8<n (IV). 

* The proof of this tin oroni is as follows. We have 

tjLdt=j{BLdt+LdSt)=[L8(]+j(3Ldt-dLSt). 
Now L is a function of the letters typified by B, ff, 

,*. BL = ^(L e se + La'Se'), dL=2lLad0 + L#e"dt), 

where suliixes imply partial ihfieaemlal coefficients. Since 

m __ do+dse _de_dS9^dedst 

di~ dt + dtit ~ It ~ ~dt ~ ~di ~dt ' 
.-. S8 , -8"5t^~(88-8-St) = a', 

ji.:b>-!f.-.i!.ii:g we find 

3jLrf( = [LS(]+[2(i S u + i^u')^ 

I i;ti;j; m ting tin; las' l;;rn: by part- n; immediate', y obtain tue theorem in the tes*. 
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Introducing the mass m, this may be rend, the change of the action 
in passing from one trajectory AB to a neighbouring one is the 
difference of the virtual moments of the momenta- at the two 



Taking any arbitrary surface which wc may call S lt let us 
group together all the trajectories which cut ^ orthogonally, 
then cos #! = <). On each of these trajectories let us take the 
point B so that the action from the surface S t to 5 is some given 
quantity. As we pass from outs trajectory to a- neighbouring one, 
B traces out a second surface which we may call S 2 , and at every 
point of S 2 we have BV=0. It follows that for this surface 
(supposing it to he of finite extent) cos 2 is also zero. The 
trajectories therefore intersect the surface: .S'., at light angles. 

Considering all possible trajectories we first group them ac- 
cording to the value of the energy. We classify them again by 
selecting all those at right angles to some given surface. Wc 
have now a congruence of trajectories. The: theorem just proved 
asserts that all these trajectories can be cut orthogonally by a 
system of surfaces. ' These orthogonal surfaces are such that, 
when any two are given, the action from one to the other is the 
same for all the trajectories. See Thomson and Tait, Treatise on 
Natural Philosophy, 1879, vol. I. Art. 332. 

All possible trajectories may be grouped together in the manner 
just described in many different ways. One method is to select 
a surface intersecting all the trajectories. Each point of this 
surface may he regarded as the centre of an infinitely small 
sphere which all the trajectories intersect at right angles. The 
surface S, is then reduced to a collection of points occupying an 
arbitrary surface. This is the method of grouping adopted in 
Arts. 159, 330, 339, &e. By a different grouping we obtain different 
orthogonal surfaces. 

639. These considerations lead us to a rule which is a special 
case of that given by Jacobi for the solution of dynamical problems. 
When this method is applied to the dynamics of a particle the 
orthogonal surfaces are investigated first and the trajectories are 
afterwards deduced. In the general case of a system of rigid 
bodies the interpretation is not so simple. 
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[CHAP. VIII. 

640. Let the act-ion V be expressed as a function of the- enerijy 
and of the coordinates (x. y. z), (a, b, a) of the particle in the two 
arbitrary positions B and A. Then by the principles of the 
differential calculus, 

¥ te Bz+ ^ + db Sb+ & !i0+ ac Ba --W' 

the energy being varied for tire sake of generality. Comparing 
this with the expression (4) (Art. 637) we see that 

, dV , . , dV , 

x =- 1 - , &c, &c, a = — t- , 
ax da 

Substituting in the equation (2) of energy, we find 

(fHfHS)'— ■ (©■♦(SM£)W«m* 

where U„ is the value of U when we write for x, y, z their initial 
values a, b, c. These are called the HinniHoniwn equations of 
motion. 

It is obvious that if we can deduce from the equations (7) 
the proper form for the function V, the first sot of (6) will give 
the component velocities of the particle and the second set will 
give the relations between the coordinates x, y, z and their initial 
values. The last equation will give the time. 

Jaeobi proved chat it is not necessary to obtain the general 
integral of either differential equation. It is sufficient to discover 
one solution of the form 

7-/(«lsr,«,0,a,/S) + 7 (8), 

containing three new constants a., 0, -/. He also proved that the 
introduction of the initial coordinates a, b, c into the expression 
for Fis unnecessary. Instead of these he uses the two constants 
of integration here called a, 0. 

641. In the first- differential equation (7) and in the complete 
integral (8), the quantities x, y, z are the independent variables. 
Jacobi's rule asserts that if ive establish the following relations 
between x, y, z and a new variable t, the equations of motion (1.) 
will be satisfied. These assumed relations are 

V- . it— a df - 

da' " dB~ p " dC~ 



■■(,»), 
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where a lt j9„ and e are three new constants. These new relations 
make x, y, z functions of t, C and the five constants a, /3, a lt ft, 
and e. 

To prove these relations wo differentiate (0) with regard to ,'■ 
and thus arrive at three equations of the form 

„,_SfL + jM_ + /jy_ (io). 

dwda dydu dzda x 

The other equations have $ and C written for a, but in the third 
the zero on the right-hand side is replaced by unity. These 
equations determine sf, y, z'. 

Also since (8) is a solution of the first of the differential 
equations (7), it must satisfy that equation identically. We 
may therefore differentiate (7) after .■mbstitution with regard to 
each of the constants a, /3, 0. We thus arrive at three equations 
of the form 

if if if dy if iff _ 

dcsdxda dy dyda dz dzda 
The other equations have and written for a, but in the third 
the zero is replaced by unity. 

Comparing the three equations (10) with the three (11), we 
see at once that 



_df_ ,_df ,_df 



dos' dy' 

It also follows that 



..(12). 



m da? ~*~dxdy J + dxdz V >' 

with similar expressions for y", z". 

We may also differentiate (7) after substitution (rove (8) partially 
with respect to any one of the three variables x, y, s; 
dfd?f df &f df d?f ^dU 
Are Ax 2 ' Ay dredy As dxdz Ax ' 
Substituting from (12), the left-hand side becomes by (13) equal 
to x". We therefore have 

, l=s du „^du j, = dv 

dx ' dy ' dz ' 

which are the equations of motion (1). 
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642. Consider the system of surfaces defined by 

f(0,y,,,O,a,fl) = K (14), 

where C, a, /3 are constants arid K the parameter. The equations 
(12) prove that the direction of motion at any point is normal to 
that surface of the system which passes through the point. Thus 
the surfaces (14) cut the trajectories at riijht angles. These tra- 
jectories (with their parameters Hi, ft) may be deduced from (14) 
by the rules given in the theory of differential equations or more 
easily by Jacobi's equations (9). 

The trajectories in Jacobi's method are thus grouped together 
according to their orthogonal surfaces. By taking different com- 
plete integrals for (b). we group the same trajectories in different 
ways. Art. 638. 

643. As an example which requires no Ion;: dgcbrnical plows?, let. us discuss 
;.lie trajectories when the forces a:e iibsent. The J laniiltouian equation is 

m'+m+m^ <«>■ 

One compiotc imc-grid, suggested by the rules t'av solving differential equations, is 
r = {!W + ft/ + J(l-a*-^) 2 }J[20 + T (16), 

i'.iii-llicr com pic'.;.- integral is 

r={^- a )2+fe-op+^}V(2C) fi7). 

If we choose the first integral the surfaces V= A" arc ji] lines and the trajectories 
are grouped into systems of [larailci lines, the lines viiting n".i directions. If we 
choose the second integral, the surfaces V =K are spheres having their centres on 
the plane of xy. The trajectories are pouped into systems of siiahjkt lines 
divi-t;;in;; f:o;a points on that plane. 

To illustrate the use of equations ((■!) lot us substitute hi them the second 
integral. We have at once 

"--.. «=*— A. j3S)-'+- M. 

where t a =(iB~a) t + {y~p) 3 + i\ These evidently give a system of straight lines 
diverging from the point x — a, y = p, z — 0. described with a velocity ^/pC). 

644. When the coordinates chosen are not Cartesian the 
expression for the kinetic energy does not take the simple form 
given in (2). Let the kinetic energy T be given by 

2T = P6" + Q<f>' s + lif" ! (19), 

where P, Q, R are functions of the coordinates 6, j>, -ty. Let us 
now take as the Hamiltonian equation 

MSK(£)"4©'=— <*»■ 



,GoosIe 



ART. 645.] JACOBl'8 SOLUTION. 397 

Proceeding exacUy in r.he same way a.s before, we prove that if 

7=/(<?,0,^,<7,«,,3) + 7 (21), 

be an integral of (20), the first integrals of the Lagrangian 
equations of motion (Art. 508), are 

"-%■ «*-g. «+■-! m 

The trajectories, &c. are given by 

d f - n 'V - H d f -t + , ran 

where «i, /9i, and e are new constants. 

This enunciation includes the most useful case;; of Jacobi'.s 
rule. But his method applies also to any dynamical system, in 
which T is a quadratic function of the velocities. For these 
generalizations we refer the reader to treatises on Rigid Dynamics. 

645. Ex. 1. Apply J acorn's rule to iimi U:« path of a piojeetile, 
The Hamiltonian equation is 

(£)■♦(©■-»♦« 

SorJiViitirjj t:'.s variables, wo and that one complete integral IB 

Ex. 2. Apply .'acolus mothod lo lin<l Ujh juUIj of ;i padiele :;i l>.vnc dimensions 
about a fixed centre of force which Liltiacts aecordi.n;; to the Newtonian law. 

Xaku;:; yx-'ii-: t.oul delates we lane 

2T=r' a + '' 2 e' 2 + »' 2 ain 2 e^' s , I7«A 
The Hamlltoman equation (Art. fl-bi) may be put into the form 

If we equate these throe expressions rt-spBctively io a, - a -:-3 coscc- [' and 
- jScosee'-'y, we obtain tlireo dii'feioiiLial equations in which the variables are 
separated and whose sol n tiers satisfy :.:n: IliLmillorian orjuslion. Let the inte- 
grals of these be 7=f x {r, a), V=f 3 (6, a, S), V=f t {<f>, §). It is obvious that 
F=/ 1 +/ a +/ 3 + 7 is a complete intend from which all Lhe trajectories may be 
deduced. 

Ex. 'A. Apply Jaeobi's method to find the motion of a particle in elliptic co- 
ordinates (X, pt, r) when the work function is 

T7 _ (^-^)/jW + fr , - X 1 ) / 1 [>.) + (X'-^)/,W 

Taking the expression for T given in Art. ;177, tiie Hamiltonian equation (Art. 
■614) after a slight reduction becomes 
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ftEH x B _ ftSHfia _,.)(gy + ^_^ 0l ._ fcS) ^_x-)(g) B + (,=- fla ,^-^(x*-^)(£) a 

--*{Ci*-» , )AW + (» , -tf>/iW+<* , -rt/iM}-Wfl 1 

where D = {\"- ij?) (u a - !•-) (j* 3 - X 3 ) . Since 

\< (^ - * 3 > + & (»■ - \=) + *' (\ 3 -*■)=>- B, 
the differential equation is satisfied by assuming 

with similar expressions for ril-'.'i(.u and id'/itc In these trial soluLious the variables 
>,, ft, i> have been separated, Lhe livst containing A, the second ,«, and the third v. 
Supposing the integrals to be V=F 1 {\, a, fJ, C), V = F t 0, &a.), V = F 3 (*, <Ssc.), the 
required complete integral is then V — F 1 -i-F i + F s +y. The solution then follows 
by simple differentiations with regard to the constants a, /S, C. 

This expression for (.; is given by Lionville in his Journal, vol. sn. 1847. He 
uses it in conduction wiLh Jacobi's solution. 

We may also write lhe expression in a different form. Let p,, ji 2 , p 3 be the 
perpendiculars from the origin on the tangent planus to the three oonfocals which 
intersect in any point, and let \, /t, v be as before the semi-major axes. We find 
by using the expressions for these perpendiculars in elliptic coordinates (Art. -577) 

ff=jtf*iW+rfJ,W+pf*iW- 

Taking (.■'— ii-/''(\), (omitting the sttillxesj we see at once that the level surfaces 
intersect the ellipsoids in the polhodes. The direction of the force at any point P 
is therefore normal to the polhodc which passes through P. It may be shown by 
differentiation that the components, T and N, of the force, tangential and normal 
to lhe ellipsoid v.-liich pusses though 1>, arc 



T= -2/F(X]{S,-AT= -2p<F(\) p- 



\8&B 



The Cartesian somponents X, Y, Z a 



with similai expressions for Y and Z. 

We may obtain simple: expressions by combining the three terms of (7. Putting 
^(X) =-**»+«, / 2 (/i)=- 1 u sn+ ', /,(*)= -c*"^ we see that IMs equal to the sum 
of the different homogeneous products of \-, //.-, v- of n dimensions, each product 
being taken with a coefficient unity. This sym metrical function of the roots of 
the cubic in Art. o7i> may he expressed as a rational function of the coolliciems. 
We thus find possible forms for V in Cartesian coordinates. For example, putting 
/ 1 (\)=-X«&o., we find 
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As in.' >t ii or example, put/, (Aj = - >. a &~o., wc then Lave 

wlltilC .! ILilil 7} afe t\VO CO:isi;llll;7. 

646. Principle of least action. Let the extremities A, 
B of the trajectories be given and let the particle be constrained 
to move from one point to the other along a smooth wire, the 
energy being given, Art. 636. Of. all the different methods of 
conducting the particle from A to B there may be one which is 
the trajectory the particle would take if n neon strained. We see 
by Art. 637 that for this course the value of §F is given by 
equation (4). But since the points A, B are fixed, 8x, By, Bz 
vanish at each end. We therefore have SV= 0. It follows there- 
fore that the free trajectory is such that the change of action in 
passing from it to any neighbouring constrained course is zero. 
The action for a free trajectory with given energy is either a 
maximum, a minimum, or is stationary. 

Conversely, if the path from A to B is required which makes 
the action a max-min, the principles of the Calculus of Variations 
require that the coefficients of Six, Sy, Ss inside the integral (3) 
in Art. 637 should be zero, provided the geometrical conditions 
of the problem permit B.v, By, ?:s to have arbitrary signs. Assuming 
this, the vanishing of the coefficients leads, as already explained, 
to the equations of motion. The result is that the free trajectory 
from A to B is then the path of max-min action given by the 
calculus of variations. 

A similar thorn-em holds for tho motion of iv system either frci; or connected by 

geometrical relations. Lot any two eon!i durations or positions A, B be given. If 

we conduct the system horn A to U by any varied |>aths as described in Art. 637 we 

have (since the variations of the coordinates of these positions are zero) 

S$Ldt=-C(5t-St 1 ) (A), Bj2Tdi=((-( 1 )aO (B). 

Let us now suppose thr.t to these varied path.-. Ilio p;irt!e'.es. without violating 
the geometrical relation?, are conducted with such velocities that the energy 
C—T- U has a (live it value, (toe same as in the actual course,) then SC=0, and the 
equation (B) shows that tin u-.-liou \iTdt !■■■ •/ muz-min <ir is xtntionarij in the actual 

The equation (A) jives a companion theorem. Let us suppose that in the- varied 
paths the part lulus ;ue s;> Cjueiuefed that Cm Hui-j t - t 1 is equal, to a- given quantity, 
then jLdt is a nut j; -mill or is iUiti.Giw.ry. 
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647. The action fioni one given point. to anotaer cannot be :i real maximum 
if the velocity is always the same Junction of the position of the particle. Every 
element of either of the jut ^riils ie-.-,\< oi -t-ih is positive and there! ore, whatever 
path from A to 11 may be (alien, we can increase the whole action by conducting 
the particle along a sufriciently circuitous lint neighbouring path. Thus, if C be 
any point on the free course .;..'■.' we can conduct the pavticie along that course 
to 0, then compel it to make a circuit, and after returning to the neighbourhood 
of C conduct it along the remainder CB of the free path. Additional positive 
terms are thus given to the integral and the action is increased. The energy of the 
motion is unaltered, bat the time of transit, is longer. 

Since every element of the interval is positive, there nn it be some patb joining 
A and B which makes the action a true minimum. If the theory of max-min in 
the GalcvoYis of Vanations gives only one' path, lhat pith must be a minimum. 

648. It may be that there are several free paths by which the particle could travel 
from A to B. Selecting one of Ibese, say -l.il I:, we may nek if the action along it is 

Let a neighbouring free patb starting liom .1 (the energy bemg 
t ADB in C. To simplify matters let no other free path 
intersect ADB nearer to A than C. If B lie between A and C Sieve is only one 
free path from A to B which Is in accordance with the principles of mechanics, ar.d 
that path makes the action a true minimum ; Art. 647. If B is beyond C, there 
are two neighbouring lice paths from A to C. It may be proved that the action 
from A to B is not in general a true minimum, the action for some neighbouring 
courses being great cl atnl for others !e-s than for the tVee path .III (Art. 653). 

649. It may be that the re is no free pn'.ii from A to I;, yet 'here must be a path 
of minimum action, b'or example, a heavy particle pi o : eclcd from A with a given 
velocity can by a free path arrive only at such points as lie within a certain 
paraboloid whose focus is at A, Art. 159. The path oi minimum aetion from A to 
a point 11 beyond the iiaiaoololdal boundary is not a free path. When deduced 
from the Calculus of Variations it fulls under the case mentioned in Art. 646. Its 
position is such that it cannot be varied arbitrarily on all sides, i.e. the signs of 
the vaiiations 3v, i>>i, ii.v arc not arbitrary along the whole length oi' the course. 

Such limitations exist when the path runs along the boundary of the field of 
motion (Art 299). We therefore draw verticals from A and B ti 
level oi kc-io velocity (which in this on 
conduct the particle from A along AC U 
along a course coinciding indefinitely > 
D as we please. The partiele is final] 
given point 11. Throughout this Cour 

J{2gz) where z is the depth below the directrix. The velocity being ultimately 
zero along the directrix the whole action from A to B is reduced to the sum of the 
actions along the vertical paths AC, DB. The path close to the directrix cannot 
be varied arbitrarily, because the particle cannot be conducted above that level 
without making Ike velocity i ituighia iy, This minimum path is therefore not given 
by the ordinary rules of the Calculus of Variations. 

A similar amviohj occurs in the can: oj l/nu-'itistochroiies. Tbe parabola is a 
hrachistoehrone when the force am parallel to the a"iis and is such that the 
velocity is inversely proportional to the square root of the distance from the 
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directrix; Art. 605. The directrix being given in position, the initial and final 
points A, B of the ceuisc :i.ny be so far apart that no such, parabola can be drawn. 
In this ease the braehistochrone is found by oonduoting the particle along the 

vertical straight line .-,' C* in accordance with the given l:iw or' velocity, thenee with 
an infinite velocity n'.or.;/. the directrix CD, and finally along the vertical line DB 
toB. 

The further discussion of these points is a part of the Calculus of Variations. 
Home remarks on tin; dynamics of t lie problem may be found in the author's 
ltii/id Di/numics, vol. n. chap. x. 



'-/(», 



bv :y.akij-g 



650. Em. 1. Prove thai ':ic name path is a biaehisfochionc for v. ,: 
and a path of least action for v"= -llf (■<:, y, z) ; Art. j!3!>. 

The brncliistochrone is deduced from the calculus of v 
falv a minimum; the path of least action by making Ju'ds a 
must give the same curve if tf^Wjv; (Jellett and Tait). 

Eai. 2. Prove that, if a path be deacribed by a particle P with such a work 
function that v 2 =f(r, d, $}, the inverse pafh can be describe! by a particle II with 
a velocity?;', such that -o" i -~f(—, 6, <j>\ , where rp- ft 5 ; Art. 628. 

To find the first path '.ve make fads a minimum. Since ds'lds = pjr, the second 
path is found by making jVib/i/r a minimum. These are the same integrals. 
This mode of proof applies equally whether the particle is free or constrained io 
move on a surface. 



6S1. Ex. I. Prove that in an elliptic oi'l'f: de-eiibed about the focus S, the 
time is measured \>y t'lc area described about the focjs $ aud the action by the 
time described about the empty focus H. 

If p, y be the perpendiculars on the tangent from S and II, we know that 
pp' — b^. Since v~hjp, the action JnTs becomes \p'd,-i . hjlfl; the area described 
about II being ^yp'ds, the result follows at once. [Tait, Dynamics of a particle.] 

Ex, 2. In an ellipse diser!bcd about the centre C, perpendiculars FM, FN are 
drawn from P on the major and minor axes CI, CB, and A, B represent the 
elliptic areas FMA, PSCA respectively. Prove that the action from A to P is 
{a*A + 6 S B) J^ab. 

Ex. 3. Prove that the action in describing an are of a central orbit is 



HHy*- 



When the central force is F =/i/r" and the initial velocity i; 



that from infinity, prove also that the action ia stan— :- 9, where 8 is 

measured from the maximum or minimum radius vector; Art. 3(10. 

Ex. 4. A heavy puv-icic describes a parabola. Trove that the action from any 
point A to another B is k times the sectorial area ASB, where S is the focus, 
K 2 = I6fl/i and I is the semi-lat us rectum. 

Prove also that, if the chord Al! oass through the focus, the action along the 
parabolic path is greater than that along the course AC, CD, DB where AC, BD 
an.' peri'e.uiuculai's on the divecMix. Aits. 15'b (1 ':,'. 

r, d. 26 
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402 PRINCIPLE OF LEAST ACTION. [CHAP. VIII. 

6S2. Ex. 1. When a heavy particle is projected from a point A with a given 
velocity to pass through a point B, there arc in general two pot.-il>le parabolic 
paths. Prove that the action is a minmv.im alorif; that parabola in which the arc 
AB is less than the arc AC where C is the other extremity of the cliord drawn 
from A through the focus. 

The action ia a minimum when B is not beyond the interne'. ion with the 
neighbouring parabola drawn from A; Art. 648. Since the chord of intorstction 
ultimately passes through the teens of eitni;: at these noi^h'i.'oui'hig parabolas, Art. 
150, the result given follows at onoe. 



Ex. 2. When the force is central and varies according to the > 
there are in general two elliptic paths which a particle could take v. !icn projected 
from A with a given velocity to pass through B. Prove that the aotion is a 
minimum along that i -livse in which tin; are A I! is leas than AC, ■■■■hero C is 'he 
olIi-.t f,\ii'(;i)ijty ci' ti.i;.' cliui'd Jvawn from A through the empty focus: Art. HH9, 

803. Ex. A particle describes a circular orbit about a centre of force 

represented hi/ F= «,■')■", situated in the centre 0. It is required to jlnd the change 
in the action alien thepartiele is conducted with the same energy from a given point 
A to another B on the cirele !.:/ sornr nrigidienring jint>> tying in the plane of the 

Let a be the radius, then taking the norma! resolution, the velocity 
l^ (l = v '{ l u/«.' ,_ ■ , ). The principle lit' raierjiy for the varied path gives 






Also C — - --' - ' -'jlj . since the energy C ia Hie a:i;f ('.a belli paths. 



Let (lie emotion :if the vm-it^l path be r = n fl -■ o) where /.■ i? so;ee function 
of 8. Substituting we find 

» = t. {l-p + l(n-l) p" + ...f (I). 

Here ;> is emiivnlcy.j to the or of the Cn'ou:ns o-' Variations. 
Since {dsf^r-idS)--\-{itr)-, we {mil by the same substitution 

B"r ,+ ' + i(«)' + ™| » 

The action therefore when 8 increases from to 8 is 

/.*.-. \>*lj {{%)'-»■»} «♦•■■} (•». 

where y*=8-H as in Art. 867, and the limits are = to fl. .% substituting for a 
the value corresponding to any assumed variation if the. path, the change in the 
action- foliates -immediately. 

If the particle starting from A were to describe a neighbouring free path with 
the same energy, we know by Art. 367 that the first intersection of the new path 
with the eiru'.c is at. a print ;;ivcu by 0-. .- trip nearly. 

Wo may easily deduce from the expression (3) that the action from A to B is a 
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n if the angle AOn-.-z-jp; see Art. 594, G48. To prove this we use 
a artifice due to Lagrange*. Since 

J ,,, n dp ,<ft . 

jjM-nf^+i'jj M. 

e may write the integral on the right-hand 

'-MH/KSy^Hi-'M"- 

.■l '.-:.' Loll) paths begin at 4 and end 






=/(l^)'"» <»>■ 



Siir.ee this inte,;;rnl is csso-iviiaiiy positive it follows from {'A) ilia": the action along 
every varied path from .1 hi II is greater thnri that along the circle. 

This argument require- that \ should not be infinite within the limits of 
integration. By taking p«t = Jir-e where e is a quantity as small as we please the 
values of \ given Ly (5) e:in he made finite from 8 — to 0=jr/p- e' where e" is a 
quantity as small as we please. The argument therefore require,? that the point IS 
should not -make the angle AOB>irjp. 

When the angle AOIi is greater than, sjp we can prove that the action along 
'■ome.'caried curve-: es:ieud.in;i j'romA. to li i» lets, and. o-tong others is /plater, than that 
in the circle. 

To prove this let ns eondnut the particle from A to IS aleve; the vm/ied path 
whose equation is p = L sin gO. Lei ;i lie the angle AOIi, than since n vanishes at 
each end, g is arbitrary except that gS is :; multiple of v. Since p/3=-7r one -value 
at least of g ia leas than p and the others are greater than p. Substituting in (3), 
we find that the integral is 



'-/{(S)'-'Vf «-¥«•-"■■ 



■• (7). 



the limits being fl = to = /3. The smaller valnos of g vea'ie / 5i.--gii.tive, while the 
greater values (which eo.iic-por.d lo Ibe more eirf.iiLous routes) make 1 positive. 
The conclusion is that when the ant/Ie AOIi-'irjp, the action along the circle is not 



854. Ex. A particle moves in a. plane with a veloeitij i- = <p(x, ■>/) hefen a i ixj 
at. a given point A and endi,\g at B. The oath tol;en Uing that of minimum lulinn. 
it in required to find in Cartesian coordinates the equation of the path and the chat/at 
of action when, the path it varied in niiarhitrinij manner. 

Let the elementary action vdn = $ Jil + y*) d-x be represented by f{x, y, p)dx, 
where j) has been written for y'-dyjdx. Then writing y + dy, p + $p for y and p, 

s Lagrange Theoric des fon.etious Analytiqucs 1797. He refers to Legendre, 
Memoirs of the Aeadeeoj of Sciences 1786, and adds that it mast be shown that X 
does not become infinite between the limits of integration. Not being able to 
settle this question, be jast missed Jacobi's discovery. See also Todhunter's 
History of the Culcelu.-, of Variations, page i. 
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{but not varying x) the whole increase of action on the varied carve is by Taylor's 

where suffixes as usual represent partial differential en efficients. Integrating the 
second term by pails, as in Alt. 591, we have 

whijrc the part outside ilic integral, being taken bei.wt en :'b: ?d limits, is zero, and 
accents denote total dit'erentiation with regard to as. The path of minimum 
action is found by equating the uot^UuiujiL oi. oy to wi'o, Art. 591. This path is 
therefore given by 

/,-/,'=o W. 

and the change of action in any varied path oy 

«=j(r/„ (%)•+*■»,>» •>+/«.(*«■!• Pi- 

To find the path in (. ^;iic. : j, : ,in eoordii.atos wo in'.tig.'A'.c the equation (1). This 
can only be effected when the form of the function # is given. The integration 
presents only those difficulties which are discussed in treatises nn differential 
equations. We now proceed to find the change in the aetdon given by (2). 

To determine the sign of SA, wc write (2) in the form 

M=[MS9miH/„-sy)»)-+2{/„-»)»+/„(W].& («), 

where the term oLdside lee intc:.;vii'. is ?cro, provided A does not become infinite 
between the limits of integration. 

Let J/-?' 1 (.i\ (s,, (:„) he l:h« integral of (1), [.hen ehnnging the constants into tj + a, 
c 2 + {< where a, p are indefinitely small, 

.+*-*♦£■♦£» 

is also a solution of {1). We choose the constants b,, c„ so that the o- 
pasS'.jS through the limiting points A and B. leaking the varied eur\ 
p!L-- lhr(!V..[:':t .■!. we hare an e^allon to hnd !ija. Henee 



.. w. 



/(if dF B\ 



■ (6) 



is the equation of a neighbouring path of minimum anion beginning at A and 
making a small arbitrary angle with the path AB, the magnitude of the angle 
depending on that of a. If C is the jirst -point of iutfiw.ci.iou of these two paths, 
then u is not zero between A and C. 

.Dijiorcnt latin g (1) we See that 8y = u satiKiie.H the equation 

■■■(*-£/»)-£<«•*) (6). 

Eeturning to the mte{;rat (3) kl us choose X so that 

(£,-'»«=-/»•' (7). 

Substituting in (6) we find 
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the last term being obtained by siOiHtiruting [or u' from (7). This becomes 

{/„-*£)/„=</„-*>■? (8). 

The quantity ur.de"'' fie :. n to;;!al \-'. r :)i in \'i) i< Llierofuj-o h p. li'iH.t square. Remem- 
bering (7) we see that 

U-jjjw|»-J*| , «l" 0)- 

The value of X is by (7) 

ft _f*,+ • ^_L_ ,io). 

V<Jy* 1+pM.; J(l+^) ' 

Hence in order that both X and the subject of i.'.ilc;r;L!t;oi: ill (9) may be finite 
if U lU'CCHiary that, n should not vanish be-icecn the limits of inter/ration. The 
second limiting point B must therefore not be beyond C. It is supposed that v 
and dvjdy are finite between the same limits. See Art. 648. 

Siipiiw-iiijr L i i j h condition lo be i:;li-lioa, evin'y ;evm of the i:ito;;r;il ['.)) if 
positive if /j,p is positive from A to B. Sinoe /» ) =ti(l+ii s ) - ", and the velocity u 
is supposed to keep one slyn thvoneliont rh;- nioiiui-. tliir. condition also in Ka-Lisfiod. 
If/i£< chatty,.: of action cn'iied by a variation of path, is tJi^refnrc iilwny* positive, and 
its amount is determined by (2) or {!)). 

This investigation can be applied to brjuiiusiacUruncs ami iu;i.y also be extended 
to any inw.tin in which J lie tubjecl of 1Hc:;i eiio-i. \u.f[.r. a, p), is a function only 
of the coordinate's y, .p. and the rrat i;i:'feiTn'.i;i.] no efficient. In order that the 
course AB given by (1) should be a true minimum, no variation must exist which 
can make $A negative. The conditions for this are (1) the point B must not be 
beyond C, as explained in Arts. 594, 648, (9) the differential coefficient iPfldp* 
must be positive l.hro-.e;l'.oul the whole course AB. 

If d-fjdji- were negative for any portion PQ of the course given by (1), let us 
vary the remaining portions AP, QB so that Sy is as nearly equal to v, as we 
please, the portion I'D iieiiiii varied in tome other manner. In this variation such 
prominence is ;:iven to :hc nt:^rsi.i.i%-o clciacnis of the inte^i'ii: ['}) that SA is rnade 
negative. It is also evident from (7) that X is finite if d 2 /jdp-, d-fjdpdy are finite. 
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A SWARM OF PARTICLES. 
Note on Act. 414. 



The argument will be made more comph te if wo- svinnoarj that the boundary of 
the swarm is an ellipsoid iristCEici of a sphere, thvinr/ to the manner in which the 
fortes of attraction, liopond on the shape of the swarm, the results for an ellipsoid 
are not altogether the same as those for a sphere. 

Tallin;; the amf a:;es n-i before, the oooidi nates ol lIih projoetion of any particle 
P on the plane of motion of the centre- are >■■!- ;-, ■//, while j" is the distance of P 
from that plane. Treating the dl.ipso.iJ as ho;Kj;;uiieo'js and of density I), the 
component attractions of the swarm at any internal point are A£, Bij, <7f, where 
A, B, G are functions of the ratios of the ases of the hounding ellipsoid and their 
sum is 4jtI». 

The equations (1) of Art. 414 are sli.'htly morl-ik-a by havive; their last terms 
replaced by -A)-, -B-q; and instead of (3) we have 



+ (A-3n')S=0\ 

.. (I). 



The equation for f is evidently 

<Pf_ M? 



-(« 2 +C)f., 



Putting £ = «cos(j>t + a), i,=6 sin [pt + a), and !-=csm(qt + y) we find by pro- 
ceeding as in Art. 414, 

|^-(,i-3« 3 )]jj)a_B}_4jj%2= 0] tf=tf+o (III). 

The. eoialiLion for stfi/uility if.' therefore A >3.'.-. 

In an ellipsoid A > B if the axis in the direction of .7 is Loss than that in the 
direction of tj. It follows that if the rixis 01' J is the least asis, A is greater for 
a.i: ellipsoid ohsiri for a sphere. Tin; swarm is ilioio-oio more stable for an olli)- 
soidal than for a spherical swarm provided the least asis of the ellipsoid is 
placed along the radius vector from the sun. 

I .(■;. ;;-. suppose- that, all Loo- 1 :-j l r L i ■: : 1 • ■ s air- ih scribim; tho same principal oscillation. 
The projections of their paths on Liu; p".a;:u ,;';; ate therefore fjivon by £ = « cos 0. 
r.~.i> sin ft, v-.hi.va -j>( I a. These pa i.e.. are eoasial fj " Ijj =■: ~ dosoviaod in rlio same 
periodic time 3r/p, the semi-ases of any ellipse being a, b. By substituting these 
values of £, ij in the second of equations (I), we find ,-=^— s — i it follows that all 
the ellipses are similar to each other. There will therefore be no collisions between 
the particles . 
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ELLIPSOIDAL SWARM. 407 

The ratio of the axes of the ellipses is not altogether arbitrary. By using (III) 
we find 

(fl'- V-fr-V >■*«'-*)-'*+*»=-'**. 

where A, B and there tori; jfi are known functions of niie ratios of the axes of the 
ellipsoid. We may lioduco t'vom. the values of A, li siivun in tiic theory of Attrac- 
tions that An- is less or jirealrr than /.'■'.- according sis » :! is greater or less than 6 2 . 
I.L I] ion follows from this equation :uut n: both the priiieipal oscillations the axis 
of the. ellipsoid in Uio direction of the radius rector 1'rom the i;nn is less than the 
axis of the ellipsoid in the direction of motion of the centre. 

If P, Q, B be any three particles describing similar co-axial ellipses in the same 
time with an acceleration tending to their common centre, it is not difficult to 
prove that the area of the triangle FOR is constant throughout the motion. Let 
us apply this theorem to the motion of the projections of the particles on the 
plane of fa Joining adjacent triads of particles, we divide the whole area into 
elementary triangles. If the swarm is homogeneous, the areas of these triangles 
are initially equal and we see that they will remain equal throughout the 
motion. The swarm will therefore remain homogeneous. 

Consider nest the motions of the particles perpendicular to the plane of fa 
These are harmonic oscillations and are all described in the same time 27r/g. 
The amplitude of each oscillation is the ordinate of the ellipsoid corresponding 
to the ellipse described by the projection and this is constant for the same particle. 
The distance between two adjacent particles moving in the same ordinate in the 
same diroction is inercasin;i 01 dociea-in;! according: us they are approaching or 
receding from the plane of fa As there are as many particles approaching us 
receding, the uniformity <;I the dozily is iiol alke'.oii by this motion. 

When both the principal oscillations are being described simultaneously the 
state of the motion becomes morn eomphenfed. The outer boundary is not strictly 
ellipsoidal, bein;: JowuriilcriL o;i both the states of motion. Since- iiiso the rotation* 
in the principal oscillations are in opposite directions, wo can no longer neglect 
■ho co-visions between the particles. 

To take account of the collisions we must have recourse 1.0 a statistical theory 
analogous to the kinetic theory of gases. But this would lead us too far from the 
methods of this treatise. 

For an example of the anrfieiLliou of (lie kinetic theory the reader is referred 
to a memoir by G, H. Darwin. On Urn. mechomatl conditions of a swarm of meteorite*, 
afc, Phil. Trans. 1880. He supposes a number of meteorites to be fulling together 
from a condition of '.vide dispersion and to have not vet coalesced into a system of 
a sun and planets. No account is taken of the rotation of the system. 

Gallandreuu has discussed (lie case in which a comet, regarded us a spherical 
swarm of particles, is heterogeneous. Ike- density acini: a Ftmetion of the distance 
from the centre. The effect of a passage near Jupiter has also been taken into 
account. See his KUtdi: stir In theoric iks comets perifiiliqtiiis. He considers it 
probable that the ueniodi;' comets :tre imdi riioimi a yiadcu'. disintegration and he 
points out that according to this hypothesis a few comets captured by the action 
of Jupiter could by rocoated subdivisions produce all those known to exist. See 
The Observatory, Feb. 1898. 
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LAGRANGE'S EQUATIONS. 
Note on Art. 624. 

Tnrs rule may be put into another form. We know that if L = T+ 17+ C be the 
Lagrangian function and 8, #, &o. the coordinates, the eqnations of motion are 
d dL _dL d dL _dL „, 

dtd8'~d8~' dtd^'~d^' " * '" 

We now Bee that we may use the same equations, if we substitute 

L^ + M(U+G) (2), 

where M is any arbitrary function of the coordinates 8, <p, Ac. which we may find 
suitable when solving the equations. 

The expression for T 2 differs from T only in the fact that the differential co- 
efficients are taken with regard to a different independent variable, which has been 
represented by t. Thus 

d8d$ 



-m.©v<43«« «■-«.©% 



:£+* 



When the equations Iture been solvitl the p'i'its of tin. poftieh-.s are found by 
eliminating r without enquiry into its meaning. 

Tlie equation of energy is supposed to be T- U=C ; the constant C is therefore 
known when the initial values of 8, <p, &o., 0', $', &c. are given. 

We notice that one solution must be analogous to that given by the principle 
of vis viva. We therefore have ^= M (17+ C). Since this must agree with the 

satiation T=U+C, it immediately follows that 3"=2j(W) ■ T S =1PT. The 
relation between r and t is therefore Mdmdt. 

When the paths of the particles are alone required, we may eliminate the time. 
from, the Lagrangian aniatimm inj ■isiwi a. new jiuiciion instead of the Lagrangian 
function. 

In this method we choose some one coordinate 8 to he the independent variable 
and regard the others #, ^, &c. as unknown functions of 8 whose forms are to be 
determined by the altered equations of motion. Let 

T=§A 11 8" i + A a $'<p- + iA n $'- i + A S3 $'f+ (4), 

where accents denote differential coefficients with regard to the time. Let also 

F=hd n +A a <h+bA a <l> 1 *+A a 4 v h + (5), 

where the suffixes of 0, f, &e. here denote differentiations with regard to the new 
independent variable 8. 

" drj>' d<h ' dip d$ '" 
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The conation of energy gives 



*=m 



<&y 



„, , . . d dT dT dU, 

The Lagrangian equation Jf ^ - ^ = ^ becomes 

[~f 7 ') d~s \\ r ) dfrf ~ d* r + 4* ' 

where all the differential coefficients are partial except the d/iit?. 

Remembering thr.t l- : in nol a I'v.-i (;:.:■ ;:i of rp,, this becomes 

s4; 1 " 7+0,J " t '-5 t "' + ' ,n ' l8) ' 

if/ ffcen we nut: Q = {(U -■■ C) T'}^ as if it were the Layra.uyi.an function and 
regard as Ihr. ind-ij^ndcn! milnhir, tsi: have the. equation* 
d^dQ = dQ d dQ_ = d_Q 

dffdfy dp' dd'dfj df' l " 

from- which the paths may be found. 

This result follows easily from the theorem of Art. S24 by putting dr — dS, and 
we have here reproduced so much of that article as is required for our present 
purpose. If dr = de, we have MdS — dt and therefore by (7) of this note 

Substituting in (21 tju: I,a\!iangian function heeomes 
L = 2{{U+C)T)*. 

We notice that however the expressions for the vis viva and the work function 
may he different in different problems, yet so tony an the product (17 + G) T remains 
unchanged, the paths are determined by the same relations Between the coordinate! 
B, $, <6c. 

Since in the Lagrangian equations, the letters 8, $, &o. represent arbitrary 
functions of the quantities or co-ordinate!! which dcLoimine iho position of the 
system, it is evident that we have here taken as the independent variable any 
jirhiLiiP.y function of '.i.e eccrdjiales. 

If some one coordinate, say <p, is absent from the pruduct (T'-C)T' (though T 
contains the differentia" ceeii'Lcienls o:' >■;), ice •<:<: thai cue ioiHtim of the equations 

*„, .-. (17+0)*^-. 

dfa * ' djft, 

where a is an arhilr/iry constant. If 6* is arbitrary, tiih product Q cannot be 
independent of p unless T and U are sejia-alriv ioiiependent of 0. But when C 
is given by the initial conditior.? this limitation is not necessary. If we substitute 
for dT'jdtpj and T : the values given by (fii and (7) -j.-u- integral becomes dTjd<jf = 2a, 
which is the same as that obtained in Art. 521. 

Wi: may ilidu.-e. this extension directly from the Lagrangian equations. Suppose 
T=JK{%A n 6 ,1 + &o,}, U+C=-f(8, f.&a.), 

where M is a function of 0, tfi, &a. while _•!-.. ore. are not functions of tj>. In this 
case the product T(TJ+G) is not a function of tj>. The Lagrangian equation 



.. (10), 
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for <;, gives: 

-.It do' ./o 



"« "|M^].4,&«.^ 



'■sirijX'-Xir m^^ 17- ^ ■ 



d dT_dM ^ 
It d#' d(> Jfcf |j 

If then tlie initial circumstances are such that the equation of energy is 
T=r/+C,wehave^ = a. 

As :i simple exarip'e : cor-^der tin.' Citse of a projectile moving under the action 
of gravity. We have T=J i^*+y"), U=-gy. Since the protect of these is 
independent of a we ohooso some other coordinate as the independent variable. 
Writing w, = dxjdy we have 

This by an easy integration leads to the parabola [r,- fij^-in 2 (y + C- a 5 ). 

The elimination of the time fro in the Liifirsmgism equations is <;iv!,:i by l.'ainleve 
in his i.ecans m-r I'-hit-aiifMlon lie* nqt'.'i linns dijieretdielles dc In Mecanique, 1805. 
By an application of the principle of least action lie obtains the function here 
called Q and write:; the equa'.:.ons in the typical form 4— ;-';-—,, From these 
he deduces {yS-i'fi 33sTj that the La:;i , ;:]:;;i;;ii eqii^lio;!-: vr.ay be v,-yitten in the two 
forms 

d_dT_dT_dU d_ dfF _dT_. 

dt dq' dq ~~ 'dq ' dr dq' dq ' 
where T' = T(Z7+C) and dT-(U + C)dt. This special result follows from that 
given at the beginning of this note by putting \\M—V + C. Its importance lies in 
tilt! fact that liy thilt clinii.fie tin- motion is nui.de to depend on tl.ut of a si/sfciw iii.'ivin-.i 
under no forces. 

The eli mine Lion of [he lime i'.voni r.a;pT;?i:"!0's enr.atior.s i- ul-e ;::voi by Dstrbou:; 
in his Lecons stir If. tlu'.orie ishn'.raie des surfaces. Art. 571, 1889. He expresses his 
results in the same form as I'ainleve. 

IVe may obtain an extension- of lite theorem. {'!). In such problems as those 
discussed in Art. i~>~> the Lagi-LiifjiiLi: function takes the form 

L=L i +L 1 +L a (13), 

where L„ is a homo;:er.':;;;is furction of if', ip', Ac. of the order it, the eoeuicients 
being functions of 8, <p, &c. but not o( t. We then find as in Art. 512, Ex. 3, that 
the equation of energy becomes 

L 2 -L = C (13). 

Proceeding as in Art. 524, we eh;Li'j:e dt into d-r and write 

£-^+£,+jr(Z»+(J) (14). 

We may now use this as the Lagrangiaji fit -action. 
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77;:: mniibcrs refer to '.'■■■. article*. 

Accelef.atto-j. Components iii two diincirsfons, 38. Moving axes, 233. Three 
dimensions, 490, ice. Moving axes, 498. Hyper acceleration, 233. Accele- 
rating force, 68. 

Adams, J. C. Motion of a, heavy projectile, 178, The Iruo and nielli anomalies, 
347. Proof of Lambert's theorem. 362. licsisfii'Lcc fo con. ■..::-. 38G. 

AloOI.. Two problems, 405. 

Ai.i.EaBET. Problem on the rnsisruuet! to a projectile, 176, Ex. 4. 

Ahiikioous skins. In rectilinear motion Arc, 97, 100. In Euler's and Lambert's 
theorems in elliptic motion, 360, 363. 

Anomaly. Defined, 342. Various theorems, 346. 

Apse. Defined, apocontre and pericontre, 314. Apsidal an?Ie and distances found, 
367, 422, when independent of flic distance. 368. 370. Second approxima- 
tions, 370, 428, 437. Conditions there are two, one, or no apsida! distances, 
430-433. Equal apsidal distances, 434, apsidal circle, 434, 436. Apsidal 
boundaries, 441. Conical pendulum. 564. 

Asymptotic cikcles. In central orbits, 434, 446. 

Atwood. Machine, 60. Constant of gravity, 6G. 

Backlund. Resistance to Eneke's comet, 385, note. 

Ball. History of mathematics, 891, note. 

Baeeiee corves. Boundaries of the field, 299. In bracbistochrones and least 
action, 649. 

BAsnifOKin. Motion of ii: , o : eetili:«, 169. Law of resistance, 171. 

Bebtrand. General and particular integrals, 245. Law of gravitation, 393, Ex. 
2, 3. The apsidaf angle, 42G. Closed orbits, 428. Brachistochrones, 610. 

Besant. On infinitesimal impulses, 148, note. 

Bonnet. Superposition of motions, 273. 

BRACKiETOcniiONbS. Iii space 531. on a surface, 607, on n cone, cylinder. &c,, 612. 
Vertical force, 801. Central force, 606. Relation to the free path, 598, 099, 
606. Case in which the coil:- true! ion mils. G49. A conic, 605, Ex. 1, 606, 
Ex. 8, 6. A cycloid, 601, &a. 

Bryant. True and mean anomalies, 347, Ex. 5. 

Buensibh and Panton, quoted, 489, note 

Callancbeau. Encke's comet, 385. Sph 
cornels. pai;e 407. On Tisserand's 

CakdIoid. A central orbit, 320. 

Catenary. A tautochronc, 211. A brachistochrone, 6( 

Cauchy. Convergency of the series in Kepler's probleu 
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Stability, 439. Solution when the velocity 
ne, 362, disturbed path, 363, Ex. 8. The 
son, 100, lemnlseate, 190, Ex. XI, Cotes' spiralis, 
S. 364, 365, &0. 



412 INDEX, 

Caylbt. Infinitesimal impulses, 160, Ex. 3. 

Lambert's theorem, 352, note. Motion 

force, 36S, Ex. 4. 
Central force. Elementary theorems, &c, 30* 

three dimensions, 646. Locus oi' centres 

classification of the orbits, 43f 

is that from infinity, 360, t 

inverse cube, rectilinear motk 

3B6. Inverse fourth, fifth, & 
CESTElfTttAL l'l'men. Es;j:fi ':im1. 1S3. 
Challis. InfinitoHjiHul impulses quoted, 148, note. 
Chords of quickest descent. Smooth and rough, 143, &e. 
Circle. Motion oi ;. heavy par:iclt% rni-.(> ;i:sr n.',! round, 201, Ex. 1. Time in any 

arc, 213. Continuous; and o.Huii.ir.ilory, 21C. C<;:L>:ia! circles, 219. Central 

force, 313, 321, 190, Ex. 7. Parallel force F = p/j/ s , 323, 453. Nearly circular 

orbits, 367, second approximation, 369, 370, least action, 653. When the 

force is infinite, 466. A rough circle, 192, a moving circle, 198. Geodesic 

circles, 548, 571. Two centres of force, 194. 
CleRKE. History of Astronomy quoted, 385, note. 
Conic. As a oenli-al cvbit v.-ith n:iy cimrru. tkon: are iivo laws oi force, 456. Time, 

454. Elements of the conic, 457. Classification, 460. - 

curve on an ellipsoid, 5T2. A brachistochronc, 606, Ex. 3, i. 
Conical Pendulum. The cubic, 6B8. Rise and fall, 658. Tension, 657. 

of curvature, 589. Projection a central orbit, 660. Time of passa 



Apsi.ial a. 



. 664, 



Cons 



Relation between the motions, ( 



Explained, 181. Forces which disappear in the work 



function, 248. Osoillatic 
Convcturscy. The series in Kepler's problem, 488, &C. 
Coeiolis. Theorem on relative vis viva, 257. 
CnAia. Particle on an ellipsoid, 568. Treatise on projectii 
CuHVE. Motion in two dimensions, fixed, 181, rough, 19 

dimensions, fixed, 526, moving, 528, c ha rifling, 533. 
Cycloid. A tautochrone, 204, theorems, 206, rough, 212. 

A "hi! chis :::«■.]. ;-om\ 601. 602, theuiens, 603. A".;'-. 
Cylinders. Motion on, 544. Brachistochrones, 612, Ex. I 
IVALJ'irnr.RV. TVic pr:i-i:L|iU-, 236. 
Daeboux. The a;.: filial on;;:,-', 427. Porce in a eonic, 460. 

chrones to geodesies, 603. Elimination of the time i 

page 410. 
DaeWIN. Periodic orbits, 418, note. Swarm of meteorites 



is referred to, 6( 
, moving, 197. 



]li!;U.ii::i of brachisto- 

i La-;vaii!;e's equation-. 



al theory, 151. In central orbits, 316. 
With this law of force, rectilinear moti 
e, 126. Time in an arc of lemniscate, £ 



friction, 125, 191. Of r 
ts, 467, &C. Of brachistochrones, 604, 



128. Of a central force, 
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ffective force and couple, 23B. 

integration, 569, 675. Elliptic 
. 682. Spheroidal coordinates, 
i a line of curvature, 683. 
three, 576. Translation into 

bed hy impulses, 371, &c, by 
ity and apse, &a. by forces, 380 : 
lem, 473, Lagrange, 479, Bessel, 



Epicycloid. A ceniva! orbit, 323. F.ira: infinite. 472, Ex. 2. A tautoehrone, 211. 
Equianchlak spiral. Pressure, 190, Ex. 8. Moving spiral, 198, Ex. 2. A tauto- 

ehrone, 211. A central orbit, 319, particle at eentre of force, 470. 
ErjLEit. Problem on a rebounding particle, 305, Ex. 4. On motion in a parabola. 
360. With two centres of force, 585, note. Lemniscate, 201, Es. 2. 
Brachistochrones with a central force, 591, note. 
Finite TnyvKini.-uiEs. Problems reijiiiri:i<(. 30;3. 
EoRsr™. Differentia! equations, 243. Theory of functions, 489. 
Foecaelt. Pendulum referred to, 57, 627. Theory, 624, 626. 
Fkjctiox. Hough ohords with gravity, 104, centre of force, 133. Bough curve,191. 

Discontinuity, 125, 191. 
Frost. Elliptic velocity, 307. Sinfj-jiai 1 points ir. a circular orbit. 466. 
Gauss. Coordinates, 516, 547. 
Geodesic. Line, 639. Circles on ellipsoid, 548. Roberts, 571. BraehistacbroiiiTj 

Berliand, 610, Darboux, 609. 
Glaisheb, Time in an ellipse, 347, ttx. 1, 476. Force in a conic, 450, note. 
Gray and Mathews. Treatise on Ufrssol l.'ui;o' ".:r-, 28P, Ex.. 0. Kepler's, problem, 

481. 
Gref.nhill. An integral, 116. Motion of projectiles, 169. Cubio law of 
resistance, 177. Elliptic functions. 213, note, 364. Paths for a central 
force uti". special values of n, J5S, note. K;abiiii\ of orlh-s and asymptotic 
circles, 429, note, Conical pendulum, 555, note. 
Grouping. Of trajectories of a particle. Theory, 636, 638. Special oases, 159, 

330, 339, &c, 
Guolielmini. Experiments on falling bodies, 627. 
Haerltl. Traces path of a planet in a binary .-■YHiem, 418, Ex. 2. 
Hall, Asaph. Satellites and mass of Mars, 403. Singular points in central orbits, 

460, note. 
Hall Maxwell. On Algol, 405, Ex. 1. 

Hai.phaN, Law of gravitation, 393, Ex. 1. Force in a conic, 450, note. 
Hamilton. Law of force in a conic, 453. Hodograph, 394. H-*~~i££i*~<c*-* Mr*4&*t ,($t 
Harmonic oscillation. Definition, i'reoueiicy, amplitude, &c, 119. 
Helix. Heavy runic !■> on, fixi d, 527, moving, 534. 
Heliooide. Moiii;!i on, Liouvdlo/s so.uLioii, 583, .i'._\". 4, another problem, 543, 



IL-TistnjjL. Disturbed elliptic motion, 379. Algol, 405. 
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414 INDEX. 

Hill. Stability of the moon's orbit, 417. 

Hodooraph. Elementary theorems, 29. Central orbits, 391. Itself a central 

orbit, 398. 
Hopkins. Iiii:nii.fi-.".:i::il mijn!'.^. 143, noto. 
Horse-power. Defined, 72. 
Huyoens. Terminal velocity, 111. 

Impulses. How measured, SO. Infinitesimal, 113. Smooth bodies, 83, &c. 
Inertia. Explained, 52, 183, note. Moment of, 211. 
Infinite. Force, 100, 466. Subjuct oi' iiiti-:^riLii:!r: infinite, 99, 202. 
Inoall. Motion of projectiles quoted, 169, 
Initial. Tension lliil! curvature, 27G, iVc. Siring of puriides, 279. Starting from 

rest, 280. Initial motion di'd'.nie from Lagrange's equations, 517. Three 

attracting particles fall from rest, 284, Ex. 6. 
Integrals. Of the equations of motion. Two elementary, 74, 75. Rectilinear 

motion, 97, 101. General ami .I'aHic-jlar ;:ile;;ials, 244, 245. Summary oi 

methods in two dimensions, 264. Integrals of Li'^ruiigo's equations, 621 

and page 408, Liouville's, 522. A general case in three dimensions, 497, in 

Jaoobi's method, 645. 
Inverse square, law of. Rectilinear motion, 130. Particle falls from a planet, 

134. Central force, 332, &a. See Time. 
Inversion. Of the motion of a particle, 628. Of the pressure on a curve, &a., 631. 

Of the impressed forces, 631, 632. Calculus of variations, 650, Ex. 2. 
Jaoobi, Integral for a planet in a binary system, 255, 415, 417. Case of solution 

of Lagrange's equations, 523. Two centres of force, 535, note. Method of 

solving dynamical problems, 640, 644. Criterion of max-min in the calculus 

Of Taxations, 594, 648. 
Jellbtt. On brachistoch rones, 591, note, 650, Ex, 1. 
Kepker. The laws, 387. Law of graviliilioi: in ''no. :-<:!ar sim! str-llar systems, 390. 

Kepler's problem, 473. 
KoiiTKWj-:«. Stability, asymptotic circles. &c, 429, note. 
Lachlan. Treatise on modern geometry referred to, 219. 
Laisant. On a ease of vis viva, 2KB. 
Laqkange. Energy test of stability, 296. Conical pendulum, 555, note. Two 

centres of force, 585, note. 
Li&»AN(ii;'s equations. Proof, 503, &a. Elementary ve-wkitionB deduced, 512. 

Ex. 1, 2; vis viva deduced, Ex. 3. Small osciEiLiions. 513. Initial motion, 

517. Methods of solution, E21, and page 408. Change of the independent 

variable, 524, and page 408. Transference of a factor, 524. Elimination of 

the time, page 409. 
Lambert. Time in an elliptic are, 352. 
Lame. On curvilinear coordinate?, 525. 
Laplace. On thm: iiLlnsctin,: jm-i-i'c: ':-;■*, 40C. &<.;.\-Ji:« -or longitude of a planet, &c., 

476. Other expansions, 487, Ex. a, 4, 5. Convergency, 488. 
Larmor. Calculus of variations, 591, note. Inversion, 628, note. 
Laws. Of motion, 61. Of resistance, 171. Of Kepler, 387. 

Least action. Principle of, 646. A minimum, 647, 648. Case when there is no 
free path, 649. llt.bai™ to un\.c];isroehi'oros, 650, &c. Parabola, ellipse 
and any central orbit, 651. Terms of the second order, 653, 654. 
Legenbhe. Central orb:;.-, 356. n"tr. Two ^inurc:.: of force, 585, note. 
Lejbtisk DiKicnLiiT. Energy tost of stability, 296, note. 
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INDEX. 415 

Time in an arc, 301, Ex. 2, 3. Centre of force in the node, 320. 
Two centres of force, pressure, 190, Ex. 11; free, 887, Ex. i. The pedal a 
central orbit, 363, Ex. 2. A brachi3tochrone, 606, Ex. 5. 

Li:-vi:rj:iKP.. True and ;.i-.ef>n anomalies, 347. 

ed, 111. Theorems, HE, 116, &e. 
/, 118. Elementary cases, 122. See Oscillations. 
gement of three attracting particles, 406, note. Solution 
ion, 622. A particle on an ellipsoid, 668, note. Two 
5, note. Solution by Jacobi's method of a class <:I 
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Central orhits, 
s, 267. Of a planet, 403. 



angular, 92. Equation of moments in t 

Moving axes. In two dimensions, 223. Geometrical relations between relative 
and actual path, 229. O i /. i-.] ; u :■ ;uic:;. 232. jr. r 1 l -. o o. dimer.iions, 498, deduced 
from Lagrange's equations, B12, Ex, 2. ' Moving curves, 197. Moving 
cental dibits, S6B. 

Muiuhead. On the laws of motion, referred to, 61, note. 

Matevski. Tim law of resistance, 171. 

Newtoh. Laws of motion, Bl. Constant of gravity, 67. Law of elasticity, 83, 
Two attracting spheres, 134, Ex. 8. Central forces, a circle, 318; a eonio 
about any centre, 460, a moving orbit, 369. 

Niven. Motion of projectiles, 169, note, 

Osbits. Bertrand on closed orbits, 428. Orbits near the origin, 437, at a great 
distance, 438. CI as sit! cation of orbits for F=/iU n , 436. A central orbit is a 
brachistochrone, 606. 

Orthogonal Coord; sat ms. Examples and I. unit's ge.iieraliEaiion, 62B. 

Oscillations. Small rectilineal-, 137. 'I'r.-blcms, 138. Sinai) curvilinear, 199, 
finite, 200. One degree of freedom, 286, two, 287. Principal oscillations, 
292. Of suspended particles, 300. About a steady motion, 304. Insuf- 
ficiency of a first fi]iprr'?: : .!r.:ii-i'!>'i. 302. Of a "cries of n particles, 305. Use 
of Lagrange's equations, 513. 

Painleve. Particle <n; ar. cJUnsoid, 568, note. Elimination of time from Lagrange's 
equations, page 409. 

Pahallet, forces. Constant, see Projecl.ilc. Variable a conic described, 3L!3. 152. 

PAjiALLj(i.o(i;iA.'.[ law. Velocity, 4, acceleration, 28, angular velocity, 43. Vectors, 
222. 

Path. Laplace's differential equation, 268. Solution in some cases, 269, <Sc. 
Central forces, 309. 

Pendulum. Change of place, 207, &o. See Circle and Conical Pendulum. Rotation 
of the earth, 631, 624, &e. 

Point lo foist. Path under gravity, 169. Under a central force, 330, 339. 
A brad iLuLixi'n rone, 591. Let-it action, 646. 



,Google 



,GoogIe 



